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Lie Groups Statistics and Machine 
Learning for Military Sensors 
based on Symplectic Structures 
of Information Geometry
Frédéric BARBARESCO
THALES KTD PCC SENSING SEGMENT LEADER
(Key Technology Domain « Processing, Control & 
Cognition »)

SSPD Conference - International 
Conference in Sensor Signal Processing 

for Defence: from Sensor to Decision, 
London, 13th-14th Sept. 2022

Jean-Marie
SOURIAU

Jean-Louis
KOSZUL
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Plan

▌Advanced Sensor Processing based on Koszul Information Geometry

Geometric Matrix CFAR/STAP for (very) slow targets detection in clutter

Complex-Valued CNN & Covariance-Matrix-Valued HPDNet for Micro-Doppler ATDR 

Tracker parameters tuning by Deep Learning for tracking hyper-maneuvering targets

Multi-Agent Reinforcement Learning for Sensor Resources Management for tracking

hyper-maneuvering targets

Multi-Sensors Collaborative Tracking by Distributed Auctions for tracking in saturating

scenario (swarm, fleet of targets, …)
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Plan

▌Modern Sensor Processing based on Symplectic Model of Information

Lie Group Based Equivariant GCNN for Adaptive Doppler Clutter Map

Lie Group Based Frenet-Seret IEKF (Invariant Extended Kalman Filter) for tracking

hyper-maneuvering targets

Lie Group Based Target Recognition on Kinematics for Drone/Birds Classification 

Souriau Symplectic Model of Information for Lie Group Statistics and Machine Learning 

- Entropy as Casimir Function in Coadjoint Representation

- Koszul-Fisher Metric on Lie Group

- Covariant Maximum Entropy Density (Gauss Density) on Lie Group

- Lie Groups Machine Learning
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Pascaline

Jacquard Loom
Babbage Analytic

Machine
High Power 

Computing

Geometric

Machines

Geometric & Symplectic

Integrators based on Lie 

Group Algebra
(Intrinsic Computation without

coordinates)

Descartes 

computation with

coordinates

From PASCALINE Machine to HPC or Geometric Integrating Machines
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AI/Machine Learning Evolution: ALGEBRA COMPUTATION STRUCTURES

BOOLE ALGEBRA

LINEAR ALGEBRA

LIE ALGEBRA

Boolean logic digital circuits 
using electromechanical relays 

as the switching element.
George R. Stibitz (Bell Labs)

GOOGLE TPU (Tensor Processing Unit)

Vectors space, commutative 
matrix operations, eigen-analysis

Symplectic integrators, non-commutative 
operations, coadjoint orbits, moment map

Calcul formel pour les méthodes de Lie en 
mécanique hamiltonienne
P.V. Koseleff, X/CMLS PhD, 1993 (P. Cartier)

Computer Algebra 

Group- Scratchpad, 

IBM,1971

Souriau Exponential Map Algorithm for 
Machine Learning on Matrix Lie Groups
Frédéric Barbaresco, Springer GSI’19, 2019

Supervarieties, Sow. Math. Dokl. 16 (1975), 1218-1222. 
F. A. Berzin and D. A. Leites

LIE SUPER ALGEBRA

Berezian Determinant
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Rational to Use Lie Groups for THALES Machine Learning Applications

Lie Group is 
Simple

(natural principles 
as foundations of 

Geometry)
Lie Group 
preserves 
invariance wrt all 
transformations

Lie Group uses
all Symmetries of 

your problem Lie Groups Time 
Serie Captures 
Intrinsic Time 
Dynamic (e.g. 
Movement)

Lie Group is 
Coordinate Free
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Lie Group
▌ GROUP (Mathematics)

A set equipped with a binary operation with 4 axioms:

Closure

Associativity

Identity

invertibility

▌ LIE GROUP

A group that is a differentiable manifold, with the property that the group 
operations  of multiplication and inversion are smooth maps:

A Lie algebra is a vector space with a binary operation called 
the Lie bracket that satisfies axioms: 

,  then a b G a b G   

   , ,  then a b c G a b c a b c      

 such that e G e a a e a     

,  such that •a G b G b a a b e      

1,  then :  then ( , )  is smoothx y G G G G x y x y      

eT Gg
 .,. :  g g g

           

     

 

, , ,   ;  , 0  ;  , ,

Jacobi Identity: , , , , , , 0

,  for Matrix Lie Group

ax by z a x z b y z x x x y y x

x y z z x y y z x

x y xy yx
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Lie Groups Tools Development: From Group to Co-adjoint Orbits

Group/Lie Group Foundation
Henri Poincaré – Fuchsian Groups

Felix Klein – Erlangen Program (Homogeneous Manifold)

Sophus Lie – Lie Group

Evariste Galois/Louis Joseph Lagange – Substitution Group

Lie Group Classification
Carl-Ludwig Siegel – Symplectic Group

Hermann Weyl – Conformal Geometry, Symplectic Group

Elie Cartan – Lie algebra classification, Symmetric Spaces

Willem Killing – Cartan-Killing form, Killing Vectors

Lie Group Representation
Bertram Kostant – KKS 2-form, Geometric Quantization

Alexandre Kirillov – Representation Theory, KKS 2-form

Jean-Marie Souriau – Moment Map, KKS 2-form, Souriau Cocycle

Valentine Bargmann – Unitary representation, Central extension

Harmonic Analysis on Lie Group & Orbits Method
Pierre Torasso & Michèle Vergne – Poisson-Plancherel Formula

Michel Duflo – Extension of Orbits Method, Plancherel & Character

Alexandre Kirillov – Coadjoint Orbits, Kirillov Character

Jacques Dixmier – Unitary representation of nilpotent Group

Lie Group & Statistical Physics
Jean-Michel Bismut – Random Mechanics

Jean-Marie Souriau – Lie Group Thermodynamics, Souriau Metric

Jean-Louis Koszul – Affine Lie Group & Algebra representation
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OPEN

Structuring Principles for Learning : Calculus of Variations

Fermat's principle 

of least time

Maupertuis's

principle of

least length

Pierre

de Fermat

Pierre

Louis

Maupertuis

Joseph

Louis

Lagrange

(Euler)

Lagrange

Equation

Simeon

Denis

Poisson

Poisson

Bracket,

Poisson Geometry 

Structure 

Henri

Poincaré

Elie

Cartan

(Euler)

Poincaré

Equation

Poincaré

Cartan

Integral

Invariant

Jean- Marie

Souriau

Souriau

Moment

Map,

Souriau

Symplectic

2 Form,

Lie Groups 

Thermodynamics

Jean-Michel

Bismut

Random

Mechanics
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Bedrock of Symplectic Theory of Information Geometry

Jean-Marie Souriau (ENS 1942) Jean-Louis Koszul (ENS 1940)
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http://www.jmsouriau.com/structure_des_systemes_dynamiques.htm

http://www.springer.com/us/book/9780817636951

▌ Introduction of symplectic

geometry in mechanics

▌ Invention of the “moment map”

▌ Geometrization of Noether's

theorem

▌ Barycentric decomposition 

theorem

▌ The total mass of an isolated 

dynamic system is the class of 

cohomology of the default of 

equivariance for the moment map

▌ Lie Groups Thermodynamics 

(Chapter IV)

J.M. Souriau Book « Structure des systèmes dynamiques », 1969

http://www.jmsouriau.com/structure_des_systemes_dynamiques.htm
http://www.springer.com/us/book/9780817636951
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SOURIAU 2019

▌ SOURIAU 2019

Internet website : http://souriau2019.fr

In 1969, 50 years ago, Jean-Marie Souriau published the 
book "Structure des système dynamiques", in which using 
the ideas of J.L. Lagrange, he formalized the "Geometric 
Mechanics" in its modern form based on Symplectic 

Geometry

Chapter IV was dedicated to "Thermodynamics of Lie 
groups" (ref André Blanc-Lapierre)

Testimony of Jean-Pierre Bourguignon at Souriau'19 (IHES, 
director of the European ERC)

https://www.youtube.com/watch?v=93hFolIBo0Q&t=3s

https://www.youtube.com/watch?v=beM2pUK1H7o

http://souriau2019.fr/
https://www.youtube.com/watch?v=93hFolIBo0Q&t=3s
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UK Study on Souriau Work: Andrew Beckett (Maxwell Institut, Edinburgh)
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Geometric Structures of Information, SPRINGER

▌Geometric Structures of Information

https://www.springer.com/us/book/978303002519

9

▌Paper on Jean-Louis Koszul

Barbaresco, F. , Jean-Louis Koszul and the 

Elementary Structures of Information Geometry, 

Geometric Structures of Information, pp 333-392, 

SPRINGER, 2018

https://link.springer.com/chapter/10.1007%2F978-

3-030-02520-5_12

https://link.springer.com/chapter/10.1007/978-3-030-02520-5_12
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OPEN

Koszul Book on Souriau Work: 
The Little Green Book



Th
is

 d
o

c
u

m
e

n
t 

m
a

y
 n

o
t 

b
e

 r
e

p
ro

d
u

c
e

d
, 

m
o

d
if
ie

d
, 
a

d
a

p
te

d
, 

p
u

b
lis

h
e

d
, 
tr

a
n

sl
a

te
d

, 
in

 a
n

y
 w

a
y
, 

in
 w

h
o

le
 o

r 
in

 p
a

rt
 

o
r 

d
is

c
lo

se
d

 t
o

 a
 t

h
ir
d

 p
a

rt
y
 w

it
h

o
u

t 
th

e
 p

ri
o

r 
w

ri
tt

e
n

 c
o

n
se

n
t 

o
f 

TH
A

LE
S

-
©

 2
0
2
1
 T

H
A

LE
S
. 

A
ll 

ri
g

h
ts

 r
e

se
rv

e
d

.

16
SSPD Conference, London, 13th-14th September 2022 OPEN

OPEN

Koszul Book on Souriau Work: 
The Little Green Book

file:///C:/Données/T0004940/ex-Bureau/IHES 2016 expose/Presentation IHES/Introduction to Symplectic Geometry.mp4
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INFORMATION GEOMETRY, SPRINGER JOURNAL
https://www.springer.com/mathematics/geometry/journal/41884

Special Issue: 

Affine Differential Geometry and Hesse Geometry: 

A Tribute and Memorial to Jean-Louis Koszul

Submission Deadline: 30th November 2019
Jean-Louis Koszul (January 3, 1921 – January 12, 2018) was a French mathematician

with prominent influence to a wide range of mathematical fields. He was a second

generation member of Bourbaki, with several notions in geometry and algebra named

after him. He made a great contribution to the fundamental theory of Differential

Geometry, which is foundation of Information Geometry. The special issue is dedicated to

Koszul for the mathematics he developed that bear on information sciences.

Both original contributions and review articles are solicited. Topics include but are not

limited to:

- Affine differential geometry over statistical manifolds

- Hessian and Kahler geometry

- Divergence geometry

- Convex geometry and analysis

- Differential geometry over homogeneous and symmetric spaces

- Jordan algebras and graded Lie algebras

- Pre-Lie algebras and their cohomology

- Geometric mechanics and Thermodynamics over homogeneous spaces

Guest Editor:

Hideyuki Ishi (Graduate School of Mathematics, Nagoya University)
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Main Concepts behind Symplectic Model of Information Geometry

1. Geometric Structures

2. Lie Groups Structures

3. Poisson & Symplectic Structures

4. Information Structures

STRUCTURES

1. Koszul-Souriau Fisher Metric

2. Souriau Gibbs Density

3. Souriau Moment Map

4. Representation Theory & Coadjoint

Orbits

INVARIANTS
1. Invariant Casimir Function in Coadjoint

Representation

2. Legendre Transform of Log Laplace 

Transform

3. Maximum Entropy Probability Density

1. Fréchet Barycenter

2. Natural Gradient & Fisher Metric

3. Natural Langevin Dynamics

4. Geometric & Symplectic Integrators

1. Poincaré-Cartan Integral Invariants

2. Euler-Poincaré Equation

3. Souriau Maxwell Principle

CALCULUS OF VARIATION

ENTROPY

COORDINATE FREE

GEOMETRIC SCIENCE

OF INFORMATION
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Dartmouth 
convention

Towards Lie Group & Symplectic Machine Learning

McCulloch & Pitts

(networks of

binary neurons

can do logic),

Donald Hebb

(Hebbian synaptic

plasticity)

Norbert Wiener

(cybernetics)

Neural

Networks Deep 
Learning

Facebook’s AI can 

perform facial 

recognition as 

accurate as 

human & other 

developments 

(Convolutional, Full 

Convolutional, …)

Natural
Gradient

In Information 

Geometry 

Framework,  RIKEN 

introduces Natural 

Gradient based on 

Fisher Information 

Matrix

(coordinate Free 

Gradient)

Deep
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Gradient
LRI ORSAY Lab 
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for Deep Learning 

(Yann Ollivier & 

Gaetan Marceau-

Caron)

Natural
Langevin
Dynamics

FACEBOOK & MILA 

propose Natural 

Gradient with 
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Langevin Gradient 

(Yann Ollivier & 

Gaetan Marceau-

Caron)

Deep Learning
On Graph

FACEBOOK & 

UCLA extend Deep 

Learning on 

Graph. 

Convolutive

Network on Graph  

(Xavier Bresson, …)

Lie Group 
Machine
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Deep
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on Lie Group
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learning 

frameworks based 

on Lie group
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co-adjoint
Orbits

(Jean-Marie 
Souriau model)
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Supervised & Non-Supervised Learning on Lie Groups

Souriau-Fisher Metric 
on Coadjoint Orbits

Extension of Fisher Metric for Lie 
Group through homogeneous 
Symplectic Manifolds on Lie 
Group Co-Adjoint Orbits

Mean-Shift on Lie Groups 

with Souriau-Fisher Distance

Extension of Mean-Shift for 
Homogeneous Symplectic
Manifold and Souriau-Fisher Metric 
Space 

Geodesic Natural 
Gradient on Lie Algebra

Extension of Neural Network 
Natural Gradient from Information 
Geometry on Lie Algebra for Lie 
Groups Machine Learning

Souriau Maximum Entropy 
Density on Co-Adjoint Orbits

Covariant Maximum Entropy 
Probability Density for Lie Groups 
defined with Souriau Moment 
Map, Co-Adjoint Orbits Method & 
Kirillov Representation Theory

Exponential Map for Geodesic 
Natural Gradient on Lie Algebra 
based on Souriau Algorithm for 

Matrix Characteristic Polynomial

Fréchet Geodesic Barycenter
by Hermann Karcher Flow

Extension of Mean/Median on Lie 
Group by Fréchet Definition of 
Geodesic Barycenter on Souriau-
Fisher Metric Space, solved by 
Karcher Flow

LIE GROUP SUPERVISED LEARNING LIE GROUP NON-SUPERVISED LEARNING

Lie
Group

Machine
Learning

Souriau Exponential Map
on Lie Algebra

Symplectic Integrator 
preserving Moment Map

Extension of Neural Network 
Natural Gradient to Geometric 
Integrators as Symplectic
integrators that preserve moment 
map
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GEOMSTATS: PYTHON Library for Lie Group Machine Learning

https://github.com/geomstats/geomstats

https://hal.inria.fr/hal-02536154

Video: https://m.youtube.com/watch?v=Ju-Wsd84uG0
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PYTHON Library for Machine Learning on Manifold and Lie Group

▌Computations and statistics on manifolds with geometric structures

Initiated by INRIA & Stanford University

Point of contact Nina Miolane

(Department of Statistics - Stanford Statistics)

PYTHON GEOMSTATS Package:

- https://github.com/geomstats/geomstats

- Python Package for Riemannian Geometry

in Machine Learning

- Paper: https://arxiv.org/abs/1805.08308

▌SPECIAL SESSION at GSI’19 conference

Chaired by Nina Miolane & Alice Le Brigant

www.gsi2019.org

https://perso.math.univ-toulouse.fr/statistics-geometry-and-topology/

Nina MIOLANE

L'Oréal – Unesco Prize

2016 « Woman in 

Science »

Nina Miolane

Alice LE BRIGANT

THALES PhD Award

2018 Alice Le Brigant

https://github.com/geomstats/geomstats
https://arxiv.org/abs/1805.08308
http://www.gsi2019.org/
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Elsevier Handbook of Statistics n°46 « Geometry and Statistics »

https://www.elsevier.com/books/geometry-and-statistics/nielsen/978-0-323-91345-4

https://www.sciencedirect.com/science/article/abs/pii/S0169716122000062

https://www.sciencedirect.com/handbook/handbook-of-statistics
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World Scientific « Frontiers in Entropy Across the Disciplines »
Panorama of Entropy: Theory, Computation, and Applications

https://www.worldscientific.com/worldscibooks/10.1142/12920#t=aboutBook

Frontiers in Entropy Across the Disciplines
presents a panorama of entropy emphasizing mathematical theory, physical
and scientific significance, computational methods, and applications in
mathematics, physics, statistics, engineering, biomedical signals, and signal
processing.
Topics include entropy and society, entropy and time, Souriau entropy on
symplectic model of statistical physics, new definitions of entropy, geometric
theory of heat and information, maximum entropy in Bayesian networks,
maximum entropy methods, entropy analysis of biomedical signals (review
and comparison of methods), spectral entropy and its application to video
coding and speech coding, a comprehensive review of 50 years of entropy in
dynamics, a comprehensive review on entropy, entropy-like quantities and
applications, topological entropy of multimodal maps, entropy production in
complex systems, entropy production and convergence to equilibrium,
reversibility and irreversibility in entropy, nonequilibrium entropy, index of
various entropy, entropy and the greatest blunder ever.

• Souriau Entropy based on Symplectic Model of Statistical Physics:

Three Jean-Marie Souriau's Seminal Papers on Lie Groups

Thermodynamics (Frédéric Barbaresco)

• Entropy Geometric Structure as Casimir Invariant Function in

Coadjoint Representation: Geometric Theory of Heat and

Information Based on Souriau Lie Groups Thermodynamics and Lie

Algebra Cohomology (Frédéric Barbaresco)
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Ecole de Physique des Houches SPIGL’20, July 2020

https://franknielsen.github.io/SPIG-

LesHouches2020/

https://www.youtube.com/playlist?list=PL

o9ufcrEqwWExTBPgQPJwAJhoUChMbROr 

https://www.springer.com/jp/book/9783030779566
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SEE GSI’23 Geometric Science of Information

Sept. 2023, Saint-Malo, Palais du Grande Large, France 6th Edition and 10th anniversary

Almost 5000 pages in SPRINGER Proceedings
GSI’23

GSI’13

Ecole des Mines de Paris

GSI’15

Ecole Polytechnique

GSI’17

Ecole des Mines de Paris

GSI’19

ENAC, Toulouse

GSI’21

Sorbonne Université GSI’23

Saint-Malo

Palais du Grand Largehttps://franknielsen.github.io/GSI/
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European COST Network CaLISTA (Cartan geometry, Lie, Integrable
Systems, quantum group Theories for Applications)

WEBSITE:  https://www.cost.eu/actions/CA21109/ 

MoU: https://e-services.cost.eu/files/domain_files/CA/Action_CA21109/mou/CA21109-e.pdf

Description: Symmetry is a central unifying theme in mathematics and physics. This Action focusses on symmetries realized through Lie groups and Lie algebras. In 

addition to the spectacular achievements in representation theory, and differential geometry, Lie theory is also exceptionally important for the formalization of 

fundamental physical theories. CaLISTA aims to advance cutting-edge research in mathematics and physics through a systematic application of the ideas and 

philosophy of Cartan geometry, a thoroughly Lie theoretic approach to differential geometry. In addition to making major progress in Cartan geometry itself, 

CaLISTA aims to develop crucial applications to integrable systems and supersymmetric gauge theories. Quantum groups and their quantum homogeneous 

spaces come into the play as a bridge between these topics: quantum groups stem originally from the R-matrix formulation in integrable systems, and their 

homogeneous spaces offer prototypical examples of noncommutative parabolic geometries. Parabolic geometry is the first and possibly the most important 

example of Cartan geometry, and one of the main aims of CaLISTA is to obtain a quantum generalization.

Surprisingly, Lie theory and Cartan geometry play a role in an exciting new interpretation of the differential structure, and related dynamics, of models for popular 

algorithms of vision like Deep Learning and the more recent Geometric Deep Learning. CaLISTA aims to investigate and improve on these techniques. CaLISTA will 

provide essential mathematical models with far-reaching applications, placing Europe among the leading actors in these innovative research areas.

Action keywords: Lie Theory - Cartan Geometry - Quantum Groups - Integrable Systems - Vision
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Plan

▌Advanced Sensor Processing based on Koszul Information Geometry

Geometric Matrix CFAR/STAP for (very) slow targets detection in clutter

Complex-Valued CNN & Covariance-Matrix-Valued HPDNet for Micro-Doppler ATDR 

Tracker parameters tuning by Deep Learning for tracking hyper-maneuvering targets

Multi-Agent Reinforcement Learning for Sensor Resources Management for tracking

hyper-maneuvering targets

Multi-Sensors Collaborative Tracking by Distributed Auctions for tracking in saturating

scenario (swarm, fleet of targets, …)
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Detection of new threats (slow moving targets)

Speed
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Spatio-Temporal Digital Measurement (and Polarimetric) of Radar 
Electromagnetic Wave

Time Digital Measurement

(Doppler Covariance Matrix)

Space Digital Measurement

(Space Covariance Matrix)

Space-Time Digital Measurement

(Space-Time Covariance Matrix)

Polarimetric Digital Measurement

(Polarimetric Covariance Matrix)

▌Digital Measurement of EM Wave

Polarimetry Measurement => Polar Processing

Time Measurement => Doppler Processing

Space Measurement => Antenna Processing

Space-Time Measurement => STAP Processing
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Challenges of Doppler Radar Processing

▌Detection of objects in Inhomogenesous Ground Clutter

Classical Doppler Filter Banks (or FFT) are not efficient with very 

short bursts (<16 pulses) : 

- Low Resolution of Doppler Filters with short Bursts (Low sidelobes / high 

loss, wide filter)

- If Target Doppler is between two Doppler filters, energy is spread on 

adjacent filters. Gain between 2 filters is lower than gain at filter center 

("Straddling loss")

- Ground Clutter Energy is not limited to zero-Doppler filter but pollution  is 

spread over all filters due to poor Filter-Banks Resolution & Doppler side 

lobes in case of very short Bursts.

Filter 0 Filter 1 Filter 7Filter 2 Filtre 6Filter 3 Filter 4 Filter 5

Pollution of all Doppler Filters in case of Burst with low number of pulses

S/N gain [dB]

0
-10
-20
-30
-40
-50
-60 V/ Vamb
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OS-CFAR (Ordered Statistics CFAR)

▌Classical OS-CFAR on Doppler Filter Bank

Ordered Statistics

Range cells

Cell under s test

Non used

Environment cells Distance

Ambiance 

assessment
Decision><

)( 1xu … …)(
2

nxu )(
1

2


nxu )( nxu

)(xu
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Challenges of Doppler Radar Processing:Detection in Sea

▌Detection of slow targets in Sea Clutter

Sea Clutter is highly inhomogeneous

- Doppler fluctuation

- Time/space Fluctuation

Sea Clutter is dependant of 

- Sea current

- Surface wind

- fetch

- Bathymetry

Sea Clutter is corrupted by 

- Spikes due to breaking waves

- “Moutonement”

Offshore Sea 

Doppler Spectrum

Close to the Shore   

Sea Doppler Spectrum

(Breaking waves)
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Doppler Mean & Doppler Width Variation

Doppler

Range

Real Recorder Sea Clutter

Sea Clutter

Doppler/Range

Spectrum

Ground Clutter with variable 

Doppler Spectrum Width

Sea Clutter with variable 
Doppler Mean and Constant 

Spectrum Width

Sea Clutter with joint variable 
Doppler Mean and Spectrum 

Width

Sea Clutter with Constant non zero
Doppler Mean and Spectrum Width

Sea Clutter with joint variable 
Doppler Mean and Spectrum 

Width 

▌Sea Clutter Variations

Sea Clutter is highly 

inhomogeneous

- Doppler fluctuation

- Time/space Fluctuation

Sea Clutter is dependent of 

- Sea current

- Surface wind

- fetch

- Bathymetry

Sea Clutter is corrupted by 

- Spikes due to breaking waves

- Mottle (“Moutonement”)
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Median Estimation of Doppler Spectrum Statistics based on Fréchet
Barycenter and  Information Geometry versus classical methods

Doppler

Doppler

Range

Classical Method

(Multisegment Burg or 

Fixed Point)

Median Burg Spectrum

(Geometric geodesic

barycenter)

Doppler

Doppler

Range

▌ Classical methods for 

estimation of Mean 

Clutter Doppler spectrum 

are based on Multi-

segment Burg or “Fixed 

Point” algorithms using a 

sliding window along 

range axis. these 

approaches suffer of 

many drawbacks in case 

of non-stationary clutter. 

▌ We propose to estimate 

Mean Doppler spectrum 

by Geometric Barycenter

Fixed Point will select Spectrum 

of maximum width

Poincaré Median Burg will

select Geometric

Barycenter between

spectrum
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Median Estimation of Doppler Spectrum Statistics based on Fréchet
Barycenter and  Information Geometry: variation of Doppler Mean
▌ as “Fixed Point” and Multi-segment Burg algorithms take 

into account all neighbor cases with the same weights, 
the resulting spectrum is artificially widened. On the 
contrary, the median-based estimator only depends on 
the considered Riemannian geometry in the space of 
covariance matrices, and is able to “interpolate” Doppler 
spectrum to provide a good estimator of “centrality”. 
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Median Estimation of Doppler Spectrum Statistics based on Fréchet
Barycenter and  Information Geometry: variation of Doppler Width

▌we illustrate the good property of geodesic 

median L1-barycenter method to estimate 

Doppler Spectrum in case of non-stationary for 

clutter Doppler mean
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Statistics Random states in a metric space to characterize the 
fluctuation of the electromagnetic signal

▌ For digital measurement of the electromagnetic wave, main question is about the 

statistical fluctuations characterization:

In amplitude: variation of the signal in power

On polarimetry: variation of the polarization of the wave

Spatially: variation of the direction of arrival of the wavefront

Temporarily: Doppler spectrum variation

▌ Example of the Doppler radar signal relating to the time series of measurements
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Simple case illustration: Toeplitz Hemitian Positive Definite 2x2 matrix

▌Example with 2x2 Toeplitz Hermitian positive definite covariance matrix:

1 matrix of covariance of a stationnary 2x2 could be coded by « 1 point » on a 

product manifold R+*xD (with D Poincaré Unit Disk)
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▌ The parameters of a covariance matrix of a time series of a stationary 

(circular) complex signal are constrained by: 

Toeplitz Structure (same elements on diagonals) :

Hermitian Structure:

Positive Definite Structure (positive eigenvalues) :
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Trench/Verblunsky Theorem (Partial Iwasawa Decomposition) Toeplitz
Hermitian Positive Definite Matrix

▌Structure: Toeplitz Hermitian Positive Definite THDP

All THDP matrice are diffeomorph to the Product space : (P0, 1,…, n)R+xDn :

- P0 is a scale parameter (Radar signal power)

- k are “shape” parameters (Shape of Spectrum) called réflection/Verblunsky coefficients

The following Block decomposition is related to Partial Iwasawa decomposition:
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Trench/Verblunsky Theorem and Cholesky Decomposition

▌Block Structure build iteratively:

Generation of (André-Louis) Cholesky Decomposition
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A. Cholesky, Sur la résolution numérique des systèmes d’équations 

linéaires, Manuscrit, Fonds A. Cholesky, Archives de l’´Ecole 

Polytechnique, Palaiseau.

A.L. Cholesky
(Cholesky Artillery officer killed during

1st World war)
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Fisher Metric & Entropy Hessian Metric of “Information Geometry”

▌We consider as metric, hessian of Entropy:

Entropy:

By using Block structure, and determinant  lemma given by: 

▌Entropy is parameterized by Estimators of Verblunski parameters: 

▌ Information Geometry provide a natural metric given by the Hessian of the 

Entropy:
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E. Kähler

Example of 1942 E. Kähler paper
hyper-abelian case)
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Robust Reflection coefficients estimation by Regularized Burg Algo.

▌Complex autoregressive parameters  and reflections 

coefficients  are computed by Regularized Burg algorithm from pulses  

of each radar burst:
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John Parker Burg
(Stanford University)

Regularized Burg Algorithm
THALES PATENT © 
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Regularized Burg Algorithm Properties

NonNon--regularisedregularised

Burg Burg AlgorithmAlgorithm

(model (model orderorder : 9): 9)

2 2 frequenciesfrequencies

RegularisedRegularised

Burg Burg AlgorithmAlgorithm

(model (model orderorder : 9): 9)

NonNon--regularizedregularized

RegularizedRegularized

Truncated Truncated Model Model OrderOrder

Régularized Régularized of Max of Max OrderOrder
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REGULARIZED BURG ALGORITHM RESULTS
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Normalized Median Burg Algorithm

▌Normalized Median Burg Algorithm

Normalized Burg estimation on 3 cases

Median of normalized reflection coefficents

Normalized GLR detector  
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OPEN

Maurice Fréchet : Geodesic Barycenter in Metric Space
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OPEN

Fréchet 1943 Seminal Paper (Clairaut Equation)

Fréchet, M. Sur l’extension de certaines évaluations statistiques au cas de 

petits échantillons. Revue de l’Institut International de Statistique 1943, 11, 

182–205. 
Fisher metric

Legendre-Clairaut
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Mean of structured covariance matrices: Fréchet Barycenter

▌Distance between 2 covariance matrices is given in metric space of Product 

Manifold R+xDn (via Poincaré distance in the Unit Disk):

▌The mean is then defined as the geodesic cFréchet entroid which minimises

the sum of the squares of the geodesic distances:

▌The computation of the Fréchet barycenter is calculated by the Hermann 

Karcher Flow
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▌Karcher Flow

Fom Euclidean Case to Manifold Case by exponential map for MEdian
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Riemannian

Karcher Flow to compute geodesic Mean or Median

Hermann KARCHER

• Starting from an arbitrary point on the Manifold
• Compute the geodesics from this point to the N points and the tangent 

vectors (normalized)
• Sum of all the Geodesics tangent vectors (normalized)
• Move the point on the manifold in the direction of this sum vector s(via 

the exponential map)

Tangent Vectors to Geodesics are normalized

in Median Case
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n,3

n,1
n,2

nmedian,

1,3 n

1,1 n

nnmedian w1,

1,2 n

Classical Karcher Flow

Modified Karcher 

Flow in local 

coordinate of Point 

under flow
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Karcher flow for the Fréchet barycenter in the Poincaré unit disk: 
Computation of reflection / Verblunsky coefficients
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Karcher flow for the Fréchet barycenter in the Poincaré unit disk: 
Computation of reflection / Verblunsky coefficients
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Karcher flow for the Fréchet barycenter in the Poincaré unit disk: 
Computation of reflection / Verblunsky coefficients
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Median Geodesic Barycenter of Doppler Spectrum

Robustness to 

outliers

Doppler spectrum "median" by the computation of the Fréchet
barycenter on the coefficients of reflection / Verblunsky in the unit disk
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Median Doppler Spectrum Estimation: Preserves Discontinuities

Simulated Data Doppler Filter Bank

High Doppler Resolution
Method (Fixed Point)

High Doppler Resolution
(Reflexions/Verblunsky coeff.)

Doppler Median Spectrum 
by Fréchet Barycenter



Th
is

 d
o

c
u

m
e

n
t 

m
a

y
 n

o
t 

b
e

 r
e

p
ro

d
u

c
e

d
, 

m
o

d
if
ie

d
, 
a

d
a

p
te

d
, 

p
u

b
lis

h
e

d
, 
tr

a
n

sl
a

te
d

, 
in

 a
n

y
 w

a
y
, 

in
 w

h
o

le
 o

r 
in

 p
a

rt
 

o
r 

d
is

c
lo

se
d

 t
o

 a
 t

h
ir
d

 p
a

rt
y
 w

it
h

o
u

t 
th

e
 p

ri
o

r 
w

ri
tt

e
n

 c
o

n
se

n
t 

o
f 

TH
A

LE
S

-
©

 2
0
2
1
 T

H
A

LE
S
. 

A
ll 

ri
g

h
ts

 r
e

se
rv

e
d

.

62
SSPD Conference, London, 13th-14th September 2022 OPEN

Comparaison between Doppler Spectrum Mean and Median

Raw Doppler 

Spectruml

Mean Doppler 

Spectrum

Median Doppler 

Spectrum
Distance axe

Doppler

axe

Discontinuitoes are 

not preserved

Perturbation by 

Outliers values
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Normalized Burg (+ Regularization)

▌ Initialisation

▌ Iteration
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Burg Reflection Coefficients Median

▌Computation of Median

▌ Iteration

Critère arrêt
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Deetector based on median covariance matrix

▌2 types de détecteurs ont été testés:

Normalized GLR Detector (classical GLR Detector, normalized to be independant of 

amplitude): test for Different Doppler values

Geometric Detector: Information Geometry Fisher Rao Distance between reflection
Coefficient between cell under test and Median values of Ambiance
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Classical OS-CFAR:

Law Doppler Resolution

Speed

V+max

V-max

0
Range

OS-HDR-CFAR

Speed

V+max

V-max

0
Range

High Doppler Resolution

(Maximum Entropy Model)

(use of Covariance matrix)

MATRIX Geometric CFAR
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P
r
o
b
a
b
il
it

y
o
f 

D
e
te

c
ti

o
n

Optimun optimorum

Matrix Geo. CFAR

Classical OS-CFAR

Proba. Det. = 80 %

Proba. Det. = 2 %

Normalized Speed
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Normalized Speed
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▌We consider a vector of spatial and temporal measures
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▌Considering Toeplitz-Block-Toeplitz Matrices :
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Extension to Toeplitz Block Toeplitz Hermitian PD Matrices
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▌Positive Definite Hermitian Toeplitz-Bloc-Toeplitz matrices can be 

parameterized by Matrix Verblunsky coefficients:

▌Extension of the Trench / Verblunsky theorem to the matrix case: Existence of 

a diffeomorphism :
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Extension of the Trench / Verblunsky theorem to the case of Hermitian 
Toeplitz-Bloc-Toeplitz Positive Definite Matrices
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Coding Space-Time Data in Siegel Poly-Disk
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Matrix Verblunsky/Trench Theorem
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Metric of Information Geometry: Hessian of Potential

▌Entropy defines a (Kählerian) potential whose Hessian provides a Riemannian

metric for Verblunsky matrix parameters:

▌The "Toeplitz-Bloc-Toeplitz“ structure allows to express the entropy only by 

the Verblunsky parameters about spatial information and of a matrix R0 

incorporating the Doppler information (time information) as previously 

studied:

▌The Hessian of Entropy will provide the following metric:
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Extension of homogeneous bounded symmetric domains: Siegel 
Upper half-space and Siegel disk
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L.K. Hua

C.L. Siegel

F. Berezin

Extension of homogeneous Bounded symmetric domains: Siegel 
Upper half-space and Siegel disk
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Siegel Disc Automorphism

Automorphism of Siegel Disc          given by :

All automorphisms given by : 

Distance given by:

Inverse automorphism given by :
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Iterated Computation of Median in Siegel disk
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Poincaré geometric modeling of polarization states

▌Polarization state representation by a point in a complex plane

Polarisation Ellipse

- : angle of ellipticity characterizing the elongation (the shape)

- : characterizes the inclination of the ellipse

Jones Matrix:

Stokes Vectors:
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Poincaré geometric modeling of polarization states

Left Circular Polarization Right Circular Polarization

▌ Spherical coordinates

On the sphere:

Northern hemisphere: right polarisation 

Southern hemisphere: left polarisation

  2,2
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Segmentation/classification of Polatrimetric states
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Pierre Formont (ONERA PhD): 
Segmentation of Polarimetric Data

Segmentation based

on distance from

Information 

Geometry
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Plan

▌Advanced Sensor Processing based on Koszul Information Geometry

Geometric Matrix CFAR/STAP for (very) slow targets detection in clutter

Complex-Valued CNN & Covariance-Matrix-Valued HPDNet for Micro-Doppler ATDR 

Tracker parameters tuning by Deep Learning for tracking hyper-maneuvering targets

Multi-Agent Reinforcement Learning for Sensor Resources Management for tracking

hyper-maneuvering targets

Multi-Sensors Collaborative Tracking by Distributed Auctions for tracking in saturating

scenario (swarm, fleet of targets, …)
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• Drone Radar Micro-Doppler Deep 
Learning

• Use of Radar simulator to learn on 
Hybrid data (simulated and real data)

• Micro-Doppler time/frequency
spectrum

• Complex-valued CNN 
• Fourier transform is a convolution by 

the Fourier atoms. We can learn a 
Fourier-like complex filter bank.

• HPD neural networks
• Covariance matrix has HPD (Hermitian

Positive Defnite) structure

• Statistical analysis of manifold-valued 
data : Information Geometry

Drone Recognition by Radar Micro-Doppler Signature
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▌Adaptation for SPD/HPD matrix

▌Adaptation for Complex convolution & Fully Convolution 

Network (time axis)

Fully CNN, SPDNet/HPDNet Architecture and Complex Processing 
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SPDNET & HPNET
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▌Validation on NATO Database

10 classes (7 drones and birds)

Drone Recognition by Radar Micro-Doppler Signature: Results

file:///C:/Données/T0004940/ex-Bureau/IHES 2016 expose/Presentation IHES/video_wc_model.mp4
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Drone ATDR
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Performances
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Fully CNN, SPDNet/HPDNet Architecture and Complex Processing 
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Plan

▌Advanced Sensor Processing based on Koszul Information Geometry

Geometric Matrix CFAR/STAP for (very) slow targets detection in clutter

Complex-Valued CNN & Covariance-Matrix-Valued HPDNet for Micro-Doppler ATDR 

Tracker parameters tuning by Deep Learning for tracking hyper-maneuvering targets

Multi-Agent Reinforcement Learning for Sensor Resources Management for tracking

hyper-maneuvering targets

Multi-Sensors Collaborative Tracking by Distributed Auctions for tracking in saturating

scenario (swarm, fleet of targets, …)
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State of the art: Castella regulation process
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Flight Mechanics Simulation
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NNAKF Algorithm
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NNAKF versus Castella Performances
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Learning Extension for IMM Tracker
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Performances Comparison
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Plan

▌Advanced Sensor Processing based on Koszul Information Geometry

Geometric Matrix CFAR/STAP for (very) slow targets detection in clutter

Complex-Valued CNN & Covariance-Matrix-Valued HPDNet for Micro-Doppler ATDR 

Tracker parameters tuning by Deep Learning for tracking hyper-maneuvering targets

Multi-Agent Reinforcement Learning for Sensor Resources Management for tracking

hyper-maneuvering targets

Multi-Sensors Collaborative Tracking by Distributed Auctions for tracking in saturating

scenario (swarm, fleet of targets, …)
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Context and objectives

▌Multi-function radars (MFR)

Must optimize the performance of many tasks in 

parallel and in real time

- Search task: maintain coverage of surveillance 

space to maximize detection probability

- Tracking tasks: estimate and predict each target’s 

state with a given level of precision

- Tasks issued by a command & control center: 

missile uplink, kill assessment, etc.

Tasks have a common limiting resource: antenna 

time budget

- Dwells must be scheduled on a common timeline

- In overload situations, the lower-priority dwells must 

be delayed/abandoned due to time constraints
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Context and objectives

▌ Objectives

Enhance tracking with adaptive revisit interval 
(RI) and adaptive beamwidth (BW)

- Made possible in recent years by digital 
beamforming in phased-array antennas

- Could help tracking difficult targets 
(hypermaneuvering, hypersonic, reactive)

- Currently one BW for all dwells, one fixed RI for 
each track

Handle overload more efficiently

- More likely to happen due to swarm attacks

- Current approaches using rule-based heuristics can be hard to adapt

Coordinate search and tracking

- Could use search for reacquisition of lost targets when possible

- Instead of using time-consuming reacquisition patterns

See how reinforcement learning (RL) can help with all of this
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System architecture

▌Multi-function radar

Waveform

parameters

Dwell List

Scheduler

Environment

Track Request
Generator

Receiver

Search Request
Generator

Antenna

Waveform

parameters

Command & 
Control

Waveform

parameters

Radar 
returnsPlots

Dwells
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System architecture

▌MFR as a multi-agent system

Multiple conflicting tasks within the 

radar point to a multi-agent structure 

- One agent per tracked target

– Each track must decide which 
dwells are adequate for its target’s 
position/velocity estimation

– In this sense, each track constitutes 
an independent subproblem

- Search is considered an artefact (i.e. not 

an agent, but a resource)

– No autonomy: search dwell maps 
are precomputed and only 

represent a fixed list

Advantages:

- Explainability

- Extensibility (to radar networks, etc.)

- Simpler to integrate domain constraints

- Simpler optimization

– Tracks = instances of same problem

Dwell List

Track
Request

Generator
Track 1 Track 2 …

Search
dwells

Track
dwells
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System architecture

▌ Objective of a tracking agent

Parameters to optimize: revisit interval (RI) and 
beamwidth (BW)

Objective: minimize the target’s state 
estimate error covariance (EEC) 𝑃𝑘, i.e. the 
uncertainty over the target’s true state 𝑥𝑘

∗ , as 

evaluated by the Kalman filter

EEC increases predictably as time since last 
revisit increases

The optimal BW (in terms of SNR) should 

depend on the prediction error 𝑥𝑘
∗ − 𝑥𝑘

(𝑃)

No model to predict the effect of a dwell on 
EEC, must be learned

Kalman filter

Optimal SNRToo focused Too spread out
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Radar task scheduling

▌Formalization

For each dwell 𝑖 ∈ 𝐼:

- We know the earliest and latest possible execution start times 𝑇𝑠
𝑖 and 𝑇𝑑𝑟

𝑖 , the ideal execution time 𝑇𝑑𝑢
𝑖 , and the 

shortest and longest possible durations 𝐿𝑚𝑖𝑛
𝑖 and 𝐿𝑚𝑎𝑥

𝑖

- As a measure of priority, via threat model – EEC aggregation, we can define :

– A drop cost 𝐶𝑑𝑟
𝑖 , based on predicted EEC increase if this dwell is not executed

– A duration cost 𝐶𝑙𝑒
𝑖 , based on how much EEC would degrade if dwell was shortened (narrower beamwidth)

– A delay cost 𝐶𝑑𝑒
𝑖 , to penalize divergence from 𝑇𝑑𝑢

𝑖

- We want to know whether to schedule the dwell (𝑠𝑖 = 1), and if so at what execution time 𝑡𝑖 , or to drop it (𝑑𝑖 = 1)
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Radar task scheduling

▌Resolution methods

Heuristics (EST, EDF): fast, but do not take priorities into account

Mixed integer programming: returns the optimal solution – given enough time…

- Complete formulation:

This problem is NP-hard!
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Radar task scheduling

▌Monte Carlo Tree Search

Model-based method that explores a search tree

- Root = empty schedule

- Leaf = complete schedule with cost 𝐶𝑏
- Backpropagation: 𝐶𝑏 𝑠, 𝑎 = min 𝑎′𝐶𝑏 𝑠′, 𝑎′

- Selection:                                ,

priori (for example: HCLR heuristic)

number of visits

Repeat until rollout number limit or runtime
limit is reached

Resulting policy: 𝜋 𝑠 = argmin 𝑎′𝐶𝑏 𝑠, 𝑎′
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▌Monte Carlo Tree Search

Problem : with this transition function, the same complete schedule can be

reached through different paths

Radar task scheduling
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▌Monte Carlo Tree Search

Solution: structure our search tree as a Branch-and-Bound tree

- By allowing already visited actions, each leaf can only be reached once

- Branches can be pruned based on existing solutions

- If a leaf isn’t a complete schedule, its derived branches can be pruned

Radar task scheduling
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Radar task scheduling

▌Reinforcement learning for MCTS

AlphaZero

- Learn the MCTS prior with a neural network

- Mutual improvement: the neural network guides MCTS, whose results correct the 

network’s predictions

𝑠 MCTS 𝜋(𝑎, 𝑠)

𝑠 𝑃(𝑎, 𝑠) ≈ 𝜋(𝑎, 𝑠)

𝑠′ 𝑃(𝑎, 𝑠′)
Planification

Learning
Neural 

network
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▌Results

Experiments on a synthetic

benchmark

Choosing an adequate transition 

function has more impact on 

performance than choosing the 

actual decision algorithm

- Our heuristic finds near-optimal 

solutions in a fraction of the time 

required for tree-search methods

Radar task scheduling

Existing methods

Ours
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MFR Radar Resources Management

▌Functional Architecture

SCheduler

Environnement

Reception

Search Dwell

Generator

TransmitPriorisation
Track Dwell

Generator
Tracker

Filtering

Detection

Kinematics

Model

Waveform

Design

Data Processing Resources Management
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Multi-Agent RL for MFR Radar Management

▌Functional Architecture

Environnement

Reception

Search Dwell

Generator

TransmitAgent RLTracker

Filtering

Detection

Kinematics

Model

Waveform

Design

Data Processing Resources Management
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RL Actions selection for Beam update rate and Beamwidth

Max 

Delay 

Constraint

Actual 

update 

Rate

Visibility

Cone 

Search

Requeste

d

Accuracy

Track

Info

Visibility

Cone

Track

▌RL Agent Structure

Selected TaskNN

Beamwidth Selection

Waveform Selection

Scheduled
Dwell
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Plan

▌Advanced Sensor Processing based on Koszul Information Geometry

Geometric Matrix CFAR/STAP for (very) slow targets detection in clutter

Complex-Valued CNN & Covariance-Matrix-Valued HPDNet for Micro-Doppler ATDR 

Tracker parameters tuning by Deep Learning for tracking hyper-maneuvering targets

Multi-Agent Reinforcement Learning for Sensor Resources Management for tracking

hyper-maneuvering targets

Multi-Sensors Collaborative Tracking by Distributed Auctions for tracking in saturating

scenario (swarm, fleet of targets, …)
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Context & Problem statement

▌ Context

Active-tracking with cooperation of up to 
2 radars

Load Balancing

Resilience

▌ Problem statement

Given a radar configuration, allocate at 
best resources

When coupling radars, ensure to provide 
additional information if possible

Centralized vs Decentralized coordination

Standby phase ignored
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Radar & Target Models

Directed radar

𝑇𝑖 = 𝑐𝑠𝑡

Information: 

Radar load = 
𝐷𝑖

𝑇𝑖

Additional information (2nd

radar):∝ sin 𝜃

𝐷𝑖 ∝ 𝑅

𝑅
𝜃

𝑅′

𝐸′
𝐸

𝑆𝑁𝑅 = 𝑐𝑠𝑡

Overload limit unrealistic 
(goal: explore limits of 
the radars) 

Targets have a straight-path model with occasional  
change of direction and constant velocity

Tracking uncertainty 
determined by a 
Kalman Filter

𝐸 ∩ 𝐸′
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Centralized Optimization Problem Formulation

2-Sensors Allocation:Mono-Sensor Allocation :
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CBBA: A Decentralized Sealed Auction Algorithm

▌ Consensus Based Auction Algorithm, a 

2 phase algorithm:

Bidding phase

Consensus phase

▌ Bidding phase:

Each Agent evaluates its bid for given 
tasks

Bid based on utility

▌ Consensus phase:

Send bid to neighbors

Update maximal utility from others 

knowledge

Send updated information until consensus 
is reached

𝑡1

𝑡2

𝑡1: 5
𝑡2: 3

𝑡1: 7
𝑡2: 0

𝑡1: 6
𝑡2: 1
𝑡1: 7
𝑡2: 1

𝑡1: 6
𝑡2: 3

𝑡1: 7
𝑡2: 1
𝑡1: 7
𝑡2: 3

𝑡1: 7
𝑡2: 3

𝑡1: 7
𝑡2: 3

Consensus reached ! 
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Adaptation of CBBA to radars and dynamism

▌Bids are made for a particular time :

Data synchronization: attach timestamp to each knowledge

Data update is performed according to « Update Rules Table »

▌Diminishing Marginal Gain constraint

Biased utility to ensure consensus

Adding a task is always less profitable 

than to be dedicated to a given set of 

task

Prevent a radar to track all targets if it is 

possible  Load Balancing
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Multi-sensor Allocation with CBBA

▌Algorithm operates in closed loop and re-executed periodically :

1st phase: CBBA bid step for Main Allocation

- Utility is proportional the surface of the Kalman uncertainty ellipse

2nd phase: CBBA consensus step for Main Allocation

- Radars update their knowledge for Main Allocation

- Start/continue tracking on targets with winning bids (as Main)

- Eventually release optional target tracking

3rd phase: CBBA bid step for Optional Allocation

- Utility is proportional the surface of the intersection the Kalman uncertainty ellipses

4th phase: CBBA consensus step for Optional Allocation 

- Radars update their knowledge for Optional Allocation

- Start/continue tracking on targets with winning bids  (as Optional)
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Demo
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task allocation for radar network (TRT work with Distributed Auctions)
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Results : Centralized vs Decentralized approaches

▌Performance of Decentralized approach higher than theoretical 50% 

performance guarantee (greedy algorithm)

▌Load more evenly distributed for Decentralized approach

▌ Resilience aspect

From « star-like » communication network (centralized) to ad-hoc
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Plan

▌Modern Sensor Processing based on Symplectic Model of Information

Lie Group Based Equivariant GCNN for Adaptive Doppler Clutter Map

Lie Group Based Frenet-Seret IEKF (Invariant Extended Kalman Filter) for tracking

hyper-maneuvering targets

Lie Group Based Target Recognition on Kinematics for Drone/Birds Classification 

Souriau Symplectic Model of Information for Lie Group Statistics and Machine Learning 

- Entropy as Casimir Function in Coadjoint Representation

- Koszul-Fisher Metric on Lie Group

- Covariant Maximum Entropy Density (Gauss Density) on Lie Group

- Lie Groups Machine Learning
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Motivations

Geometric-Informed Algorithms as remediation

Emerging technologies with already successful applications (e.g., AlphaFold@DeepMind)

▌ Conventional Deep Learning weaknesses:

Lack of robustness

Do not use the native geometry of inputs

▌ Deep learning requires large amounts of training data and numerical simulation 

requires a perfect knowledge of the underlying physics:

𝑡
ො𝑢

𝜕𝑡

𝜕𝑥
𝑓(ො𝑢,

𝜕 ො𝑢

𝜕𝑡
,
𝜕ො𝑢

𝜕𝑥
… )

ො𝑢 − 𝑢

Error on the knowledge

Error on the data

Computing the parameters 𝑤𝑖

𝑥

Physics Informed Neural Network
Physics-Informed NN allows for:

More frugal learning

Discovering hidden physics

Reuse the knowledge of similar tasks
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▌ Equivariant Neural Networks

Create relevant synthetic datasets

Compare the use of equivariance mechanisms with 

data augmentation

Design new convolution operators on hyperbolic 

spaces (Poincaré Disk)

Geometric-Informed NN: Technological progress 

Projecting Planesnet dataset on 

the sphere

MNIST image on the sphere Projected image 
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Geometric Deep Learning & Robustness

▌ Geometric Deep Learning generalizes CNN

Equivariance to other transforms than translations

Operates in the native geometry of the data

▌ A rigorous analysis is however lacking

Need for proper metrics to be defined

Stochastic framework to be specified on native spaces of the data

▌ Analysis outputs could help further increase robustness

Refine the choice of the underlying equivariance

Use adversarial training for a well chosen distribution of perturbations

▌ Robustness is empirically improved 

Native geometrical robustness is achieved by-design

Studies show that local robustness is also improved

Calinon et al, 2019 

Esteves, 2017
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Applications for Sensors

▌ Image processing

Conventional + Fish-Eye images (patent pending)

Investigate Hybrid approaches (AAAI-MLPS21) 

- LAS/TRT collaboration(IRS’21, GSI’21)

View from FishEye Camera

▌ Simulation 

Solving Partial Differential Equations (LRASC internship)

Also applicable to Hamiltonian systems

Contrails observation with skyimagers

Pathological radar clutter classification, 
Cabanes et Al, 2019

Hu et al., 2020

Equations de Maxwell-Vlasov

▌ Temporal signal processing 

Radar signal processing 

- LAS/TRT collaboration(IRS’21, GSI’21)
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Toward Deep Learning for Contrails Detection by Fisheye Camera

▌ Several  possible applications of DL for contrails study

Identification (vs. regular clouds) 

Tracking (originating planes)

Properties analysis (altitudes, speeds etc.)

Classification depending on radiative impact

▌ Use of  tailored Deep Learning algorithms

Operating in Fish-Eye geometry for image processing

Embed corresponding equivariant layers

Couple with physical models and meteorological data where appropriate

Contrail study with ground-based 

Cameras, U. Schumann et al.

CloudNet: Ground-Based Cloud ClassificationWith Deep Convolutional Neural Network, Jinglin Zhang et al.
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𝑺𝑼(𝟏, 𝟏)/𝑼(𝟏) Equivariance in Poincaré Disk

▌ Fish-eye lens have hemispherical view

Several projection methods exist, with corresponding distortion

▌ Introduce a  stereographic projection onto the Poincaré disk

Project the hemispherical view onto the Poincaré disk 𝔻2 from the south 

pole

Images can be represented as a signal f: 𝔻2→ ℝ3

▌ Build 𝑺𝑼(𝟏, 𝟏)/𝑼(𝟏) equivariant convolutional layers

Non-compact group 

Synergy with the analytics being developed for radar Doppler signal 

processing

P. Chalmovianský, Basic Facts on 

Hyperbolic Geometry and its 

Applications 

𝑆𝑈 1,1 = 𝑔𝑎,𝛽 =
𝛼 ҧ𝛽
𝛽 ത𝛼

, 𝛼 2 − 𝛽 2 = 1, 𝛼, 𝛽 ∈ ℂ

𝑈 1 =
𝛼 0
𝑂 ത𝛼

, 𝛼 2 = 1, 𝛼, 𝛽 ∈ ℂ 𝑔𝛼,𝛽 ∘ 𝑧 =
𝛼𝑧 + 𝛽

ҧ𝛽𝑧 + ത𝛼

SU(1,1) acts on the Poincaré Disk by 
Mobius transform

M. C. Escher, Circle Limit III
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Motivations for Doppler Radar Processing

𝑓𝜃

Covariance matrices manifold

ML algorithm

𝐻∗
+

Robustness property: 𝑓𝜃 Γ0 =𝑓𝜃 Γ1 ∀Γ0, Γ1 ∈ 𝐻∗
+,

with Γ0 and Γ1 “close enough”

▌ Target here robustness to noise (e.g., thermal noise, clutter, 

etc.)

Robustness is a challenge for Deep Learning (e.g., adversarial 
attacks)

CNN are locally robust to translation of 2D images

Want to generalize geometric robustness  to algorithms operating 
on complex covariance matrices.

▌ ML techniques have successfully been used for Doppler signal 

processing

Classical algorithms such as  CNN and LSTM operating on Doppler 
signatures 

Geometric Learning operating on complex covariance matrices

- D. Brooks et al, 2019 

- Y. Cabanes et al, 2019 

Rahman, S et al (2018)
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2D-Convolution and Translation Equivariance

𝐾: ℤ2 → ℝ convolution kernel
𝐼: ℤ2 → ℝ is the functional representation of the image
𝐿ℎ: translation operator for ℎ ∈ ℤ2, so that 𝐿ℎ 𝑓 (𝑥) = 𝑓(𝑥 − ℎ)

∀𝑥 ∈ ℤ2, 𝜓 𝑥 = 𝐼 ⋆ 𝐾 𝑥 = 

𝑦∈ℤ2

𝐾( x − y)I(y)

▌ Feature maps built from convolution kernels transform 

consistently with the original image translation

𝐿ℎ𝜓(𝑥)= 𝐿ℎ𝐼 ⋆ 𝐾 𝑥

▌ CNN success for image processing tasks comes from this 

equivariance property, combined with the use of local 

filters, weights sharing, and pooling steps. 

▌ Convolution definition can also be seen as a discretized 

integral

𝜓 𝑥 = 𝐼 ⋆ 𝐾 𝑥 = න
ℝ2
𝐾 𝑥 − 𝑦 𝐼 𝑦 𝑑𝑥𝑑𝑦

𝜓 𝑥

Original image Convolution feature map 
with Sobel filter

 We want to generalize to other transforms than 

translations



Th
is

 d
o

c
u

m
e

n
t 

m
a

y
 n

o
t 

b
e

 r
e

p
ro

d
u

c
e

d
, 

m
o

d
if
ie

d
, 
a

d
a

p
te

d
, 

p
u

b
lis

h
e

d
, 
tr

a
n

sl
a

te
d

, 
in

 a
n

y
 w

a
y
, 

in
 w

h
o

le
 o

r 
in

 p
a

rt
 

o
r 

d
is

c
lo

se
d

 t
o

 a
 t

h
ir
d

 p
a

rt
y
 w

it
h

o
u

t 
th

e
 p

ri
o

r 
w

ri
tt

e
n

 c
o

n
se

n
t 

o
f 

TH
A

LE
S

-
©

 2
0
2
1
 T

H
A

LE
S
. 

A
ll 

ri
g

h
ts

 r
e

se
rv

e
d

.

133
SSPD Conference, London, 13th-14th September 2022 OPEN

Group Actions

▌ Group theory provides the mathematical tools to deal with structured transforms

Transformations are represented by elements 𝑔 of a group 𝐺

Transformations 𝑔 ∈ 𝐺 act on the data X as 𝑔 ∘ 𝑋

▌ Examples of Groups of 2D-plane transforms

Translation group ℝ2:  𝑇𝑥 ⊕ℝ2 𝑇𝑦 = 𝑇𝑥+𝑦, for 𝑥, 𝑦 ∈ ℝ2

Rotation group 𝑆𝑂(2): 𝑅𝜃1 ⊕𝑆𝑂(2) 𝑅𝜃2 = 𝑅𝜃1,2 , for 𝜃1, 𝜃2 ∈ 0,2𝜋 and 𝜃1,2 = 𝜃1 + 𝜃2 [2𝜋]

Special Euclidean group 𝑆𝐸(2): 𝐻𝑥,𝜃1 ⊕𝑆𝐸(2) 𝐻𝑦,𝜃2 = 𝐻𝑅𝜃1𝑦+𝑥,𝑅𝜃1,2
(𝑆𝐸 2 = ℝ2 ⋉ 𝑆𝑂(2))

▌ Examples of actions on a single image

Sophus Lie 1842 -1899Evariste Galois 1811 -1832

𝐺

𝑇𝑒𝐺 𝑒

A very powerful theory exists for groups 
of continuous transforms (Lie Groups)

ℝ2 𝑆𝑂(2) 𝑆𝐸(2)
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Generalized Convolution

▌ Convolution operator can be generalized to generic groups of transforms

▌ Feature maps built from generalized convolutions are equivariant to the corresponding group action 

∀𝑔 ∈ 𝐺, 𝜓𝐺 𝑔 = 𝑓 ⋆𝐺 𝐾 𝑔 = න
𝐺

𝐾 ℎ−1𝑔 𝑓 ℎ 𝑑𝜇𝐺(ℎ)

𝐿ℎ𝜓𝐺(𝑔)= 𝐿ℎ𝑓 ⋆𝐺 𝐾 𝑔

𝐾: 𝐺 → ℝ convolution kernel

𝑓: 𝐺 → ℝ input feature map

𝐿ℎ: translation operator for ℎ ∈ 𝑔, so that 𝐿ℎ 𝑓 𝑔 = 𝑓 ℎ−1𝑔
𝜇𝐺: Haar measure of the group G

Equivariance of an 𝑆𝐸(2) convolution operator

- Kernel is rotated and 2D convolution is performed 

as usual

- A stack of 2D feature maps is obtained, indexed 

by the rotation angle

- Rotation of the input translates into a shift in the 

stack of feature maps

𝜃 = 0 𝜃 =
𝜋

4
𝜃 =

𝜋

2
𝜃 =

3𝜋

4

𝜃

𝜃
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Motivations

▌ The deployment of a radar could be alleviated by an automated 
recognition of pathological clutter

Build a Machine Learning (ML) algorithm to  identify specific clutter characteristics 

from their Doppler spectrum fluctuation

𝑓𝜃

Covariance matrices manifold

ML algorithm

𝐻∗
+

Robustness property: 𝑓𝜃 Γ0 =𝑓𝜃 Γ1 ∀Γ0, Γ1 ∈ 𝐻∗
+, with 

Γ0 and Γ1 “close enough”

▌ Target here robustness to noise (e.g., thermal noise)

Robustness is a challenge for Deep Learning (e.g., adversarial attacks)

CNN are locally robust to translation of 2D images

Want to generalize geometric robustness  to algorithms operating on 

complex covariance matrices.

▌ ML techniques have successfully been used for Doppler signal processing

Classical algorithms such as  CNN and LSTM operating on Doppler signatures 

Geometric Learning operating on complex covariance matrices

- D. Brooks et al, 2019 

- Y. Cabanes et al, 2019 
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Radar Doppler Signal Classification

𝑆𝑈(1,1)
action

Represent signals by covariance matrices Hyperbolic embedding in a product space of Poincaré Disks

Achieve increased 

robustness

Build  SU(1,1) Equivariant NN

SU(1,1) is not compact &  𝔻 is not Euclidean  challenging set-up
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Modeling Approach 

▌ Anchor in Cabanes et al., 2019

Process the data cell-by-cell

Signal considered to be a stationary, zero mean,  autoregressive Gaussian process

▌ Consider the autocorrelation matrix of each cell

Stationarity assumption makes 𝑅𝑖,𝑛 Toeplitz Hermitian Positive Definite (THPD)

* *

0 1 1

*1 0

, , ,*

1

1 1 0

2
1

2 2

( 1)

   with  

with  the autocorrelation coefficients linked to the Doppler spectrum
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See Yann Cabane’s talk SP.2 on Thursday
“Multidimensional Statitionary Times-Series Machine Learning for Radar Clutter Classification”
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Hyperbolic Embedding

▌ Several models of hyperbolic geometry exist 

Use the Poincaré disk model 𝔻 = 𝑧 ∈ ℂ/ 𝑧 < 1

Poincaré disk is endowed with a non-Euclidean metric 𝜌𝔻

𝜌𝔻(𝑧1, 𝑧2) = 2 tanh−1
𝑧2 − 𝑧1
1 − ഥ𝑧1𝑧2

▌ Embed THPD matrices into a product space of Poincaré disks

Work with rescaled autocorrelation matrices and only focus on reflection coefficients 

M. C. Escher, Circle Limit III
Parallel lines in 𝔻

See Yann Cabane’s talk SP.2 on Thursday
“Multidimensional Statitionary Times-Series Machine Learning for Radar Clutter Classification”
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Group Action, Homogenous Space and Representation

▌ Consider the Special Unitary Group (Lie group)

SU(1,1) is both a group and a manifold 

▌ Poincaré disk can be endowed with an action of SU(1,1)

Acts transitively with ∘ through Mobius transforms (isometries)

Poincaré disk is an homogenous space 𝔻 ≃ 𝑆𝑈(1,1)/𝑈(1)

▌ SU(1,1) acts on Fock-Bargmann Hilbert spaces ℱℬ𝜂

Through the UIR representation 𝜌𝜂 of SU(1,1) on ℱℬ𝜂

▌ Considered THPD matrices can be seen as 𝒏 − 𝟏 coset elements 

Target local robustness with respect to SU(1,1) action 

Use lifting to use generalized convolution within a G-CNN architecture

𝑆𝑈 1,1 = 𝑔𝑎,𝛽 =
𝛼 ҧ𝛽
𝛽 ത𝛼

, 𝛼 2 − 𝛽 2 = 1, 𝛼, 𝛽 ∈ ℂ

𝑈 1 =
𝛼 0
0 ത𝛼

, 𝛼 2 = 1, 𝛼, 𝛽 ∈ ℂ𝑔𝛼,𝛽 ∘ 𝑧 =
𝛼𝑧 + 𝛽

ҧ𝛽𝑧 + ത𝛼

Action of SU(1,1)  

𝜌𝜂 𝑔𝛼,𝛽 𝑓 𝑧 =
1

𝛼 − 𝛽𝑧
2𝜂 𝑓 𝑔𝛼,𝛽

−1 ∘ 𝑧 (𝜂 = 0 regular rep.)
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SU(1,1) Equivariance and G-CNN

∀z ∈ 𝔻, 𝜓𝜃 𝑧 = 𝑓 ⋆𝔻 𝑘𝜃 𝑧 = න
ℎ∈𝐵𝔻 (𝑧,𝑀)

𝜌𝜂(ℎ)(𝑘𝜃) 𝑧 𝜌𝜂 ℎ −1(𝑓) 0𝔻 𝑑𝜇 (ℎ)

𝑘𝜃 𝑧 = ෨𝑘𝜃 log𝔻(𝑧)

𝐵𝔻 𝑧,𝑀 = ℎ ∈ 𝑆𝑈 1,1 | 𝜌𝔻 ℎ ∘ 0𝔻, 𝑧 ≤ 𝑀

log𝔻:𝔻 → ℝ2
(Riemannian Logarithm)෨𝑘𝜃: ℝ

2 → ℂ

𝑆𝑈(1,1)
action

𝑆𝑈(1,1)
action

𝑆𝑈(1,1)
convolution

𝑆𝑈(1,1)
convolution

Equivariance of SU(1,1) convolution with a Gaussian Kernel

▌ Use of equivariant convolution operator on 𝔻

𝔻 is not Euclidean  use an adequate kernel

Localization allows weights sharing and integral definition

▌ 𝜓𝜃 operator are then used to build convolution layers

𝜌𝜂 : representation of  𝑆𝑈 1,1

on  ℱℬ𝜂
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Numerical Considerations

▌ Computing our convolution operator is generally challenging

SU(1,1) is not compact

▌ Can consider a Monte-Carlo approach

Estimate with 𝜓𝑁
𝜃 𝑧 =

1

𝑁
σ𝑖=1
𝑁 𝜌𝜂 𝑔𝑖 𝑘 𝑧 𝜌𝜂 𝑔𝑖

−1 𝑓 0𝔻 , where  𝑔𝑖 ~𝜇
𝐵𝔻 (𝑧,𝑀)

Can use a torus parameterization (Poincaré disks as sections)

But 𝜓𝑛+1(𝑧) = Σ 𝜓𝑛 ⋆𝔻 𝐾 (𝑧) evaluation grids are dependent across layers

Exponential  memory complexity with respect to depth

▌ Can leverage on Helgason-Fourier (HF) Analysis

HF transform is defined on ℂ × 𝜕𝔻 for function 𝑓:𝔻 → ℂ by  መ𝑓 𝜌, 𝑏 = 
𝔻
𝑓 𝑧 𝑒 1−𝑖𝜌 <𝐳,𝐛>𝑑𝑚(𝑧)

and an inversion formula exists

Convolution theorem holds true (regular rep.):  𝑓⋆𝔻 𝑘 𝜌, 𝑏 = መ𝑓 𝜌, 𝑏 × 𝑘 𝜌, 𝑏

3 integrals computation but can use a constant evaluation grid across layers 

polynomial complexity 

Expand kernel functions on a functional basis (Bekkers, 2020) and precompute HFT. 

Size of the evaluation grids across layers Sampling with Cartan

parameterization of SU(1,1)

Distance of 𝟎𝔻 to the horocycle 𝝃 𝒛, 𝒃
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Experimental Proof-of-Concept

▌ Provide a POC of our approach

Work with simulated data (𝑛 = 10)

Consider simple architectures  𝒩𝜎
𝐺,𝜂

with one convolution layer with two filters 

modeled as a small MLP 

Benchmark with a Fully Connected NN 𝒩𝜎
𝐹𝐶 operating on the complex 

reflection coefficients (≈ same # of parameters)

Average over 10 testing instances 𝑇𝜎 to smooth-out the statistical noise

Z = λ R1/2 𝑥 + 𝑏𝑟𝑎𝑑𝑎𝑟

𝜎 ℂ
Goal: assess robustness wrt. 𝜎

Promising results from both accuracy and

robustness standpoints

Confusion matrix of 𝒩1
𝐺,0 on 𝑇1

Evaluation of 𝒩𝜎
𝐺,𝜂

and 𝒩𝜎
𝐹𝐶

trained with several values of 
𝜎 on several testing set 𝑇𝜎

▌ Consider training and evaluation with different 
values of 𝝈

𝒩1
𝐺,0 significantly outperforms 𝒩1

𝐹𝐶 on 𝑇𝜎 as 𝜎 increases

Robustness depends on the representation 𝝆𝜼

Calibrate 𝝆𝜼 on the targeted perturbation



Th
is

 d
o

c
u

m
e

n
t 

m
a

y
 n

o
t 

b
e

 r
e

p
ro

d
u

c
e

d
, 

m
o

d
if
ie

d
, 
a

d
a

p
te

d
, 

p
u

b
lis

h
e

d
, 
tr

a
n

sl
a

te
d

, 
in

 a
n

y
 w

a
y
, 

in
 w

h
o

le
 o

r 
in

 p
a

rt
 

o
r 

d
is

c
lo

se
d

 t
o

 a
 t

h
ir
d

 p
a

rt
y
 w

it
h

o
u

t 
th

e
 p

ri
o

r 
w

ri
tt

e
n

 c
o

n
se

n
t 

o
f 

TH
A

LE
S

-
©

 2
0
2
1
 T

H
A

LE
S
. 

A
ll 

ri
g

h
ts

 r
e

se
rv

e
d

.

143
SSPD Conference, London, 13th-14th September 2022 OPEN

Radar Clutter Classification on Real Data

▌ Preliminary work on real data recorded in Saint-
Mandrier (FRANCE)

Consider the labelling obtained through the clustering by 

Cabanes et al. (2019) 

▌ POC observations are confirmed in real world

Our SU(1,1)-CNN achieves 80% accuracy while a 

comparable FCNN only reaches 60%

FCNN SU(1,1)-CNN

Average power map

Ground map of Saint-Mandrier

Training Training

Clustering labels (Cabanes et al, 2019)

Testing
Testing
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Plan

▌Modern Sensor Processing based on Symplectic Model of Information

Lie Group Based Equivariant GCNN for Adaptive Doppler Clutter Map

Lie Group Based Frenet-Seret IEKF (Invariant Extended Kalman Filter) for tracking

hyper-maneuvering targets

Lie Group Based Target Recognition on Kinematics for Drone/Birds Classification 

Souriau Symplectic Model of Information for Lie Group Statistics and Machine Learning 

- Entropy as Casimir Function in Coadjoint Representation

- Koszul-Fisher Metric on Lie Group

- Covariant Maximum Entropy Density (Gauss Density) on Lie Group

- Lie Groups Machine Learning
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Kalman Filter on SE(3) Lie Group (Thales/Mines ParisTech Pilté PhD):
IEFSKF: Invariant Extented Frenet-Serret Kalman Filter (1/3)

▌The state based on Frenet-Serret Model

the state is 𝑋𝑡 = 𝑅𝑡 , 𝑥𝑡 , 𝛾𝑡 , 𝜏𝑡 , 𝑢𝑡

▌The kinematic Model

The kinematic model is based on the Frenet-Serret frame evolution, and on the fact that the target
is not allowed to slide during turns:

𝑑𝑥𝑡
𝑑𝑡

= 𝑅𝑡(𝑣𝑡 + 𝑤𝑡
𝑥),

𝑑𝑅𝑡
𝑑𝑡

= 𝑅𝑡 𝜔𝑡 + 𝑤𝑡
𝜔

×,
𝑑𝛾𝑡
𝑑𝑡

= 0 + 𝑤𝑡
𝛾
,
𝑑𝜏𝑡
𝑑𝑡

= 0 + 𝑤𝑡
𝜏 ,
𝑑𝑢𝑡
𝑑𝑡

= 0 + 𝑤𝑡
𝑢

With 𝑣𝑡 = 𝑢𝑡, 0,0
𝑇 , 𝜔𝑡 = 𝜏𝑡, 0, 𝛾𝑡

𝑇, 𝑎 × ∈ ℝ3×3 is the skew symmetric matrix associated to 𝑎 ∈ ℝ3.

We can put part of the state (the rotation and translation, dim 6) into a matricial form:

𝜒𝑡 =
𝑅𝑡 𝑥𝑡
01,3 1 , 𝜇𝑡 =

𝑅𝑡 𝜔𝑡 × 𝑣𝑡
01,3 0

,
𝒅

𝒅𝒕
𝝌𝒕 = 𝝌𝒕(𝝁𝒕+𝒘𝒕

𝝌
)

keep the other part (dim 3) in vectorial form: 𝑧𝑡 = 𝛾𝑡 , 𝜏𝑡, 𝑢𝑡 ,
𝒅

𝒅𝒕
𝒛𝒕 = 𝟎 +𝒘𝒕

𝒛

The cartesian measurement equation is 𝒀𝒏 = 𝒙𝒕𝒏 + 𝑽𝒏 = 𝝌𝒕𝒏𝒅+ 𝑽𝒏
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Kalman Filter on SE(3) Lie Group (Thales/Mines ParisTech Pilté PhD):
IEFSKF: Invariant Extented Frenet-Serret Kalman Filter (2/3)

▌ IEFSKL Filter

Evolution equation: 
𝒅𝝌𝒕

𝒅𝒕
= 𝝌𝒕(𝝁𝒕+𝒘𝒕

𝝌
), 

𝒅𝒛𝒕

𝒅𝒕
= 𝟎 +𝒘𝒕

𝒛

The 𝜒-part of the state belongs to a matrix Lie group (𝑆𝐸(3)) and the 𝑧-part of the state 

belongs to a vectorial space.

The error 𝜂𝑡 : 𝜼𝒕
𝝌
= 𝝌𝒕

−𝟏ෝ𝝌𝒕 and 𝜼𝒕
𝒛 = ො𝒛𝒕 − 𝒛𝒕 , 𝜼𝒕 =

𝜼𝒕
𝑹

𝜼𝒕
𝒙

𝜼𝒕
𝜸

𝜼𝒕
𝝉

𝜼𝒕
𝒖

=

𝑹𝒕
𝑻𝑹𝒕

𝑹𝒕
𝑻(ෝ𝒙𝒕 − 𝒙𝒕)
ෝ𝜸𝒕 − 𝜸𝒕
ො𝝉𝒕 − 𝝉𝒕
ෝ𝒖𝒕 − 𝒖𝒕

The update step of the IEKF whenever a measurement 𝑌𝑛 is available and 𝑡 = 𝑡𝑛: 

ෝ𝝌𝒕𝒏
+ = ෝ𝝌𝒕𝒏𝒆𝒙𝒑 𝑳𝒏

𝝌
(ෝ𝝌𝒕𝒏

−𝟏𝒀𝒏)

ො𝒛𝒕𝒏
+ = ො𝒛𝒕𝒏 + 𝑳𝒏

𝒛 ෝ𝝌𝒕𝒏
−𝟏𝒀𝒏

with 𝑳𝒏 the Kalman gain

[1] M.Pilté & S.Bonnabel & F.Barbaresco, An Innovative Nonlinear Filter for Radar Kinematic Estimation of 

Maneuvering Targets in 2D, 2017
[2] A.Barrau & S.Bonnabel The Invariant Extended Kalman Filter as a stable observer, 2016
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Kalman Filter on SE(3) Lie Group (Thales/Mines ParisTech Pilté PhD):
IEFSKF: Invariant Extented Frenet-Serret Kalman Filter (3/3)

Linearized error 𝝃𝒕, such that 𝜼𝒕
𝝌
≈ 𝑰 + 𝝃𝒕

𝝌

×
, and 𝜼𝒕

𝒛 ≈ 𝝃𝒕
𝒛, 𝝃𝒕 =

𝝃𝒕
𝑹

𝝃𝒕
𝒙

𝝃𝒕
𝜸

𝝃𝒕
𝝉

𝝃𝒕
𝒖

∈ ℝ𝟗

Linearized error evolution equation : 
𝒅𝝃𝒕

𝒅𝒕
= 𝑨𝒕𝝃𝒕 + 𝒘𝒕 with 𝑨𝒕 independent of 𝑹𝒕, ෝ𝒙𝒕

The Kalman gain 𝑳𝒏 is computed by integrating the Riccati equation : 

𝒅

𝒅𝒕
𝑷𝒕 = 𝑨𝒕𝑷𝒕 + 𝑷𝒕𝑨𝒕

𝑻 + 𝑸𝒕

𝑺𝒏 = 𝑯𝑷𝒕𝒏𝑯
𝑻 + 𝑹𝒕𝒏

𝑻 𝑵𝒏
𝑹𝒕𝒏

𝑳𝒏 = 𝑷𝒕𝒏𝑯
𝑻𝑺−𝟏

𝑷𝒕𝒏
+ = 𝑰𝟗 − 𝑳𝒏𝑯 𝑷𝒕𝒏

𝑸𝒕 is the covariance of the process noise, and 𝑵𝒏 is the covariance of the 

measurement noise, 𝑯 is the measurement matrix.
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Lie Group Model (IEKF) versus Vector Space Model (EKF)

Linear Algebra

(EKF)

Lie Algebra

(IEKF)

Kinematic Model 𝒅

𝒅𝒕
𝑿𝒕 = 𝒇 𝑿𝒕, 𝒘𝒕

𝒅

𝒅𝒕
𝝌𝒕 = 𝝌𝒕(𝝂𝒕+𝒘𝒕)

State Prediction 𝒅

𝒅𝒕
𝑿𝒕 = 𝒇 𝑿𝒕

𝒅

𝒅𝒕
ෝ𝝌𝒕 = ෝ𝝌𝒕 ො𝝂𝒕

Error definition 𝜼𝒕 = 𝑿𝒕 − 𝑿𝒕 𝜼𝒕 = 𝝌𝒕
−𝟏ෝ𝝌𝒕

Error evolution 𝒅𝜼𝒕
𝒅𝒕

= 𝒇 𝑿𝒕 − 𝒇 𝑿𝒕
𝒅𝜼𝒕
𝒅𝒕

= ො𝝂𝒕𝜼𝒕 − 𝜼𝒕𝝂𝒕 − 𝜼𝒕𝒘𝒕

(autonome)

Linearized error evolution 𝒅𝝃𝒕

𝒅𝒕
= 𝑭𝒕 𝑿𝒕 − 𝑿𝒕 + 𝑸𝒕 = 𝑭𝒕𝝃𝒕 + 𝑸𝒕

(𝐹𝑡 depend on predicted space)

𝒅𝝃𝒕

𝒅𝒕
= 𝑨𝒕𝝃𝒕 + 𝑸𝒕

(𝐴𝑡 independant of ො𝑥𝑡, 𝑅𝑡)

Covariance definition 𝑷𝒕 = 𝑽𝒂𝒓(𝝃𝒕) 𝑷𝒕 = 𝑽𝒂𝒓 𝝃𝒕

Covariance prediction 𝒅𝑷𝒕
𝒅𝒕

= 𝑭𝒕𝑷𝒕 + 𝑷𝒕𝑭𝒕 + 𝑸𝒕

𝒅𝑷𝒕
𝒅𝒕

= 𝑨𝒕𝑷𝒕 + 𝑷𝒕𝑨𝒕 +𝑸𝒕
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Lie Group Model (IEKF) versus Vector Space Model (EKF)
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Lie Group Model (IEKF) versus Vector Space Model (EKF)
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Lie Group Model (IEKF) versus Vector Space Model (EKF)
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▌Superposition of mean and standard deviation

Lie Group Model (IEKF) versus Vector Space Model (EKF)



Th
is

 d
o

c
u

m
e

n
t 

m
a

y
 n

o
t 

b
e

 r
e

p
ro

d
u

c
e

d
, 

m
o

d
if
ie

d
, 
a

d
a

p
te

d
, 

p
u

b
lis

h
e

d
, 
tr

a
n

sl
a

te
d

, 
in

 a
n

y
 w

a
y
, 

in
 w

h
o

le
 o

r 
in

 p
a

rt
 

o
r 

d
is

c
lo

se
d

 t
o

 a
 t

h
ir
d

 p
a

rt
y
 w

it
h

o
u

t 
th

e
 p

ri
o

r 
w

ri
tt

e
n

 c
o

n
se

n
t 

o
f 

TH
A

LE
S

-
©

 2
0
2
1
 T

H
A

LE
S
. 

A
ll 

ri
g

h
ts

 r
e

se
rv

e
d

.

153
SSPD Conference, London, 13th-14th September 2022 OPEN

Plan

▌Modern Sensor Processing based on Symplectic Model of Information

Lie Group Based Equivariant GCNN for Adaptive Doppler Clutter Map

Lie Group Based Frenet-Seret IEKF (Invariant Extended Kalman Filter) for tracking

hyper-maneuvering targets

Lie Group Based Target Recognition on Kinematics for Drone/Birds Classification 

Souriau Symplectic Model of Information for Lie Group Statistics and Machine Learning 

- Entropy as Casimir Function in Coadjoint Representation

- Koszul-Fisher Metric on Lie Group

- Covariant Maximum Entropy Density (Gauss Density) on Lie Group

- Lie Groups Machine Learning
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▌Drone Kinematics signature

To improve the classification performance of drones when the Doppler 
signature of the blades is more difficult to characterize (blade shrouds, 
carbon blades, etc.), in addition to the Doppler signatures, the 
kinematic characteristics of the aircraft are considered.

Tree boosting methods (XGBOOST type) are used by extracting 
statistical parameters on the time series of kinematic variables:

speed / acceleration / jerk on the 3 axes

horizontal velocity module

the 3D speed module

the horizontal 2D curvature

3D curvature

the logarithm of the torsion of the 3D trajectory

The classification is made on parameters of order statistics (median, 
quantile, L-moments, ...) estimated on the time series of these 
parameters.

Drone Recognition on Kinematics Signature of their body trajectory
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Target recognition on Kinematics by Gradient Boosting (XGBOOST)

▌ Drone/Birds Recognition on Kinematics

Drone trajectories and Kinematics are simulated by auto-pilot : 

ENAC/TU Delft Paparazzi UAV

Birds trajectories and kinematics are characterized by GPS 

dataset on Birds: MOVEBANK

Statistics features extraction (ordered statistics, L-moments, 

quantiles, …) from time series of drone : speed / acceleration / 

jerk, 2D horizontal speed module, 3D speed module, 2D horizontal 

curvature, 3D curvature, torsion logarithm

Python time series statistics: lmoments, tsfresh

“Movebank” Database: 
www.movebank.org 

Drone Simulator:

https://wiki.paparazziuavorg/wiki/Main_Page 

XGBOOT

F. Barbaresco, D. Brooks, C. Adnet, Machine and Deep

Learning for Drone Radar Recognition by Micro-Doppler and 

Kinematic criteria, IEEE Radar Conference, Florence, Sept.2020
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Results for Pdetect=0.9
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Results for Pdetect=0.6
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Matrix Lie Group SE(3) for Kinematic Data

▌3D trajectory and Frenet-Serret Frame

When we consider a 3D trajectory of a mobile target, we can 

describe this curve by a time evolution of the local Frenet–

Serret frame (local frame with tangent vector, normal vector 

and binormal vector). This frame evolution is described by the 

Frenet-Serrtet formula that gives the kinematic properties of 

the target moving along the continuous, differentiable curve 
in 3D Euclidean space ℝ3. More specifically, the formulas 

describe the derivatives of the so-called tangent, normal, and 

binormal unit vectors in terms of each other. 

0 0
: curvature

0   with  
: torsion

0 0

t t
d

n n
dt
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Matrix Lie Group SE(3) for Kinematic Data

▌3D trajectory curve

we will consider motions determined by exponentials of paths in the Lie algebra. 

Such a motion is determined by a unit speed space-curve  . Now in a Frenet-

Serret motion a point in the moving body moves along the curve and the 

coordinate frame in the moving body remains aligned with the tangent  , normal  

, and binormal , of the curve. Using the 4-dimensional representation of the Lie 

Group SE(3), the motion can be specified as :

where   is the curve and the rotation matrix   has the unit vectors  ,  ,and    as 

columns:
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Matrix Lie Group SE(3) for Kinematic Data

▌Time evolution of Frenet-Serret Frame

If we introduce the Darboux vector   that we can rewritte from Frenet-

Serret Formulas :

Then, we can write with Ω is the 3×3 anti-symmetric matrix corresponding to  :

We note that   and                                      

The instantaneous twist of the motion  is given by:

t b   
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dt dn db

t n b
dt dt dt
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Matrix Lie Group SE(3) for Kinematic Data

▌ Instantaneous twist

This is the Lie algebra element corresponding to the tangent vector to the curve  

. It is well known that elements of the Lie algebra  can be described as lines 

with a pitch.  The fixed axode of a motion   is given by the axis of   as t

varies. The instantaneous twist in the moving reference frame is given by  

, that is, by the adjoint action on the twist in the fixed frame. The 

instantaneous twist   can also be found from the relation: 

( )G t
(3)se

( ) (3)G t SE
dS

1( ) ( )b dS G t S G t

bS

1 ( )
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Matrix Lie Group SE(3) for Kinematic Data

▌Trajectory as a time series of Matrix SE(3) Lie groups

We can observe that we could describe  a 3D trajectory by a time series of SE(3) Lie 

group elements:

with                     

Then, the trajectory will be given by the following time series :

3(3) / (3),
0 1

R
SE R SO R
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Plan

▌Modern Sensor Processing based on Symplectic Model of Information

Lie Group Based Equivariant GCNN for Adaptive Doppler Clutter Map

Lie Group Based Frenet-Seret IEKF (Invariant Extended Kalman Filter) for tracking

hyper-maneuvering targets

Lie Group Based Target Recognition on Kinematics for Drone/Birds Classification 

Souriau Symplectic Model of Information for Lie Group Statistics and Machine Learning 

- Entropy as Casimir Function in Coadjoint Representation

- Koszul-Fisher Metric on Lie Group

- Covariant Maximum Entropy Density (Gauss Density) on Lie Group

- Lie Groups Machine Learning
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Fisher Metric and Fréchet-Darmois (Cramer-Rao) Bound

▌ Cramer-Rao –Fréchet-Darmois Bound has been introduced by Fréchet in 

1939 and by Rao in 1945 as inverse of the Fisher Information Matrix:

▌ Rao has proposed to introduced an invariant metric in parameter space of 

density of probabilities (axiomatised by N. Chentsov):
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▌Fisher Matrix for Gaussian Densities:

Fisher matrix induced the following differential metric  :

Poincaré Model of upper half-plane and unit disk
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1 monovariate gaussian = 1 point in Poincaré unit disk
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Machine Learning & Gradient descent

▌ Gradient descent for Learning

Information geometry has been derived from invariant geometrical structure 

involved in statistical inference. The Fisher metric defines a Riemannian metric as 

the Hessian of two dual potential functions, linked to dually coupled affine 

connections in a manifold of probability distributions. With the Souriau model, this 

structure is extended preserving the Legendre transform between two dual 

potential function parametrized in Lie algebra of the group acting transitively on 

the homogeneous manifold.

Classically, to optimize the parameter   of a probabilistic model, based on a 

sequence of observations , is an online gradient descent with learning rate  , 

and the loss function  :
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Information Geometry & Machine Learning

▌ Information Geometry & Natural Gradient

This simple gradient descent has a first drawback of using the same non-adaptive 

learning rate for all parameter components, and a second drawback of non 

invariance with respect to parameter re-encoding inducing different learning 

rates. S.I. Amari has introduced the natural gradient to preserve this invariance to 
be insensitive to the characteristic scale of each parameter direction. The 

gradient descent could be corrected by   where       is the Fisher information 

matrix with respect to parameter  , given by:
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Information Geometry & Machine Learning : Legendre structure

▌ Legendre Transform, Dual Potentials & Fisher Metric

S.I. Amari has proved that the Riemannian metric in an 

exponential family is the Fisher information matrix 
defined by:

and the dual potential, the Shannon entropy, is given 

by the Legendre transform:
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Notation !

▌ I use notation as used by Koszul and Souriau which is not the most 

classical one

 1

*
*

g g
Ad Ad 

1

* *, , , , ,g g
Ad F Y F Ad Y g G Y F    g g

with
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Fisher Metric and Souriau 2-form: Lie Groups Thermodyamics

▌ Statistical Mechanics, Dual Potentials & Fisher Metric

In geometric statistical mechanics, J.M. Souriau has developed a “Lie groups 

thermodynamics” of dynamical systems where the (maximum entropy) Gibbs 

density is covariant with respect to the action of the Lie group. In the Souriau 
model, previous structures of information geometry are preserved:

In the Souriau Lie groups thermodynamics model,   is a “geometric” (Planck) 
temperature, element of Lie algebra   of the group, and  is a “geometric” 

heat, element of dual Lie algebra   of the group. 
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Fisher-Souriau Metric and its invariance

▌ Statistical Mechanics & Invariant Souriau-Fisher Metric

In Souriau’s Lie groups thermodynamics, the invariance by re-parameterization in 
information geometry has been replaced by invariance with respect to the 

action of the group. When an element of the group  acts on the element   

of the Lie algebra, given by adjoint operator  . Under the action of the group  

,                , the entropy   and the Fisher metric   are invariant:
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Fundamental Souriau Theorem
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Fisher-Souriau Metric as a non-null Cohomology extension of KKS 2 
form (Kirillov-Kostant-Souriau 2 form)

▌ Souriau definition of Fisher Metric is related to the extension of KKS 2-form 

(Kostant-Kirillov-Souriau) in case of non-null Cohomogy:

     1 2 1 2 1 2with  , , , ,  Z Z Z Z Q Z Z   

         1 2 1 2  with  , , , , ,I g g Z Z Z Z         
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Souriau-Fisher Metric & Souriau Lie Groups Thermodynamics: 
Bedrock for Lie Group Machine Learning

Gibbs canonical
ensemble
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Souriau Model of Covariant Gibbs Density

▌ Covariant Souriau-Gibbs density

Souriau has then defined a Gibbs density that is covariant under the action of the 

group:

We can express the Gibbs density with respect to   by inverting the relation 

. Then                                                 with  
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Souriau Entropy Invariance

▌ Casimir Invariant Function in coadjoint representation

We observe that Souriau Entropy   defined on 

coadjoint orbit of the group has a property of invariance :

with respect to Souriau affine definition of coadjoint action:   

where           is called the Souriau cocyle. 

 S Q

   # ( )gS Ad Q S Q

 # *( ) ( )g gAd Q Ad Q g 

 g

Hendrik Casimir
(Thesis supervised by

Niels Bohr & Paul Ehrenfest)

H.B.G. Casimir, On the Rotation of a Rigid Body in 
Quantum Mechanics, Doctoral Thesis, Leiden, 1931.

    ( )gS Q Ad S Q 

   *( ) ( )g gQ Ad Ad Q g  
New Entropy Definition: 

Casimir Function in 
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Entropy as Invariant Casimir Function in Coadjoint Representation
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Geometric Poincaré-Souriau-Fourier Heat Equation

▌ Poincaré-Souriau-Fourier heat equation

▌ Link with Classical Fourier Heat Equation

Heat Equation is the PDE for (calorific) Energy density where the nature of 

material is characterized by the geometric heat capacity. In the Euclidean case 

with homogeneous material, we recover classical equation on density of Energy       
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Motivation for Lie Group Machine Learning: Data in Homogenous 
Space where a Lie Groups act homogeneously

▌ (Micro-)Doppler & Space-Time wave Learning in Poincaré/Siegel Polydisks
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F. Barbaresco, Lie Group Machine Learning and Gibbs Density on
Poincaré Unit Disk from Souriau Lie Groups Thermodynamics and
SU(1,1) Coadjoint Orbits. In: Nielsen, F., Barbaresco, F. (eds.) GSI 2019.
LNCS, vol. 11712, SPRINGER, 2019
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Matrix Lie Group SU(1,1) for Doppler Data

▌ Poincaré Unit Disk as a Homogeneous Manifold

The Poincaré unit disk is an homogeneous bounded domain  where the Lie Group 

SU(1,1) act transitively. This Matrix Group is given by

where SU(1,1) acts on the Poincaré Unit Disk by:

with Cartan Decomposition of SU(1,1):

We can observe that   could be considered as action of   

on the centre on the unit disk . 
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Poincaré Unit Disk and SU(1,1) Lie Group

The group of complex unimodular pseudo-unitary matrices  :

the Lie algebra                              is given by:

with the following bases                                  :

with the commutation relation: 

(1,1)SU

2 2
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Poincaré Unit Disk and SU(1,1) Lie Group

Dual base on dual Lie algebra is named  

The dual vector space   can be identified with the subspace of   

of the form: 

Coadjoint action of   on dual Lie algebra   is written  

 * * * *
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Coadjoint Orbit of SU(1,1) and Souriau Moment Map

is linked to the natural action of   on       (by fractional linear transforms) but 

also  the coadjoint action of   on                        .   

could be interpreted as the stereographic projection from the two-sphere   

onto  :
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Moment Map for SU(1,1)

▌ Invariant Moment Map

The associated moment map   defined by , maps   

into a coadjoint orbit in  . 

Then, we can write the moment map as a matrix element of   :

*: (1,1)J D su
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Souriau Gibbs density

▌ Covariant Gibbs Density

To write the Gibbs density with respect to its statistical moments, we have to 

express the density with respect to  . 

Then, we have to invert the relation between   and     , to replace

by                                where                                             with  

deduce from Legendre tranform. The mean moment map is given by:
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Gauss Density on Siegel Unit Disk

▌ Moment Map of SU(n,n)/S(U(n)xU(n))

The moment map for                                               is then given by:

The Souriau Gibbs density is then given with                   and                 by:

Gauss density of SPD matrix is given by Cayley Transform with: 
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Pathological Clutter Segmentation by Supervized Classification:
Lie-Group Equivariant Neural Networks: G-CNN for SU(1,1) Lie Group

P.Y. Lagrave, Y. Cabanes, F. Barbaresco, An Equivariant Neural Network 

with Hyperbolic Embedding for Robust Doppler Signal Classification, 

International Radar Symposium, IRS’21, Berlin, June 2021

Pierre-Yves Lagrave, TRT
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QUESTIONS: C.R. Rao and SPRINGER Information Geometry Journal

https://link.springer.com/article/10.1007/s41884-018-0010-8


