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SSPD 2016

Dear Colleagues,

We warmly welcome you to this year’s SSPD Conference in the Royal College of Surgeons, 
Edinburgh. This event is the 6th conference of the Sensor Signal Processing for Defence series and 
provides a chance to present, listen to and discuss the latest scientific findings in signal processing 
for defence. 

It is with great pleasure we welcome our two keynote speakers, Geert Leus from the Delft University 
of Technology, Netherlands, and Philip Perconti from the U.S Army Research Laboratory, as 
well as our invited speakers Antonio De Maio from the University of Naples Frederico II and 
Dan from . A welcome also extends to our industrial and ilitary
speakers who will be presenting their Signal Processing Challenges and the presenters of scientific
papers presenting their novel research through oral presentations and poster sessions. We look 
forward to some interesting debate and discussion throughout the conference and into the evening
at the SSPD Wine Reception and Dinner held in Prince Philip Building, Royal College of Surgeons.

We would like to take this opportunity to thank the speakers, reviewers, session chairs and the 
technical committee for their contribution to this event.

We hope you enjoy our conference.

Mike Davies
Jonathon Chambers
Paul Thomas

Chairs, SSPD 2016

Technical sponsorship is provided by the IEEE Signal Processing Society and the IEEE Aerospace 
and Electronic Systems Society. Proceedings will be submitted to the Xplore Digital Library. 
The conference is organised by the University Defence Research Collaboration (UDRC) in 
Signal Processing, sponsored by the Defence Science and Technology Laboratory (Dstl) and the 
Engineering and Physical Sciences Research Council (EPSRC).
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SSPD 2016 Thursday 22nd September 2016
8:30 Registration and Refreshments 

9:00 Welcome and Opening
Mike Davies, University of Edinburgh / Jonathon Chambers, Newcastle University

9:10 Plenary Keynote: Sparse Sensing for Statistical Inference
Geert Leus, Delft University of Technology

 Session 1: Tracking and Detection

10:10 1.0 -ÕÌÔÉȤÓÅÎÓÏÒ -ÕÌÔÉȤÔÁÒÇÅÔ 4ÒÁÃËÉÎÇ 4ÅÃÈÎÉÑÕÅÓ ÆÏÒ 3ÐÁÃÅ 3ÉÔÕÁÔÉÏÎÁÌ !×ÁÒÅÎÅÓÓ
DaniÅÌ #ÌÁÒË, (ÅÒÉÏÔȤ7ÁÔÔ 5ÎÉÖÅÒÓÉÔÙ

10:40 1.1 An Adaptive Receiver Search Strategy for Electronic Support
Sabine Apfeld1, Alexander Charlish1, Wolfgang Koch2, 1Fraunhofer, 2Fraunhofer/University of Bonn

11:05 Refreshments

based implementation for ground vehicle tracking
Miao Yu1, Yali Xue1, Runxiao Ding1, Hyondong Oh1, Wen-Hua Chen1, Jonathon Chambers2, Loughborough 
University1, Newcastle University2

11:55 1.3 Robust Detection of micro-UAS drones with L-band 3-D Holographic Radar
1Mohammed Jahangir, 1Chris Baker, Aveillant Ltd1

12:20 1.4 Direction Finding Antenna Arrays with Improved Accuracy and Reduced 
Complexity and Size
1Houcem Gazzah, University of Sharjah1

12:45 Lunch 

 Session 2: Signal Processing Challenges – Industrial Perspective – Chair, Paul Thomas, Dstl

13:40  Industrial Speakers and Panel Discussion

Session 3: Poster Session

14:40  Posters and Refreshments available

Session 4: Radar and Lidar

16:10   4.0 Invited Speaker: Transmit Adaptivity in Radar
Antonio De Maio, University of Naples Federico II

16:40 4.1 Experimental Study on Full-Polarization Micro-Doppler of Space Precession 
Target in Microwave Anechoic Chamber
Jin Liu1, Qihua Wu, Xiaofeng Ai1, Feng Zhao1, Jian’an Chen1, 1National University of Defense Technology

17:05  4.2 Fractional Fourier Transform Based Co-Radar Waveform: Experimental 
Validation
Domenico Gaglione1,  Carmine Clemente1,  Adriano Rosario Persico1,  Christos V. Ilioudis1,  Ian Proudler2, 
John J Soraghan1, 1University of Strathclyde, 2Loughborough University

17:30 Close and End of Day 1

19:30 Wine Reception and Meal (Prince Philip Building, Royal College of Surgeons)
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SSPD 2016 Friday 23rd September 2016

8:45 Registration and Refreshments

9:15 Welcome to day 2
Mike Davies, University of Edinburgh / Jonathon Chambers, Newcastle University

9:25 Plenary Keynote: Taming the Torrent: Future Military Signal Processing and 
Information Fusion
Philip Perconti, US Army Research Laboratory

Session 4 cont.: Radar and Lidar

10:25 4.3 Discriminating Underwater LiDAR Target Signatures using Sparse Multi-
spectral Depth Codes
Puneet S Chhabra1, Aurora Maccarone1, Aongus McCarthy1, Andrew M Wallace1, Gerald 
Buller1,1Heriot-Watt University

Lidar Waveforms
Yoann Altmann1, Aurora Maccarone1, Abderrahim Halimi1, Aongus McCarthy1, Gerald Buller1, Steve 
McLaughlin1, 1Heriot-Watt University

11:15  Refreshments

Session 5: Signal Processing Challenges – Military User Perspective - Chair, Paul Thomas, Dstl

11:45  MOD Speakers and Panel Discussion

12:45  Lunch

Session 6: Synthetic Aperture Imaging
 
14:00 6.1 GMTI in circular SAR data using STAP
Emiliano Casalini1, Daniel Henke1, Erich H. Meier1, 1University of Zurich

14:25 6.2 Digital Elevation Model Aided SAR-based GMTI Processing in Urban 
Environments
Di Wu1, Mehrdad Yaghoobi1, Mike Davies1, 1University of Edinburgh

14:50 Refreshments

15:10 6.3 A Multi-Family GLRT for Detection in Polarimetric SAR Images
Luca Pallotta1, Carmine Clemente2, Antonio De Maio1, Danilo Orlando3, 1University of Naples Federico 
II, 2Strathclyde University, 3Niccolò Cusano University

15:35 6.4 A Novel Motion Compensation Approach for SAS
Salvatore Caporale1, Yvan Petillot1, 1Heriot-Watt University

16:00 Close
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P01 Spectral Library Clustering Using a Bayesian Information Criterion
 Jonathan Piper1, John Duselis2, 1Dstl, 2AFRL

P02 Detection of manoeuvring low SNR objects in receiver arrays,
 Kimin Kim1, Murat Uney1, Bernard Mulgrew1, 1University of Edinburgh

 Oscar Somsen1, 1Netherlands Defense Agency

P04 Bistatic Micro-Doppler Characteristics of Precessing Targets
 Xiaofeng Ai1, Jin Liu, Feng Zhao1, Jianhua Yang1, Jian’an Chen1, 1National University of   
 Defense Technology
 
P05 High Dynamic Range Spectral Estimation for Incomplete Time Series
 Mike Newman1, David Harvey1, 1Thales UK

 David Cormack1, Daniel Clark2, 1Heriot-Watt University/Selex ES, 2Heriot-Watt University

P07 Robust Unmixing Algorithms for Hyperspectral Imagery
 Abderrahim Halimi1, Yoann Altmann1, Gerald Buller1, Steve McLaughlin1, William   
 Oxford2, Damien Clarke2, Jonathan Piper2, 1Heriot-Watt University, 2Dstl

P08  Radar Filters Design in the Presence of Target Doppler Frequency and Interference  
 Covariance Matrix Uncertainties
 Augusto Aubry1, Antonio De Maio2, Yongwei Huang3, Marco Piezzo4, 1Universita degli studi  
 di Napoli, 2University of Naples Federico II, 3The Hong Kong University of Science and  
 Technology, 4Elettronica S.p.A.
 
P09 Experimental Analysis of Time Deviation on a Passive Localization System
 Hugo Seute1, Ali Khenchaf2, Jean-Christophe Cexus2, Jean-François Grandin3, Cyrille   
 Enderli3, 1Thales Airborne Systems/ENSTA Bretagne, 2ENSTA Bretagne, 3Thales Airborne  
 Systems

P10 Beampattern and polarisation synthesis of 3D RF-seeker antenna arrays
 Luc Fourtinon1, Alessio Balleri2, Yves Quéré3, Christian Person4, Annaig Martin-Guennou3,  
 Eric Rius, Guillaume Lesueur5, Thomas Merlet5, 1

 2 3Université de Brest, 4Lab-STICC/MOM UMR CNRS, 5Thales Air   
 Systems

P11 Adaptive M-estimation for Robust Cubature Kalman Filtering
 Changliang Zhang1, Ruirui Zhi1, Tiancheng Li2, Juan Corchado2, 1Northwestern Polytechnical  
 University, 2University of Salamanca

P12 Fractional Fourier Based Sparse channel estimation for multicarrier underwater  
 acoustic communication system
 Yixin Chen1, John J Soraghan1, Carmine Clemente1, Stephan Weiss1, 1University of   
 Strathclyde

Poster Session
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P13 Multiple Spherical Arrays Design for Acoustic Source localization
 Xi Pan1, Huayang Wang1, Fangzhou Wang1, Chengtian Song1, 1Beiijng Institute of Technology

P14 Likelihood modelling of the Space Geodesy Facility laser ranging sensor for Bayesian  

 Christy Simpson1, Andrew Hunter1, Sergei Vorgul1, Emmanuel D. Delande1, Jose   
 Franco1, Daniel Clark1, 1Heriot-Watt University

P15 Cramer-Rao Bounds for Distributed System Size Estimation Using Consensus   
 Algorithms
 Sai Zhang1, Cihan Tepedelenlioglu1, Jongmin Lee1, Henry Braun1, Andreas Spanias1,   
 1Arizona State University

P16 Joint Array and Spatial Sparsity Based Optimisation for DoA Estimation
 Mingyang Chen1, Mark Barnard1, Wenwu Wang1, 1University of Surrey

P17 Scanning Emitter TMA by Two Fixed Observers using Time of Interception
 Zhang Yifei1, Zhang Min1, Fucheng Guo1, 1National University of Defense Technology

P18 Enhanced-Range Intrusion Detection Using Pyroelectric Infrared Sensors
 Sami A Aldalahmeh1, Amer Hamdan1, Mounir Ghogho2, Desmond McLernon3, 1Al-Zaytoonah  
 University of Jordan, 2University of Leeds/International University of Rabat, 3University of  
 Leeds

P19 Knowledge-aided Adaptive Detection with Multipath Exploitation Radar
 Harun Hayvaci1, Utku Kumbul1, 1TOBB University of Economics and Technology

Poster Session
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Prof. Geert Leus 

Keynote Speakers

Ubiquitous sensors generate prohibitively large data sets. Large volumes of such data are 
nowadays generated by a variety of applications such as imaging platforms and mobile devices, 
surveillance cameras, social networks, power networks, to list a few. In this era of data deluge, 

order to limit the required sensing cost, as well as the related costs of storing, processing, or 
communicating the data. The main goal of this talk is therefore to present topics that transform 
classical sensing methods, often based on Nyquist-rate sampling, to more structured low-cost 

cost with a guaranteed performance for the task at hand. Applications can be found in the areas 
of radar, multi-antenna communications, remote sensing, and medical imaging.

Geert Leus received the MSc and PhD degree in Applied 
Sciences  from the Katholieke Universiteit Leuven, Belgium, in 
June 1996 and May 2000, respectively. Currently, Geert Leus 
is an “Antoni van Leeuwenhoek” Full Professor at the Faculty 
of Electrical Engineering, Mathematics and Computer Science 
of the Delft University of Technology, The Netherlands. His 
research interests are in the area of signal processing for 
communications. Geert Leus received a 2002 IEEE Signal 
Processing Society Young Author Best Paper Award and a 2005 
IEEE Signal Processing Society Best Paper Award. He is a Fellow 
of the IEEE and a Fellow of EURASIP. Geert Leus was the Chair of 
the IEEE Signal Processing for Communications and Networking 

Technical Committee, and an Associate Editor for the IEEE Transactions on Signal Processing, 
the IEEE Transactions on Wireless Communications, the IEEE Signal Processing Letters, and 
the EURASIP Journal on Advances in Signal Processing. Currently, he is a Member-at-Large to 
the Board of Governors of the IEEE Signal Processing Society and a member of the IEEE Sensor 

EURASIP Journal on Advances in Signal Processing.

Biography

ix



Dr. Philip Perconti

Electronic devices, from unattended ground sensors to small radars, have become a ubiquitous
part of Military operations. With the increased use of sensor systems comes an increased 
volume of data that must be processed, moved, assessed, and decided upon within the short 

other signal processing methods can be utilized to reduce the overall quantity of information 

information while limiting the resources required to generate the decision. An overview of 
sensor-technology and signal-processing ongoing in the US Army will be given.

Dr. Philip Perconti is a member of the Senior Executive 
Service and serves as the Acting Director of the U.S. Army 
Research Laboratory (ARL), the Army’s premier laboratory 
for basic and applied research and analysis. ARL conducts 
research and analysis in weapons and materials, sensors and 
electron devices, computational and information sciences, 
human research and engineering, vehicle technology, and 
survivability and lethality analysis. ARL’s Army Research 

consists of approximately 2,000 civilian and military 
employees with an annual budget of over $1 billion. Prior 
to this, Dr. Perconti served as the Director of the Sensors & 

Electron Devices Directorate of the ARL. He was responsible 
for leading and transitioning the Army’s primary basic and applied research programs in 
sensors, electronics, sensor information processing, and power and energy technologies. In 
addition, he led ARL’s S&T campaign for Materials Research. His duties included operation 
of unique electronics and photonics materials fabrication and characterization facilities 
that enable world-class, Army-relevant, component research and development. He was also 
responsible for planning, executing and balancing mission and customer program needs to 
ensure science and technology dominance for the Army.

Biography

x

SSPD 2016



SSPD 2016

Dr. Antonio De Maio

Invited Speakers

Radar performance is strongly dependent on the transmit waveform and its parameters 
which must adapted depending on the surrounding environment, radar mission, goal, and 
task. Waveform adaptivity is a relatively new paradigm, involving a continuous variation of 
the transmitted signal, with the main purpose and aim of dynamically optimizing the radar 

this talk some new trends in transmit signal optimization will be introduced and discussed. 

coexistence with other Radio Frequency (RF) systems, will be pursued according to a rigorous 
framework based on modern optimization theory.

Antonio De Maio was born in Sorrento, Italy, on June 20, 1974. 
He received the Dr.Eng. degree (with honors) and the Ph.D. 
degree in information engineering, both from the University of 
Naples Federico II, Naples, Italy, in 1998 and 2002, respectively. 
From October to December 2004, he was a Visiting Researcher 
with the U.S. Air Force Research Laboratory, Rome, NY. From 
November to December 2007, he was a Visiting Researcher 
with the Chinese University of Hong Kong, Hong Kong. 
Currently, he is a Professor with the University of Naples 

signal processing, with emphasis on radar detection and 
optimization theory applied to radar signal processing. Dr. De 
Maio is a Fellow member of IEEE and the recipient of the 2010 

IEEE Fred Nathanson Memorial Award as the young (less than 
40 years of age) AESS Radar Engineer 2010 whose performance is particularly noteworthy as 
evidenced by contributions to the radar art over a period of several years, with the following 
citation for “robust CFAR detection, knowledge-based radar signal processing, and waveform 
design and diversity”.

Biography
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Bio: 
Daniel Clark is an Associate Professor in Sensors and Systems at Heriot-Watt University, UK. His research 
interests are in the development of the theory and applications of multi-object estimation algorithms for sensor 
fusion problems. He has made a number of key contributions to the field of multiple-object filtering that span 
the development of novel algorithms and methodology for multi-object tracking to the deployment and 
demonstration for commercial applications. 

He has collaborated closely with defence organisations internationally on a range of projects in multitarget 
tracking spanning theoretical algorithm development to practical deployment in collaboration with Dstl, BAE 
Systems, Finnmechanica, Thales, DCNS (France), SAGEM Defense (France), DST (Australia) and the USAF. 
His algorithms have been demonstrated in trials with BAE Systems for maritime trials, where they tracked ships 
in the Solent from live feed from radar and electro-optic sensors. 

Multi-sensor Multi-target Tracking Techniques for Space Situational Awareness 
Abstract: The UK and its international partners face a range of new challenges and priorities for defence and 
national security for space situational awareness (SSA). In particular, there is increasing concern about the 
hazards of space debris and potential harm for satellites and its impact on future space exploration activities. 
Space debris has largely been caused by waste products from human activity in recent years, and there are now 
several hundred thousand objects that have the potential to cause significant damage. 

It is becoming increasingly important to be able to accurately model and track a large number of objects in order 
to avoid harm to expensive space-related infrastructure. Advanced surveillance capabilities are needed to be able 
to identify and monitor activities in earth’s orbit. It is critically important to these surveillance activities to be 
able to detect, estimate, and track multiple potential threats across a variety of platforms with different sensing 
characteristics. Multiple-target tracking algorithms have been developed since the 1970s, yet these methods can 
suffer from systematic failure due to heuristics introduced for track management. 

A radically different approach to multiple-target tracking has attracted a lot of attention in recent years, called 
Finite Set Statistics, considers the multi-sensor multi-target tracking problem in a unified way. Estimating target 
populations holistically enables operators to estimate the correct number of targets in challenging environments 
where there may be many false alarms and the targets are not always observed. This approach led to principled 
low computational cost solutions that can be deployed on real-time systems, known as multi-object filters. 

This talk will describe the statistical methodology used to develop multi-object filters and show how it can be 
used to address a range of problems. The methods will be illustrated on a range of applications including space 
surveillance, maritime surveillance, autonomous robotics, and cell biology. The talk will highlight the unique 
challenges in multi-sensor fusion for space situational awareness and outline a strategy for addressing them. 

 

xii
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An Adaptive Receiver Search Strategy for
Electronic Support

Sabine Apfeld, Alexander Charlish, Wolfgang Koch
Dept. Sensor Data and Information Fusion

Fraunhofer FKIE
Wachtberg, Germany

Email: {sabine.apfeld, alexander.charlish, wolfgang.koch}@fkie.fraunhofer.de

Abstract—In this paper, a search strategy for the detection
of multifunctional radar emitters is proposed. The majority
of today’s literature regarding this topic models the intercept
problem as that of the coincidence of two or more periodic
window functions. Since this model is rather simplistic, in this
paper the radars’ illumination patterns are described by signal-
to-noise ratio time series. To optimise the search dwells executed
by an electronic support receiver, a constantly updated scan
period estimate is calculated using the autocorrelation. The
performance of the proposed algorithm is shown in comparison
to several other approaches using a simulation framework.

I. INTRODUCTION

Intercepting the radiations of potentially threatening emit-
ters, which usually are radars, is a common task in the field of
electronic support (ES). Radars of interest might be operating
in a wide range of frequencies, spanning tens of gigahertz.
An intercept receiver covering the complete frequency range
at the same time with a high sensitivity would be expensive,
large and heavy. To overcome this problem, the frequency
range of interest is usually divided into smaller bands of the
receiver’s instantaneous bandwidth and scanned sequentially.
A schedule which defines how long and when to dwell
on which band constitutes a search strategy. Normally, the
emitters to be intercepted use a directional antenna and scan
their surveillance region. Thus, an intercept is only possible
when the receiver is tuned to the frequency of the emitter and
the emitter’s main beam or a sidelobe is directed towards the
receiver.

In the literature, this situation is commonly modelled using
two window functions, which are periodically “on” and “off”
(see e.g. [1]). One of the window functions describes the
points in time when the emitter illuminates the receiver and
the other one specifies the events of the (omni-directional)
receiver being tuned to the frequency of the emitter. When
both window functions are “on” at the same time, an intercept
occurs.

Modelling the illuminations by a strictly periodic window
function simplifies the situation significantly. However, this
simplification is not representative of modern multifunction
radars. Today’s radars perform searching and tracking -
and sometimes even other functions like communication
and missile guidance - in an interleaved manner, breaking
the periodicity of the scan pattern. Moreover, electronically
steered phased array antennas are capable of instantaneously

steering their beams and are not limited by mechanical parts
which need to be rotated. Many authors (e.g. [2]–[8]) don’t
mention this fact or explicitly state that they don’t consider
phased array antennas (e.g. [9]). In [10], the authors argue
that “due to their scanning function electronic beam steering
antennas produce roughly periodic illuminations”. Thus, they
add jitter to the scan period, but still use a window function
based model. In this paper, a complete antenna pattern model
of an electronically steered phased array is used, allowing the
sequence of illuminations to be described by a signal-to-noise
ratio (SNR) time series. In addition, window functions usually
only consider the main beam of the radar. In the presented
approach, the radars can be intercepted and detected through
the sidelobes as well.

Section II describes the developed algorithm in detail.
The method used for evaluation and the results obtained are
presented in Section III. Section IV gives the conclusion.

II. DEVELOPED ALGORITHM

In the presented algorithm, search and tracking dwells
executed by the radars are considered. It is assumed that the
receiver can differentiate between the two types of dwells,
which is not an unrealistic assumption since typically different
waveforms are used for different tasks.

At system startup, no information is available yet so the
receiver begins scanning the frequency range of interest ran-
domly. It uses a fixed dwell time and a fixed instantaneous
bandwidth. SNR is calculated as given in Eq. 1. Here, 𝐺𝑡 rep-
resents the emitter’s antenna pattern. For the omni-directional
receiver, 𝐺𝑟 is assumed constant, independent from the angle
of arrival (AoA).

𝑆𝑁𝑅 =

(∑
𝑝∈𝑃

𝑃𝐾(𝑝)⋅𝑃𝑊 (𝑝)
𝑃𝑅𝐼(𝑝)

)
⋅ 𝜆2 ⋅𝐺𝑡 ⋅𝐺𝑟

(4𝜋𝑅)2 ⋅ 𝑘 ⋅ 𝑇 ⋅𝐵 ⋅ 𝐿𝑡 ⋅ 𝐿𝑟 (1)

𝑝 : pulse received

𝑃 : set of pulses received

𝑃𝐾(𝑝) : peak power of pulse 𝑝

𝑃𝑊 (𝑝) : pulse width of pulse 𝑝

𝑃𝑅𝐼(𝑝) : pulse repetition interval of pulse 𝑝
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𝜆 : wavelength of the pulses received

𝐺𝑡 : transmit antenna gain in the direction

of the receiver

𝐺𝑟 : receiver antenna gain

𝑅 : range between receiver and emitter

𝑘 : Boltzmann constant

𝑇 : noise temperature

𝐵 : receiver’s instantaneous bandwidth

𝐿𝑡, 𝐿𝑟 : transmit and receive losses

This model of the SNR assumes noncoherent integration
of pulses [11], however it doesn’t take losses due to not
performing matched filtering into account. Introducing these
losses or even considering a different detector architecture
would only result in a scaling of the SNR, which would not
affect the developed algorithm.

Once the SNR on a band crosses the detection threshold
𝑇𝐷 - a parameter of the receiver - the corresponding radio
frequency (RF) is added to a list of active, tentative frequencies
and the receiver stays tuned to that RF band for another 𝑑
dwells. If the last one of these dwells results in the highest
SNR, it listens for another dwell. It does so in order to explore
the times of maximum SNR as a high SNR is desirable
for accurate measurements of parameters like pulse repetition
interval (PRI) or pulse width.

Bands in the list of tentative frequencies are visited more
often in the further operation of the receiver in order to gain
more knowledge about the illumination pattern. Algorithm
1 shows the procedure for selecting the next band. The
probability for choosing each tentative frequency is scaled by
𝑦 according to the number of frequencies in the list of tentative
RFs until the scaled value reaches a maximum 𝑧. This is done
to avoid dwelling on just very few frequencies with a very high
probability. Scaling parameter 𝑦 and maximum value 𝑧 must
lie between zero and one. This part constitutes the exploration
phase of the strategy.

Algorithm 1 Select the next band in exploration phase.

Input: List of all RF bands (𝑅𝐹𝑠), list of tentative RFs
(𝑡𝑒𝑛𝑡𝑎𝑡𝑖𝑣𝑒𝑅𝐹𝑠), scaling parameter 𝑦, max. value 𝑧

Output: Band for the next receiver dwell.
1: 𝑟 ← 𝑟𝑎𝑛𝑑𝑜𝑚 ∈ (0, 1)
2: if 𝑟 < min(∣𝑡𝑒𝑛𝑡𝑎𝑡𝑖𝑣𝑒𝑅𝐹𝑠∣ ⋅ 𝑦, 𝑧) then
3: return random band ∈ 𝑅𝐹𝑠 ∖ 𝑡𝑒𝑛𝑡𝑎𝑡𝑖𝑣𝑒𝑅𝐹𝑠
4: else
5: return random band ∈ 𝑡𝑒𝑛𝑡𝑎𝑡𝑖𝑣𝑒𝑅𝐹𝑠
6: end if

If the receiver intercepts a search dwell and the SNR crosses
the detection threshold, the autocorrelation of the intercepted
SNR time series on that band is calculated. The autocorrelation
is defined as the cross-correlation of a signal with itself. In the
case at hand, the SNR time series is a signal discretised by
the receiver dwells.

Thus, the autocorrelation is given by

(𝑓 ★ 𝑓)(𝑛) =

∞∑
𝑚=−∞

𝑓∗(𝑚)𝑓(𝑚+ 𝑛)

𝑛 = 0,±1,±2, ...
(2)

where 𝑓∗ is the complex conjugate of 𝑓 with 𝑓 being the
intercepted SNR.

An estimate of the radar’s scan period 𝑝 is given by the
position of the maximum of the autocorrelation, excluding the
value at lag zero, multiplied by the receiver’s dwell time 𝑡𝑑𝑤𝑒𝑙𝑙:

𝑝 =

∣∣∣∣∣argmax
𝑛∕=0

{(𝑓 ★ 𝑓)(𝑛)}
∣∣∣∣∣ ⋅ 𝑡𝑑𝑤𝑒𝑙𝑙 (3)

If the standard deviation of the last 𝑗 period estimates is
smaller than a threshold 𝑇𝑠𝑡𝑑, the period is declared stable and
dwells are scheduled for that frequency. Moreover, the band is
removed from the list of tentative RFs because the exploration
phase is finished. As an intercept is desired to happen when
the SNR is maximal, future dwells are planned at the time of
the last recorded global SNR maximum 𝑆𝑁𝑅𝑚𝑎𝑥 plus integer
multiples of the estimated period. Since the period can only
be approximate due to interleaving with tracking dwells and
uncertainties in estimation, the period is updated with each
new detection of the corresponding emitter and dwells are
rescheduled when a new global maximum in SNR is found.
To account for a shift in period, only the last 𝑘 SNR values are
considered. Furthermore, several dwells are executed around
the expected time of the next (local) SNR maximum. When a
scheduled visit of the frequency band results in a SNR smaller
than the threshold

𝑇𝑠𝑛𝑟 = 𝑥 ⋅ 𝑆𝑁𝑅𝑚𝑎𝑥 (4)

with 𝑥 set to be between zero and one, the number of
dwells scheduled for the next visit is increased by 𝑖. After
𝑠 misdetections, the period estimate is reset, the scheduled
dwells are deleted and the band is again added to the list of
tentative RFs, thus restarting the exploration phase.

When a tracking dwell crosses the detection threshold, a his-
togram of the differences in time of arrival (TOA) of the pulse
bursts emitted by the radar on the corresponding frequency
band is built. The maximum of that histogram is used as an
estimate of one of the revisit times. Note that it is assumed that
distinguishing the tracking dwells for different targets is not
possible. Thus, several hypotheses for revisit times are kept.
Each estimated revisit time generates a schedule for visiting
the corresponding band. As for the search case, the RF is
deleted from the list of tentative RFs and several dwells are
executed around the scheduled time. However, as the targets
move, the tracking dwells might quickly point into a direction
where an intercept is not possible anymore. In addition, the
revisit time estimates are rather rough, so scheduled dwells and
the corresponding period estimate are directly deleted after the
first misdetection. If after this deletion no revisit time estimate
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(a) Illuminations by the emitter.

(b) Intercepted SNR at the receiver.

Fig. 1. Example of the illuminations generated by the emitter and the
intercepted SNR time series at the receiver. The illumination pattern results
from calculating the SNR at the receiver assuming that it’s tuned the correct
frequency the whole time.

exists anymore, the frequency is added again to the list of
tentative RFs.

When there is no dwell scheduled, a random band is
chosen with a higher probability for the frequencies in the
list of tentative RFs (see Alg. 1).

Figure 1 shows an example of the illuminations generated
by the emitter and the interceptions by the receiver. The SNR
time series of Figure 1a depicts the illumination pattern that
would result from the receiver being tuned to the frequency of
the emitter for the whole time. In Figure 1b, the intercepted
SNR at the receiver is shown. At (most of) the points in time
where the SNR is zero, the receiver is tuned to a different
frequency. From about 35 to 52 s simulated time many values
are greater than zero, showing the exploration phase of the
receiver in which it is tuned more often to the corresponding
frequency. After the exploration phase is finished at about 52
seconds, it found a stable period estimate and starts scheduling
for the local maxima of the SNR, as can be seen by the
regularly spaced peaks. The dwells in between the SNR peaks

Fig. 2. Schematic representation of the scan patterns used. Grey arrows
indicate a jump in beam position without dwelling.

are caused by the random search pattern used when there is
no dwell scheduled. It also dwells on the known bands to be
able to find a potentially undiscovered SNR maximum.

III. EVALUATION & RESULTS

In the following, the simulation framework used for evalu-
ation as well as the results are presented.

A. Simulation Framework

Evaluation of the algorithm is performed using a simulation
framework. An airborne - but for the sake of simplicity
stationary - receiver tries to intercept and detect ground-based
radars using phased array antennas. The stationary emitters
are placed randomly in the scenario, but it is made sure that
they illuminate the receiver at some point. The faces of the
radars are fixed, tilted backwards a few degrees for a better
surveillance of the flying targets. Those are placed randomly
as well and are assigned a random moving direction and
speed. Based on the target’s speed, a revisit time is calculated
which is used by the radars for scheduling tracking dwells.
Without any targets, the emitters perform scanning of their
surveillance region with one of four different patterns (see
Fig. 2). When a target is in a radar’s field of view, tracking
dwells are inserted into the scan pattern, which is then delayed.
Consequently, there is no strict periodicity in the illumination
patterns anymore. Moreover, it means that more tracked targets
cause an increase in aperiodicity.

Each radar uses a different operating mode for searching and
tracking. These are randomly assigned and consist of different
frequencies, PRIs and pulse widths. There is only one radar
transmitting on each frequency at the same time. This choice
was made to avoid implementing deinterleaving algorithms.
Nevertheless, if assumed that the radars can be deinterleaved
based on their signal characteristics, also multiple radars on
the same frequency can be allowed.

During evaluation, the developed algorithm is compared to
a slightly different version of itself and two other algorithms.
The considered strategies are:

∙ Adaptive strategy: The algorithm proposed in this paper
as described above.

∙ Adaptive, no tracking: A version of the developed algo-
rithm without scheduling for tracking dwells, included to
see the impact of estimating the track revisit times of the
radars.
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∙ Active RFs: Starts with a random search, then uses the
list of active, tentative RFs and dwells on these with a
higher probability, like in the exploration phase of the
presented algorithm.

∙ Random: Just selects a random band for each dwell, but
makes sure that each band is selected about the same
number of times.

In each simulation, the number of targets is varied whereas
the simulated time is always 5 min. Further constant parame-
ters are the instantaneous bandwidth of 250 MHz and the dwell
time of 50 ms for each receiver. Moreover, there are always 10
radars present and the scanned frequency band is 2-18 GHz.
Each simulation consists of 30 runs. In each run, the scenario
is created randomly but the different receiver search strategies
are executed in the same scenario before creating a new one.
Note that each radar illuminates the receiver at some point, but
the SNR values of the illuminations don’t necessarily cross
the detection threshold. Thus, the results shown in the next
section are to be seen as a comparison and not an absolute
performance measure, since reaching a 100% detection rate
might not be possible.

B. Results

In Figures 3-5 the results for the simulations are presented.
Each figure shows the values for one of these criteria:

∙ Efficiency (%): Percentage of dwells on bands with an
active emitter which resulted in a detection.

∙ Total number of detections over all of the simulation runs.
∙ Detected (%): Percentage of radars that was detected at

least once.

As the results show, the two versions of the adaptive strategy
always perform better in terms of efficiency and total number
of detections. The percentage of radars detected at least once
is best for the random strategy. This is due to the fact that
the random strategy only explores the environment without
exploiting the information it obtains. Thus, its efficiency as
well as total number of detections are always much worse.

Exploiting the knowledge about active frequencies clearly
outperforms the random strategy in terms of efficiency and
number of detections. Estimating the radars’ scan periods and
scheduling according to the estimates increases the efficiency
and the number of detections even more. However, scheduling
for the tracking dwells doesn’t seem to make a major differ-
ence in performance. As mentioned earlier, the revisit time
estimates are rather rough and as the targets move, at some
time the tracking dwells point in a direction where a detection
is not possible anymore. Moreover, as opposed to the search
pattern with several illuminations as the emitter sweeps past
the receiver’s position, the tracking dwells are only detectable
for a short time instance which requires an accurate schedule.
Thus, because of misdetections for scheduled tracking dwells,
the algorithm directly deletes the corresponding estimates.

None of the criteria considered seems to depend on the
number of targets present in the simulation environment. This
might change when much more targets are present such that

Fig. 3. Mean efficiency and standard deviation for the different search
strategies and scenarios.

Fig. 4. Total number of detections for the different search strategies and
scenarios.

Fig. 5. Mean percentage of radars detected and standard deviation for the
different search strategies and scenarios.

the radars are overloaded with tracking and only perform the
required minimum of searching. An evaluation of this situation
is planned for the future.
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IV. CONCLUSION

An adaptive search strategy for the detection of multifunc-
tion radars has been proposed. The results obtained using
simulations show that efficiency is improved significantly
and more detections are achieved compared to non-adaptive
algorithms. Also, modelling of the intercept/detection problem
in electronic support using antenna patterns and not window
functions was introduced. Using the intercepted SNR time
series instead of a simple “on/off”-function allows for the
detection of the radars’ sidelobes. In addition, a more so-
phisticated use of the information collected is possible. This
includes scheduling for the times of maximum SNR for an
accurate measurement of the radars’ waveform parameters
and a more efficient use of the receiver’s limited resources.
The simulations demonstrate that the less complex version
of the search strategy, which doesn’t schedule for tracking
dwells, provides an equally good performance as the complete
algorithm. Thus, when regarding computational costs, the
simpler version is a good approach.
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Abstract—This paper proposes a new domain knowledge aided
Gaussian particle filtering based approach for the ground vehicle
tracking application. Firstly, a new form of modelling is proposed
to reflect the influences of different types of environmental
domain knowledge on the vehicle dynamic: i) a non-Markov
jump model is applied with multiple models while transition
probabilities between models are environmental dependent ii)
for a particular model, both the constraints and potential forces
obtained from the surrounding environment have been applied
to refine the vehicle state distribution. Based on the proposed
modelling approach, a Gaussian particle filtering based method
is developed to implement the related Bayesian inference for
the target state estimation. Simulation studies from multiple
Monte Carlo simulations confirm the advantages of the proposed
method over traditional ones, from both the modelling and
implementation aspects.

I. INTRODUCTION

Ground vehicle tracking is an important preliminary step

in many applications such as surveillance, advanced driver

assistance systems (ADAS) and autonomous vehicles. Many

model based state estimation methods (i.e. Kalman or particle

filtering based methods [1]), have been proposed for vehicle

tracking. However, the majority of methods in [1] assume an

open field environment in which the tracked vehicle(s) could

move freely. This contradicts with the realistic scenario where

the motion of the ground vehicle(s) is often affected by its

operational environment. Information from the environment

could be taken as domain knowledge and exploited in the de-

velopment of tracking algorithms in order to enhance tracking

quality.

Different approaches have been proposed to exploit domain

knowledge for ground vehicle tracking. The most apparent

domain knowledge is the road constraint information such as

the constrained region imposed by a road map. Studies on road

network-aided ground vehicle tracking have been reported

in different works such as [2], [3] and [4]. In these works,

different state estimation algorithms (such as the Gaussian (s)

approximation filtering method in [2] and [4], and particle

filtering method [3]) have been applied together with the road

constraint information for the state estimation. Besides, the

manoeuvre of a vehicle will also be affected by its surrounding

environment. For example, a vehicle is likely to accelerate

to overtake. To incorporate domain knowledge related to

manoeuvre determination, [5] and [6] consider a non-Markov

jump modelling system originally proposed in [7] for vehicle

tracking. Multiple state models are applied to represent differ-

ent possible vehicle movements. State-dependent model transi-

tion probabilities are then adopted to model vehicle manoeuvre

type changes with respect to environmental conditions.

In our work, a new domain knowledge aided method is

proposed for ground vehicle tracking. Compared with the

aforementioned works, domain knowledge is exploited in a

more comprehensive way; besides, a more efficient filtering

algorithm is applied for the state estimation. Firstly, the

non-Markov hybrid model framework in [7] is proposed to

model multiple vehicle behaviours. For a particular dynamic

model, both constraints and forces [8] are incorporated to

refine the target state distribution. Based on the proposed

model approach, a Gaussian particle filtering [9] based state

dependent interactive multiple model Gaussian particle filter-

ing (SD-IMMGPF) method is proposed. Compared with the

traditional generic particle based filtering approach for the

hybrid non-Markov jump model implementation as in [7],

the measurement information is exploited for constructing an

importance function to generate more effective particles.

The structure of this paper is listed as follows: The devel-

oped domain knowledge aided model is proposed in Section II.

Bayesian inference and the proposed SD-IMMGPF approach

are presented in Section III. Simulations in Section IV present

the comparison results between the proposed method and

others. Final conclusions and future works are presented in

Section V.

II. PROPOSED ENVIRONMENTAL DEPENDENT MODEL

In this section, we propose a new environmental dependent

model approach for ground vehicle tracking, which exploits

different environmental information in a comprehensive way

for both the manoeuvre type determination and state dy-

namic/distribution refinement.

In a realistic scenario, a vehicle will move with different

manoeuvre types, which can not be reflected by a single

state model. In this way, multiple state models have been

exploited for target tracking as in [10] and [11]. However,
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these approaches assume a Markov jump model, with transi-

tion probabilities between different state models being constant

without considering any environmental information. However,

the manoeuvre type of a certain target is actually environmen-

tally related. For example, a vehicle will commonly overtake

when it approaches another vehicle with a high speed and turn

when it comes to a bend road segment. To this end, the non-

Markov jump modelling framework as in [7] is adopted, for

which the transition probabilities between different models are

not constant but modeled in a state dependent way related to

the target’s surrounding environmental conditions.

A general dynamic model in the non-Markov jump mod-

elling framework can be represented as:

xt = f(xt−1) + wt (1)

where xt represents the state vector, which usually includes

the position and velocity for the vehicle tracking problem; wt

is generally known as the process noise term, which represents

the model uncertainty; f(·) represents a dynamic function

reflecting the desired target dynamics.

Fig. 1. The proposed modelling framework. Related parameters are defined
as: Xt: state vector, Zt: measurement vector, mt: model index and Ct:
surrounding environmental conditions of a target, which is dependent on the
target state (i.e., position and velocity) and environmental domain knowledge
(i.e., road map information, geographic data, moving obstacles information,
etc.).

Currently most models (as in [12]) for target tracking do

not consider any environmental information. So the predicted

state distribution by (1) may contradict with the realistic

environmental conditions (for example, the predicted position

of a vehicle may be outside the road boundary). In this

work, a new modelling framework is proposed as shown

in Fig. 1. The non-Markov jump modelling framework is

adopted. Furthermore, the target’s surrounding environmental

condition does not only determine the manoeuvre type but

also refines a particular dynamic model and corresponding

state distribution. The refinement of the state distribution is

achieved by introducing forces and constraints.

A. Force based environmental effects modelling

In realistic scenarios, targets’ movements are affected by

the surrounding environment. For example, a vehicle keeps

away from the road border to avoid collisions or it may

be attracted by certain objects (such as the lane centreline).

Fig. 2. The illustration of different forces for modelling environmental effects.
fi,j models the repulsive effect between vehicles i and j, fi,o models the
repulsive effect between the vehicle i and road boundary o and fi,c models
the effect that a vehicle tends to move along with the lane centreline c.

In [8], a force based method has been proposed to model

such repulsive/attractive effects on pedestrians posed by their

surrounding environment. This idea is exploited in this work

for modelling the environmental influences on the vehicle

dynamics. As in Fig. 2, different types of ‘virtual forces’

have been applied, which model the repulsive/attractive effects

on a vehicle determined by its surrounding environmental

conditions.

Same exponential force definition forms are applied to

formulate the repulsive/attractive forces as in [8], with:

frepulsivei,j = a · exp(−b · d)ni,j

fattractivei,j = a′ · (1− exp(−b′ · d))ni,j ,
(2)

where frepulsivei,j and fattractivei,j represent repulsive and attrac-

tive forces between objects i and j; a, b, a′ and b′ are constant

parameter values; ni,j (nj,i) represents the unit vector pointing

from object i to j (j to i).

Forces from different objects are summed to a total one

(denoted as fe) which represents the effect of the surrounding

environmental conditions on the vehicle. In this way, an

additional acceleration term ae = fe
m is introduced and the

original model of (1) is thus modified to reflect the influence

of the environment on dynamic modelling. In general, the

modified dynamic model can be represented as:

xt = f(xt−1) + I(ae) + wt (3)

where the term I(ae) is a function of ae, which is dependent

on the particular dynamic model definition as in [12].

B. Constraint information

In reality, there are constraints existing in the realistic

environment, which can be further applied to refine the state

distribution. We denote the distribution determined by the

force based model (3) as p(xt), by incorporating the constraint

information the distribution is truncated as:

pC(xt) =

{
p(xt)
ξt

, xt ∈ C

0, otherwise
(4)

where pC(xt) represents the truncated distribution, C repre-

sents the constrained region and ξt is calculated as ξt =∫
C
p(xt)dxt. The probability value which is out of the con-
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straint region becomes zero. In this way, the uncertainty of the

state distribution is further reduced.

III. STATE DEPENDENT INTERACTIVE MULTIPLE MODEL

GAUSSIAN PARTICLE FILTERING

Based on the new modelling approach as defined in the

previous section and a proper measurement model, a state

dependent interacting multiple model Gaussian particle fil-

tering (SD-IMMGPF) algorithm is developed for the state

estimation. Different from the generic SD-IMMPF method

[7], the proposed algorithm applies Gaussian particle filtering

for every mode-matched filter with an importance function

constructed with both the state dynamics and measurement

information, which generates more effective particles.

The proposed SD-IMMGPF algorithm is based on the exact

Bayesian inference framework for a multiple model system,

whose overall process is divided into four steps: mode mixing,

state interaction, evolution and correction.

Mode mixing: The mode mixing is related to the evolution

of the model probability between consecutive discrete time

instances t − 1 and t. Using the law of total probability, we

have:

p(mt = s|Zt−1) =
∑
r∈M

p(mt = s,mt−1 = r|Zt−1)

=
∑
r∈M

p(mt = s|mt−1 = r,Zt−1)p(mt−1 = r|Zt−1),
(5)

where mt represents the dynamic model index variable whose

value m or r could be any one element in the set M, which

represents the model index ensemble. Zt−1 represents the

measurements collection {z1, ..., zt−1} during previous time

instances. And p(mt = s|mt−1 = r,Zt−1) can further be

decomposed as:

p(mt = s|mt−1 = r,Zt−1)

=

∫
πE
rs(xt−1) · p(xt−1|mt−1 = r,Zt−1) dxt−1.

(6)

where πE
rs(xt−1) represents the environmental information

related state-dependent model transition probability between

models r and s, which is problem-specific.

State interaction: State interaction generates the initial

mode-conditioned density p(xt−1|mt = s,Zt−1). According

to the conditional probability relation and the law of total

probability, one has:

p(xt−1|mt = s,Zt−1) =

∑
r∈M

πE
rs(xt−1) · p(xt−1,mt−1 = r|Zt−1)

p(mt = s|Zt−1)
.

(7)

Domain knowledge aided state evolution: The state

evolution step is to propagate the mode-conditioned state

density from t − 1 to t by the dynamic model. Given the

initial density is provided in (7) and the s-th environmental

information aided dynamic model, the mode-conditioned prior

distribution p(xt|mt = s,Zt−1) at t can be calculated as:

p(xt|mt = s,Zt−1)

=

∫
p(xt|xt−1,mt = s,Zt−1)p(xt−1|mt = s,Zt−1) dxt−1.

(8)

where p(xt|xt−1,mt = s,Zt−1) is determined by the force

aided dynamic model (3) and constraints (4).

Correction: Finally, the updated measurement is incorpo-

rated to correct the prior by following Bayes’ rule:

p(xt,mt = s|Zt) ∝ p(zt|xt,mt = s)p(xt|mt = s,Zt−1)

· p(mt = s|Zt−1).
(9)

The state estimation at time t can then be derived from the

updated posterior distribution p(xt,mt = s|Zt).

A. SD-IMMGPF implementation

The SD-IMMGPF algorithm is then proposed to implement

the above Bayesian inference. Initially, it starts at time t − 1
with the set of weighted particles {xr,kt−1, w

r,k
t−1; r ∈ M, k ∈

{1, . . . , N}} to approximate the probability p(xt−1,mt−1 =
r|Zt−1). Based on this, the Bayesian inference procedure is

implemented as follows:

Mode mixing implementation: Prior mode probability in

(5) is approximated with generated particles as:

p(mt = s|Zt−1) ≈
∑
r∈M

N∑
k=1

πE
rs(x

r,k
k−1) · wr,k

t−1 � Λs
t−1, (10)

where Λs
t−1 is defined to facilitate the rest of the derivation.

State interaction implementation: The state interaction

process can be implemented by inserting particles at t − 1
with the different mode index r, into (7) such that

p(xt−1|mt = s,Zt−1) ≈∑
r∈M

N∑
k=1

πE
rs(x

r,k
t−1)w

r,k
t−1δ(xt−1 − xr,k

t−1)/Λ
s
t−1.

(11)

Evolution and correction implementation:
For every mode a Gaussian particle filtering (GPF) [9]

based approach is exploited. An importance function which is

a Gaussian approximation of the mode-conditioned posterior

distribution p(xt|mt = s,Zt) is constructed, from which

effective particles are generated. Firstly, the mean μs
t−1 and

covariance Σs
t−1 of a Gaussian distribution to approximate

p(xt−1|mt = s,Zt−1) are obtained as:

μs
t−1 =

∑
r∈M

N∑
k=1

πE
rs(x

r,k
t−1)w

r,k
t−1xr,k

t−1/Λ
s
t−1

Σs
t−1 =

∑
r∈M

N∑
k=1

πE
rs(x

r,k
t−1)w

r,k
t−1(x

r,k
t−1 − μs

t−1) · (xr,k
t−1 − μs

t−1)
T /Λs

t−1

(12)

Based on the domain knowledge aided dynamic model and

measurement model, the mean and covariance are then updated

to obtain μs
t and Σs

t at time instance t, which determine

a Gaussian distribution N(xt|μs
t ,Σ

s
t ) as an approximation

of the distribution p(xt|mt = s,Zt). Different algorithms

can be applied for the updating, in our work, the truncated
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unscented Kalman filtering (t-UKF) scheme as in [13] is

adopted, which exploits both the constraint information and

unscented transformation to better deal with the non-linearities

in both dynamic and measurement models.

A new set of particles {xi,s
t }i=1,...,N is sampled from

N(xt|μs
t ,Σ

s
t ). According to the concept of importance sam-

pling in [1] and (9), the posterior distribution p(xt,mt = s|Zt)
is approximated as:

p(xt,mt = s|Zt) ≈
∑
i

wi,s
t δ(xt − xi,s

t ) (13)

with particle weights {wi,s
t }i=1,...,N being estimated as:

wi,s
t ∝ p(zt|xi,s

t ,mt = s)N(xi,s
t |μs

t|t−1,Σ
s
t|t−1)p(mt = s|Zt−1)

N(xi,s
t |μs

t ,Σ
s
t )

(14)

where N(xs
t |μs

t|t−1,Σ
s
t|t−1) is a Gaussian approximation of

p(xt|mt = s,Zt−1) and p(zt|xst ,mt = s) is a measurement

likelihood function determined by a particular measurement

model. From the obtained particles and corresponding weights,

both the state estimation and the s-th model probability can

be estimated as:

x̂t =
∑
s∈M

N∑
i=1

wi,s
t xi,s

t

p(mt = s) =
N∑
i=1

wi,s
t

(15)

IV. SIMULATION STUDIES

The proposed method is tested in a simulated scenario as

shown in Fig. 3, with two vehicles being simulated to move

along two road segments in a total of 30s. The first vehicle

is simulated to move with a constant velocity of 10 (m/s)

along the straight road segment for 27.5 (s) after which a

turning manoeuvre is performed with angular velocity 0.2

(rad/s) for 2.5 (s). The second vehicle firstly moves with a

constant velocity of 12.5 (m/s) on the straight road segment

for 8s before it begins to overtake the first vehicle. After 7

seconds, vehicle 2 overtakes vehicle 1 and moves again with

12.5 (m/s) for 7s along the straight segment. Then it begins to

move along the bend road segment with an angular velocity

of 0.2 (rad/s).

Straight segment

Bend 

segment

Fig. 3. Simulated vehicles trajectories.

Multiple dynamic models as in [12] are applied to model

different manoeuvre types of vehicles, which include: a con-

stant velocity (CV) model with a low process noise intensity

level for modelling the CV manoeuvre, a CV model with a

high process noise intensity level for modelling the overtaking

manoeuvre and a constant turning (CT) model for modelling

the turning manoeuvre. A sensor positioned at [200,30] (m)

is applied to measure the range rt and bearing angle θt of a

particular vehicle with:

yt =

[
rt
θt

]
=

[√
(xs − xt)2 + (ys − yt)2

arctan( ys−yt
xs−xy

)

]
+ nk (16)

where [xt, yt] represents a target’s position at time instance

t, [xs, ys] represents the sensor position and nt represents

the measurement noise. In our work, we assume it as

a Gaussian distribution with zero means and covariance[
52(m2), 0
0, 0.022(rad)2

]
. Currently, we assume that the sensor

always receives the two vehicles’ measurements without any

measurement association ambiguities.

Based on the simulated scenario, dynamic and measurement

models, the proposed method is applied for the vehicle track-

ing. The tracking results are compared with other methods

from both model and filtering algorithm.

Model comparison: For the proposed modelling approach,

the transition probabilities between different models are de-

fined with respect to distances between a target and its

surrounding objects (such as another vehicle and the bend

road entry). The road region is applied as the constraints and

forces are used to represented the repulsive effects of vehicle-

to-vehicle and vehicle-to-boundary. These forces are defined

in the form of (2) with the related parameters being selected

empirically for the simulation study.

Comparisons are made between different modelling frame-

works, including Markov jump (MJ) model, non-Markov jump

(NMJ) model, non-Markov model with constraint information

(CNMJ) and the proposed non-Markov modelling framework

with both constraints and forces (FCNMJ). For a fair com-

parison, the same Gaussian particle filtering based approach

is applied for every modelling method and the number of

particles for every dynamic mode is chosen as N = 300. 100

Monte-Carlo simulations are performed. For every vehicle,

the averaged position root-mean-square-errors (RMSEs) for

every time instance is plotted in Fig. 4 corresponding to

every modelling method. While the averaged RMSEs of the

tracked trajectories compared with ground truth one are shown

in Table I. From the results, we can see that the proposed

modelling method exploiting the domain knowledge in the

most comprehensive way, achieves the most accurate result

for the trajectory tracking (as in Table I with the smallest

averaged RMSEs for both vehicles) and lowest RMSEs during

the majority of the time as shown in Fig. 4.

Filtering algorithms comparison: We compare different

Bayesian inference implementation algorithms. The proposed

modelling framework as in Section II is adopted, with the

generic particle filtering based SD-IMMPF (N=3000 for one
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Fig. 4. Position RMSEs comparisons for vehicle 1 (a) and vehicle 2 (b) by
different modelling approaches.

TABLE I
AVERAGED POSITION RMSES (M) COMPARISONS FOR DIFFERENT

MODELLING APPROACHES

MJ NMJ CNMJ FCNMJ
Vehicle 1 RMSE (m) 2.52 2.43 2.17 1.51
Vehicle 2 RMSE (m) 3.45 3.25 2.42 2.10

dynamic model) and SD-IMMGPF approaches (N=300 for one

dynamic model) implementation approaches being compared.

The same state model is applied for these two approaches and

the same 100 Monte-Carlo simulations have been performed

for RMSEs analysis. From the comparison results as shown

in Fig. 5 and Table II, we can see that the SD-IMMGPF

approach achieves better performance, with smaller RMSEs

being obtained (especially for vehicle 1 with around 45% of

the RMSE reduction as implied in Table II) with a smaller

number of particles and a low computational cost. The reason

behind it is that the SD-IMMGPF approach exploits both the

constraint and measurement information for more effective

sampling.

(a) (b)

10 20 30 40 50 60

1

2

3

4

5

Time (s)

R
M

S
E

 (
m

)

10 20 30 40 50 60
1

2

3

4

5

Time (s)

R
M

S
E

 (
m

)

Fig. 5. Position RMSEs comparisons for vehicle 1 (a) and vehicle 2 (b) for
different filtering algorithms

V. CONCLUSION

In this work, a new domain knowledge aided tracking

method is proposed. A new environmental dependent model is

developed. Multiple models are applied with the state depen-

dent probabilities being used to model the realistic vehicle ma-

TABLE II
AVERAGED POSITION RMSES (M) COMPARISONS FOR DIFFERENT

FILTERING ALGORITHMS

SD-IMMPF, N=3000 SD-IMMGPF, N=300
Vehicle 1 RMSE (m) 2.77 1.51
Vehicle 2 RMSE (m) 2.65 2.10

Computational time (s) 3.6 0.8

noeuvre transitions. Both the constraint and force information

are applied to refine the dynamic model and state distribution.

Based on the modelling framework, a SD-IMMGPF approach

is applied to implement the related Bayesian inference for the

state estimation. Simulation studies show the advantages of the

proposed method from both the modelling and implementation

algorithm aspects. In the future, the proposed algorithm will

be extended to a more complicated scenario with miss detec-

tions/false alarms and measurements association ambiguities.
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Abstract—Unmanned Aerial Systems (UAS) are pilotless 
aircraft (drone) and are characterized by having very small radar 
cross-sections, relatively slow motion profiles and low operating 
altitudes compared with manned aircraft. As a direct consequence 
they are considerably more difficult to detect and track. This is 
exacerbated in traditional 2-D scanning radar which struggle to 
find a compromise between the conflicting needs to simultaneously  
have short re-visit times and high Doppler resolution. Here, we use 
Holographic RadarTM (HR) that employs a 2-D antenna array and 
appropriate signal processing to create a multibeam, 3-D, wide-
area, staring surveillance sensor capable of achieving high 
detection sensitivity, whilst providing fine Doppler resolution with 
update rates of fractions of a second. The ability to continuously 
dwell on targets over the entire search volume enables HR to 
achieve a level of processing gain sufficient for detection of very 
low signature targets such as miniature UAS against a background 
of complex stationary and moving clutter. In this paper trials 
results are presented showing detection of a small hexacopter UAS 
using a 32 by 8 element L-Band receiver array. The necessary high 
detection sensitivity means that many other small moving targets 
are detected and tracked, birds being a principle source of clutter. 
To overcome this a further stage of processing is required to 
discriminate the UAS from other moving objects. Here, a machine 
learning decision tree classifier is used to reject non-drone targets 
resulting in near complete suppression of false tracks whilst 
maintaining a high probability of detection for the drone.  

Keywords—multi-beam, 3D, Doppler discrimination, air 
surveillance, UAS 

I.  INTRODUCTION  

Conventional wide-area non-cooperative ground-to-air 
surveillance systems such as Primary Surveillance Radar (PSR) 
use a narrow beam scanning antenna to achieve all-round 
azimuth coverage. Scanning radars have to find a compromise 
between time on target and update rate. This can impede such 
systems from reliably detecting very weak signatures targets 
buried in strong non-stationary clutter. The central issue is that 
the sensor fails to collect sufficient information to distinguish 
targets of interest from interfering clutter. Holographic RadarTM 
(HR) [1] overcomes such short comings through achieving 
100% time on target using a 2-D static multiple simultaneous 
receive beam antenna array. As the sensor is staring, the update 
rate can be very high (ultimately limited by the PRF) and as a 
direct consequence the radar is able to maintain very high 

detection and more importantly, discrimination performance 
even in the most challenging clutter environments. 

In most air surveillance radar systems the processing 
algorithms are optimized for conventional aircrafts that have an 
RCS in the range of 1-100 m2, have relatively smooth 
trajectories and operate at high altitudes thus making it easier to 
discriminate such targets from ground clutter and other surface 
targets. Micro-Unmanned Air Systems (Micro-UAS) also 
referred to as drones, have an RCS of up to 1000 smaller and 
tend to operate over shorter distances, slower speeds, lower 
altitudes and have more variable position, velocity and 
acceleration parameters, all acting collectively to make Micro-
UAS targets much more difficult to detect.  

The Aveillant HR technology [2, 3], has some crucial design 
elements that make it well suited to the detection of micro-UAS. 
A 2-D array provides vertical separation, the staring antenna 
enables longer coherent integration and thus very fine micro-
Doppler resolution. This, in turn, provides for better detection 
and discrimination of slow moving objects against ground and 
non-stationary clutter. Initial experiments have been conducted 
with the HR to establish the potential for providing both a robust 
surveillance solution against micro-UASs as well as providing 
the key technology to enable their safe use for legitimate 
purposes [4]. Increased detection sensitivity against low 
observable targets extenuates the problem of false reports of 
moving targets such as birds, surface objects, clutter etc. The 
suppression of these confuser tracks are very crucial to ensuring 
that the surveillance sensor is able to provide reliable reporting 
of drone tracks alone. In this paper machine learning techniques 
are utilized to filter out the false targets. We report results 
achieved in discriminating micro-UAS from the huge numbers 
of false targets typical in detecting objects with such a low RCS.  

The remainder of the paper is organized as follows. Section 
II provides an overview of the HR sensor and describes the HR 
prototype used to make real radar measurements. Section III 
reports on the detection performance that the HR is able to 
achieve for low observable targets compared to conventional air 
targets. Section IV describes the decision tree algorithm used for 
drone discrimination and the classification performance 
achieved with real drone trials data is reported in Section V. 
Finally, the overall conclusions are outlined in Section VI. 

978-1-5090-0326-6/16/$31.00 ©2016 IEEE 
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II. HOLOGRAPHIC RADARTM SYSTEM OVERVIEW 

There are three uniquely distinct elements to the HR 
architecture. The transmitter uses a broadbeam antenna to 
illuminate the whole of the desired search volume. It uses a static 
multi-element 2-D receiver array to also cover the whole of the 
illuminated search volume. The receiver array is digitized at 
each element level and processing allows to form multiple 
simultaneous receive beams. A 64-element version, using an 8x8 
grid configuration for the receiver array, is pictured 
schematically in Fig. 1.  

 
Fig. 1. Example of the 64 element 2-D receiver array arranged in an 8x8 

grid with an outer ring of dummy receivers.The plot on right shows a 
plan view of the nominal transmit and receiver beam patterns. 

With this fixed arrangements of beams, the sensor is able to 
continuously stare in all directions simultaneously thus enabling 
fine Doppler resolution via long and controllable dwell times. 
This fine Doppler resolution is utilized to exploit the target 
micro-Doppler signature characteristics over extended durations 
[5]. 

Naturally this results in a larger volume of data to be 
processed. The problem of processing such very large data 
volumes (~512 MB/s) in real-time is straight forward using 
current GPU processor technology. The ensuing high Doppler 
resolution in each range, azimuth and elevation cell is exploited 
to fine tune the post detection filtering rejecting potential false 
alarms such as those stationary objects that exhibit internal 
motions (e.g. trees, crops etc.) and preserves only detections 
from genuine air targets. The inherent 3-D nature of the receive 
array is also used to reject targets that are on or very close to the 
ground in a manner that can be tailored to a given scenario and 
application. 

 
Fig. 2. The Holographic RadarTM processing chain. 

The processing chain is split into three sub-stages as 
illustrated in Fig. 2. The first processing stage, the Detection 
Engine, processes the raw I/Q data from all the receiver channels 
to forms a 4-D data matrix comprising range, azimuth, elevation 
and pulse number. The temporal data is converted into frequency 
domain and thresholded to generate a list of candidate initial 
detections specifying range and Doppler. 

The peak processor stage uses the initial detections as seeds 
to refine the search for detections within a receive beam. These 
detections are further filtered using characteristics such as 
amplitude, Doppler, etc., to distinguish genuine air target returns 
from others. The output detections are termed target plots and 
are passed to the final stage that performs tracking using a 
Probability Hypothesis Density (PHD) tracker [6]. The outputs 
are smoothed tracks that specify the track id, position and 
velocity for each reported target plot. 

The HR variant used for the measurements reported here is 
the Theia 64A system, pictured in Fig. 3 and has a 32 by 8 
receiver array. For the drone trials the system was configured to 
operate at short ranges and the processing was optimized for low 
observable targets. The sensor operating parameters for the 
drone trial configuration are summarised in Table 1. 

 
Fig. 3. Holographic RadarTM prototype with a 32x8 2-D recevier array. 

TABLE I.  HR OPERATING PARAMETERS USED FOR DRONE TRIALS 

Parameter Value  

Frequency L band

Bandwidth ~2 MHz

Transmit power ~10 kW

Receiver channels 32 x 8 

Azimuth coverage 90°

Elevation coverage 65°

Pulse Repetition Frequency (PRF) ~3.8 kHz

Update rate ~0.5seconds

III. DETECTION PERFORMANCE 

The standard configuration for the Theai 64A sensor 
optimizes detection of a 1m2 airborne target at a range of 20nmi. 
Performance was evaluated against a drone target and 
adjustments made to the processing configuration to optimize 
detection of such low observable targets.  
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As a reference a flight was conducted using a micro-light 
flying more-or-less radial trajectories. The GPS truth for one of 
these reference flights is plotted in Fig. 4. The figure also shows 
the radar location and its azimuth field of regard. Performance is 
evaluated using the tracker output which is plotted in Fig. 5 for 
the reference flight of the micro-light. The data shown is for a 
duration of approximately 2.5 minutes. The green markers are 
the micro-light track and any false targets are shown in blue. For 
the purpose of the analysis presented here, the range is clipped 
at 5km although the actual range extends much further. The 
Probability of Detection (PD) of the micro-light is measured to 
be 95% and the False Alarm Rate (FAR) is very close to 0%. 
The radar is actually detecting 100% of the time and the 5% drop 
in PD is due to the tracker declaration delay set, in this instance, 
to approximately 5 seconds. 

 
Fig. 4. Micro-light (insert), GPS truth (blue line), HR location (red 

sphere), azimuth field of regard (red lines), blanking range (purple 
circle). 

 
Fig. 5. Radar tracker output showing the micro-light track in green. No 

false targets reported. Radar location marked in red. 

The micro-UAS test target selected is the remotely piloted 
hexacopter that weighs under 4kg and has diameter less than 
0.6m. It has a maximum flight duration of a little less than 5 
minutes and operates at altitude up to 500ft. The drone flights 
were launched from the coast and flown along more-or-less 
radial trajectories. An example of the GPS truth data, for one of 
the trials, is plotted in Fig. 6.  

 
Fig. 6. Hexacopter (insert), GPS truth (blue line), HR location (red 

sphere), azimuth field of regard (red lines), blanking range (purple 
circle). 

Using a standard form of configuration optimized for 
aircraft, the performance against the hexacopter, in the first 
instance, is very poor, with no tracks reported for the drone. 
There were some detections at the pre-tracker output but the PD 
is very low. Fig. 7 shows the detection output for a 2.5 minute 
duration of the test flight where the hexacopter was travelling 
inbound. This data will be referred to as set 3. The green 
markers are the drone detections and the missed detections are 
marked with the black circles. The blue markers are false plots. 
Thus at the pre-tracker stage, the false alarms remain low which 
translate into no false alarms at the tracker output. The pre-
tracker PD however is only 33%. These intermittent detections 
then result in zero tracks after the tracker so the final PD for 
drone was 0%. This illustrates the need for a bespoke 
processing approach able to cope with the challenges presented 
by ultra-low RCS targets, flying low and slow trajectories. 

 

Fig. 7. Radar detections (target plots) showing hexacopter detections 
(green), missed detections (black) and false targets (blue).  

The detection sensitivity can be enhanced for such low 
observable targets by reducing the amplitude threshold and 
permitting detections with lower Dopplers. With these changes 
the performance improves significantly for the hexacopter. Fig. 
8 is the tracker output for the same data set 3 but this time with 
enhanced detection sensitivity. The reported PD for the 
hexacopter is 98%. There are however many more false tracks 
being reported which then inhibit the ability to identify the 
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correct track corresponding to the drone. These false tracks are 
caused due to low observable targets that are likely to compete 
with drones for example birds, surface targets, clutter etc. In this 
way it can be seen that to detect drones there needs to be 
sufficient sensitivity and that if there is, many other targets such 
as birds are also detected and a discrimination stage needs to be 
added to the overall processing chain. There are many ways that 
this can be implemented. Here we consider the use of a machine 
learning approach to filter the non-drone false tracks.   

 

Fig. 8. Radar tracker output optimised for low observable showing 
hexacopter tacks (green) and false target tracks (blue).  

IV. DECISION TREE BASED CLASSIFIER 

The results obtained with the hexacopter demonstrate that 
HR is able to obtain high PD for micro-UAS. However, in the 
absence of any drone discrimination a high volume of false 
target tracks are also reported. A decision tree based machine 
learning algorithm [7] is now examined in terms of its ability to 
reject non-drone targets. It is a flow-chart like classifier in which 
each internal node represents a ‘test’ on a selected feature of the 
data, each branch represents the outcome of the test and each 
leaf node represents a class label i.e., drone or non-drone.  

There are three stages to the implementation of a decision 
tree classifier; (1) selection of feature parameters, (2) learning 
and (3) predict. The feature parameters are based on the 
measurements generated at the detection stage. The detection 
outputs have a limited feature set comprising position, amplitude 
and Doppler. However, the feature set can be significantly 
expanded by using a pre-tracker to associate detections from 
multiple time steps into ‘tracklets’. This enables the temporal 
derivative of each of the radar plot measurements to be added to 
the feature set. Examples are acceleration, Doppler rate, etc., all 
of which play a varying role in aiding discrimination.  

The learning operation of the decision tree is performed off-
line using recorded data. The training data is labelled as either 
drone using GPS truth data or non-drone for anything that is not 
associated with the drone truth data. The decision tree uses a 
greedy algorithm to establish the feature value that will provide 
the appropriate split of the training data so that the population 
purity of the subsequent child node is always increased. The 
population split is performed recursively until all the entries in 
the child node are either from the same class or when the 
population purity exceeds a pre-defined threshold. This is 
illustrated diagrammatically in Fig. 9. The final path from the 
root node to the leaf node defines the classification rule. The 
learning operation concludes with a decision tree model that 

specifies the feature sets and the classification rules that apply in 
discriminating drones from non-drone targets. 

 

Fig. 9. Decision tree schematics showing (left) population split and (right) 
node structure where blue node indicates majority population is class 
‘-‘ and vice versa for a green node. 

The final prediction stage uses the decision tree to classify 
detections from each time step as either drone or non-drone. 
Only the former are passed to the tracker and the final output 
contains either true drone tracks or false positives that have been 
misclassified as drones. 

V. DRONE CLASSIFICATION PERFORMANCE  

The decision tree is trained on real data collected using the 
Theia 64A HR for a hexacopter. The training data excluded set 
3 which is the data used to test the classifier. Altogether the 
training data was roughly 5 times larger compared to the test set. 
This, by no means, represents an optimal approach, nevertheless 
it provides a good illustration of achievable performance. 
Through a process of trial and error the following features have 
been found to be a good choice for the decision tree:  

• Height: This is the height above the position of the 
radar. It is useful for separating ground targets from 
low altitude drones; 

• Maximum height: This measures a moving average 
maximum height and helps again to eliminate 
targets that are at or close to surface;  

• Track age: This measures the length of the current 
track as estimated by the pre-tracker, and is useful 
in rejecting short lived false tracks; 

• Doppler: This measures instantaneous radial 
velocity; 

• Acceleration: This measures the rate of change of 
the velocity vector and enables targets to be 
separated by turn rate; 

• Jolt: This measures the rate of change of 
acceleration and enables targets to be separated 
according to the smoothness of their trajectory and 
number of turns made; 

The classification performance achieved with the decision 
tree approach using data set 3 is summarized in the confusion 
matrix shown in Fig. 10. The 99% correct classification for non-
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drone (class 1) means that the detection plots for data set 3 
following classification are extremely clean (i.e., few false 
targets as can be seen in Fig. 11). It is interesting to note that the 
18% missed classification of the drone is linked to the 
commencement of the track (as indicated by the black missed 
detections in Fig. 11). Within this early period of the track there 
is unlikely to be sufficient measurement history accumulated 
from the data to provide good estimates for features such as 
acceleration to enable robust discrimination. This highlights an 
important aspect of how classification function are to be 
executed and that the time to classification is an important 
criteria. A notion of classification declaration delay should be 
associated with the discriminator output. This will be 
synonymous with the declaration delay used in tracking 
algorithms to deal with track initiation.  

 
Fig. 10. Confusion matrix for drone (class=2) vs non-drone(class=1) 

 
Fig. 11. Radar detection (target plots) after drone discrimination showing 

hexacopter (green), missed detections (black) and non-drones (blue). 

The final tracker output obtained for set 3, after the 
detections have been filtered by the decision tree discriminator, 
is shown in Fig 12. There is just the one genuine track reported 
for the drone shown in green. The PD for the drone in this case 
is 88%. There is a single output generated for a non-drone false 
target (blue marker). Increasing the tracker declaration delay by 
just half a second from 5 seconds to 5.5 seconds removes all 
false targets from the final tracker output resulting in an overall 
FAR of 0%. Thus it is possible to achieve low false alarm rates 
for drones whilst managing to cope with the extremely high 
sensitivities needed to enable robust detection and 
discrimination of miniature UAS.  

However, it should be kept in mind that these initial results, 
whilst encouraging, are based on limited data and need to be 
further evaluated using larger training and test data and against 
a wider range of drone target types. 

 
Fig. 12. Radar tracks after drone discrimination showing hexacopter 

(green) and non-drones (blue). 

It is also important to understand how well training on one 
drone type will enable classification on different drone types and 
under different range of environmental conditions. It is equally 
important to understand how the classifier is able to distinguish 
between different non-drone classes of targets. Ultimately the 
drone discrimination effectiveness will be limited by the ability 
of the classifier to reject confuser targets.  

The current version of the decision tree has been 
implemented into the real time processor and the HR system is 
able to perform the drone discrimination in live operations. 
Future work will extend the feature sets for the decision tree to 
include micro-Doppler signatures which will improve the class 
separability using aspect such as the propeller response from 
drones and the wing beat pattern from birds. 

VI. CONCLUSIONS 

Trials results have shown that HR offers good detection 
sensitivity against hexacopter micro-UAS. Furthermore, 
discrimination using 6 selected feature trained with a decision 
tree is able to remove almost all non-drone false targets. The 
training is performed off-line and the classification is carried out 
in real-time. The current version of the machine learning 
classifier is predominantly making use of features derived from 
the flight trajectory profile.  

REFERENCES 
[1] Oswald, G. A. K., “Holographic surveillance radar,” Proc. SPIE 7308, 

Radar Sensor Technology XIII, 73080D, US, 29 Apr.2009 

[2] Quilter, T. & Jahangir M., “Performance of a 3D non-scanning array to 
detect targets in the presence of wind turbines,” ESAV’ 14, Italy, Sep. 
2014 

[3] Jahangir M., “Target centric wide-area 3-D surveillance using a non-
scanning multibeam receiver array,” IEEE Radar 2015, US, May 2015 

[4] Jahangir M. & Quilter T., “The Practicality and Benefit of a 3-D Wide-
Area Persistent Surveillance Micro-Doppler Radar,” IRS 2015, Germany, 
Jun. 2015 

[5] Clemente, C., Balleri, A., Woodbridge, K. and Soraghan, J. J., 
“Developments in target micro-Doppler signatures analysis: radar 
imaging, ultrasound and through-the-wall radar,” EURASIP Journal on 
Advances in Signal Processing, 47, Mar. 2013 

[6] Wood, T. M., “Tracking in dense clutter with the phd filter,” IMA 
Mathematics in Defence Conf., UK, Oct. 2009 

[7] Loh W-Y., “Classification and regression trees,” WIREs Data Mining 
Knowl Discov 1:14-23

 

 
15



DIRECTION FINDING ANTENNA ARRAYS WITH IMPROVED ACCURACY AND REDUCED
COMPLEXITY AND SIZE

Houcem Gazzah

Dept. of Electrical and Computer Engineering, University of Sharjah, UAE, hgazzah@sharjah.ac.ae.

ABSTRACT

It has been recently demonstrated that optimal sensor place-
ment can significantly improve target localization accuracy.
This improvement is even more exacerbated when using
arrays of directional sensors. However, the optimal array
configuration is hard to obtain, typically requiring a high-
complexity systematic search. In this paper, we propose a
plausible modification of the optimization criterion that re-
duces the dimension of the search area while maintaining
near-optimum performance.

Index Terms— Cramer Rao bounds, direction-of-arrival
estimation, Cardioid sensors

1. INTRODUCTION

Signal snapshots are collected in order to estimate the Direc-
tion of Arrival (DOA) of a far-field narrow-band source. Not
only the signal phase depends on the source DOA, but also
the amplitude, should the sensors be directional. Estimation
accuracy depends on the estimation algorithm, the array ge-
ometry and the source actual DOA. In the single source case,
most popular algorithms are comparable as they (asymptoti-
cally) achieve the Cramer-Rao Bound (CRB) [1], a widely ac-
cepted performance measure of theoretical and practical im-
portance [2]. For the sake of improving DOA estimation,
a new approach has proved to be effective. In fact, proper
sensor placement may improve performance significantly, as
shown by many recent studies. There, antenna array geome-
tries have been identified that exhibit lower CRB. This ap-
proach has been successfully applied to DOA estimation of
deterministic [3], random [4, 5], far-field [6] and near-field
sources [7].

Existing work has focused on arrays of omni-directional
sensors, as frequently assumed in the DOA literature. A first
attempt has been made in [8] to optimize the geometry of an
array of directional sensors and, hence, address more realis-
tic situations. Directional sensors translate into optimization
problems that are analytically untractable even in the two-
sensors case. Size is a critical design criterion for those sys-
tems, e.g. airborne and marine autonomous unmanned vehi-
cles [9, 10], that can accommodate only a very small number
of sensors.

In [8], it has been proved that: i) the two-sensor ar-
ray with adapted-geometry is comparable in performance
to larger-sized fixed-geometry arrays, and ii) the amount of
improvement increases with the sensor directivity. In this re-
gard, the practical limitation is the computational complexity
of the optimization procedure, for instance, a 3D systematic
search [8]. The present paper achieves a significant reduction
of the computation burden, as the dimension of the search
area is reduced from 3 to 2.

Such simplification is made possible thanks to a modi-
fication of the optimization criterion. Originally, the CRB
is used as a scalar-valued cost function. As it may be
DOA-dependent, focus has been brought onto the so-called
isotropic arrays, for which the CRB is the same at all look
directions. Unfortunately, it is not possible to design small-
sized isotropic arrays, not even the popular Uniform Circular
Arrays (UCA) [11]. In such case, a more suitable perfor-
mance criterion is the expected CRB (ECRB), which depends
on the DOA probabilistic distribution. Yet, CRB and ECRB
have complex expressions if sensors are directional. To
circumvent this difficulty, we adopt the (expected) Fisher
information, i.e. the inverse of the CRB, as our design per-
formance, one that leads to a closed-form expression of the
array orientation. At the same time, performance is close to
optimality, as confirmed through tests with arrays of cardioid
sensors irradiated by a source at an arbitrarily distributed
direction.

The paper is organized as follows. In Sec. 2, we intro-
duce the observation model and recall previous results. In
Sec. 3, an alternative criterion is proposed and the subsequent
optimization algorithm is developed. The so-optimized array
is calculated in Sec. 4 for a number of distributions, and its
performance compared to that of the ECRB-optimized array.
Finally, a conclusion is given in Sec. 5.

2. SIGNAL MODEL AND PREVIOUS RESULTS

A far-field source, characterized by DOA 𝜃 measured counter
clockwise from the 𝑥-axis, is emitting a narrow-band signal
𝑠(𝑡) at wavelength 𝜆 in the direction of an array of two sen-
sors. The first sensor is fixed at the origin 𝑂 while the second
sensor is placed at a distance 𝜌𝜆 from 𝑂, forming an angle
𝜙 with [𝑂, 𝑥) axis, 𝜌 and 𝜙 are yet to be determined. The
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two identical sensors have a DOA-dependent response 𝑔(𝜃)
so that orientations of the sensors are also to be determined.

We denote by 𝜓1, 𝜓2 and 𝜙 the respective orientations
of the first sensor, the second sensor and the sensor array, as
shown in Fig. 1. The geometrical optimization problem con-
sists in determining the best choice of the triplet 𝜙, 𝜓1 and
𝜓2, the remaining geometrical parameter 𝜌 is assumed to be
prefixed based on other antenna array design considerations,
more likely in order to jugulate inter-sensors mutual coupling
and array ambiguities.
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Fig. 1. Positions and orientations of the two directional sensors for
an arbitrarily-shaped sensor response 𝑔(𝜃).

DOA estimation is attempted from received signal snap-
shots, collected at time moments 𝑡1, .., 𝑡𝑁 , all of the form

x(𝑡) =

[
𝑔(𝜃 − 𝜓1)

𝑔(𝜃 − 𝜓2) exp [𝑗2𝜋𝜌 cos (𝜃 − 𝜙𝑚)]

]
𝑠(𝑡)+

[
𝑛1(𝑡)
𝑛2(𝑡)

]

(1)
where source signal 𝑠(𝑡) and noise snapshots 𝑛𝑖(𝑡) have re-
spective power 𝜎2

𝑠=̂E
[∣𝑠(𝑡)∣2] and 𝜎2

𝑛=̂E
[∣𝑛𝑖(𝑡)∣2

]
, 𝑖 =

1, 2. Under some regularity conditions [12], DOA local-
ization ability, for a source in the direction 𝜃, is described
by

CRB(𝜃) =
𝜎2
𝑛

2𝑁𝜎2
𝑠

𝐹−1(𝜃), (2)

where [8]

𝐹 (𝜃) =

[
𝑔′(𝜃−𝜓1)
𝑔(𝜃−𝜓1)

− 𝑔′(𝜃−𝜓2)
𝑔(𝜃−𝜓2)

]2
+ 4𝜋2𝜌2 sin2 (𝜃 − 𝜙)

1
𝑔2(𝜃−𝜓1)

+ 1
𝑔2(𝜃−𝜓2)

.

(3)
is known as the Fisher information. Notice that the above is
unchanged if 𝜙 is replaced by 𝜙+𝜋, or if (𝜓1, 𝜓2) is replaced
by (𝜓2, 𝜓1). So, we will assume that 𝜙 is in [0, 𝜋] and 𝜓2 ≥
𝜓1. When the source DOA is random, as assumed in this
paper, the array DOA estimation performance is more conve-
niently assessed through the so-called 𝐸𝐶𝑅𝐵=̂E [𝐶𝑅𝐵(𝜃)].

Minimization of E [1/𝐹 (𝜃)] is possible by systematic search,
thanks to the bounded nature of the investigated geometric
parameters 𝜙, 𝜓1 and 𝜓2, and may be affordable in a num-
ber of cases where the source DOA distribution remains un-
changed for some time. Optimal array configurations based
on this ECRB criterion have been reported in [8], along with
their performance, and so for the most frequent cases of uni-
form and normal distributions. For more general cases (e.g.
weighted sums of normal distributions), it is worth reducing
the complexity of such a procedure. This objective is achieved
in the next section, at the expense of optimality, but not dra-
matically so.

3. AN ALTERNATIVE OPTIMIZATION CRITERION

Instead of minimizing the ECRB, i.e. minimizing E [1/𝐹 (𝜃)],
we propose to maximize E [𝐹 (𝜃)], following the intuition that
the so-optimized array geometric configuration will achieve
an ECRB close to the lowest possible ECRB. Hence, we will
be opposing

(Ψ†
1,Ψ

†
2,Φ

†) = argmin E

[
1

𝐹 (𝜃)

]

to
(Ψ1,Ψ2,Φ) = argmax E [𝐹 (𝜃)] .

In order to preserve optimality, the geometric unknowns
are determined by systematic search. While, for the former
physically-relevant criterion, this search is over a 3D region
[8], for the latter criterion dimensionality is reduced to 2D, as
we will show promptly.

Complexity-wise, considering E [𝐹 (𝜃)] allows for an easy
derivation of the optimal value of 𝜙. In fact, the adhoc crite-
rion E [𝐹 (𝜃)] is given by

𝐼0 − 2𝜋2𝜌2 [cos (2𝜙) 𝐼1 + sin (2𝜙) 𝐼2] (4)

where

𝐼0 = E

⎡
⎢⎣
[
𝑔′(𝜃−𝜓1)
𝑔(𝜃−𝜓1)

− 𝑔′(𝜃−𝜓2)
𝑔(𝜃−𝜓2)

]2
+ 2𝜋2𝜌2

1
𝑔2(𝜃−𝜓1)

+ 1
𝑔2(𝜃−𝜓2)

⎤
⎥⎦ (5)

𝐼1 = E

[
cos (2𝜃)

1
𝑔2(𝜃−𝜓1)

+ 1
𝑔2(𝜃−𝜓2)

]
(6)

𝐼2 = E

[
sin (2𝜃)

1
𝑔2(𝜃−𝜓1)

+ 1
𝑔2(𝜃−𝜓2)

]
(7)

We can assume that, for arbitrarily distributed DOA, 𝐼1 is
non-zero with probability one. Hence, it becomes obvious
that, at optimality, we have

tan (2𝜙) =
𝐼2
𝐼1
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so that 𝜙 = 1
2 arctan

(
𝐼2
𝐼1

)
in ] − 𝜋/4, 𝜋/4[, or 𝜙 =

1
2 arctan

(
𝐼2
𝐼1

)
+ 𝜋

2 in ]𝜋/4, 3𝜋/4[. We can also write that

cos(2𝜙) = 𝜂𝐼1/
√

𝐼21 + 𝐼22 and sin(2𝜙) = 𝜂𝐼2/
√

𝐼21 + 𝐼22 ,
for some sign parameter 𝜂 = ±1, yet to be determined. This
being replaced in (4), we realize that we have to maximize
the following function of 𝜓1 and 𝜓2

Γ = 𝐼0 − 2𝜂𝜋2𝜌2
√

𝐼21 + 𝐼22

In regard of the above, and assuming the probability den-
sity function (PDF) of 𝜃 is known, steps of the optimization
algorithm are as follows

1. Set Γ to zero.

2. Determination of Ψ1 and Ψ2:

(a) For 𝜓1 spanning 0, . . . , 2𝜋,

i. For 𝜓2 spanning 𝜓1, . . . , 2𝜋,

A. Evaluate 𝐼0, 𝐼1 and 𝐼2 as shown in (5),
(6) and (7), respectively.

B. Calculate 𝛾 = max{𝐼0+2𝜋2𝜌2
√

𝐼21 + 𝐼22 ,

𝐼0 − 2𝜋2𝜌2
√

𝐼21 + 𝐼22}.
C. If 𝛾 > Γ, then set Γ = 𝛾, Ψ1 = 𝜓1 and

Ψ2 = 𝜓2.

3. Determination of Φ:

(a) Repeat step 2(a)iA with 𝜓1 = Ψ1 and 𝜓2 = Ψ2.

(b) If 𝐼0 +2𝜋2𝜌2
√

𝐼21 + 𝐼22 > 𝐼0− 2𝜋2𝜌2
√

𝐼21 + 𝐼22 ,
then set 𝜂 = −1. Otherwise, set 𝜂 = 1.

(c) If 𝜂𝐼1 > 0, then set Φ = 1
2 arctan

(
𝐼2
𝐼1

)
.

Otherwise, set Φ = 1
2 arctan

(
𝐼2
𝐼1

)
+ 𝜋

2 .

4. VALIDATION

In order to compare the proposed adhoc criterion to the orig-
inal ECRB-based criterion, we consider arrays of cardioid-
type sensors, frequently used in acoustic systems [13]. They
exhibit a directional response of the form:

𝑔(𝜃) = 𝑔0[1 + 𝛽 cos(𝜃)], (8)

characterized by constant 𝑔0 and, more importantly, by pa-
rameter 𝛽 that controls the sensor directivity. We update (5)-
(7) by introducing 𝐼†𝑘=̂𝐼𝑘/𝑔

2
0 , for 𝑘 = 1, 2 and 3, obtained

as

𝐼†0 = E {
𝛽2
[

sin(𝜃−𝜓1)
1+𝛽 cos(𝜃−𝜓1)

− sin(𝜃−𝜓2)
1+𝛽 cos(𝜃−𝜓2)

]2
+ 2𝜋2𝜌2

1
[1+𝛽 cos(𝜃−𝜓1)]

2 + 1
[1+𝛽 cos(𝜃−𝜓2)]

2

⎫
⎬
⎭

(9)
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Fig. 2. Compared performance (a) and shape (b) of the two-sensor
arrays for a zero-mean normally distributed source DOA with a stan-
dard deviation as shown along the horizontal axis. Sensors are such
that 𝛽 = 0.4.

𝐼†1 = E

[
cos (2𝜃)

1
[1+𝛽 cos(𝜃−𝜓1)]

2 + 1
[1+𝛽 cos(𝜃−𝜓2)]

2

]
(10)

𝐼†2 = E

[
sin (2𝜃)

1
[1+𝛽 cos(𝜃−𝜓1)]

2 + 1
[1+𝛽 cos(𝜃−𝜓2)]

2

]
(11)

Obviously, the optimization procedure remains unchanged
if we replace 𝐼1, 𝐼2 and 𝐼3 in (5), (6) and (7), by 𝐼†1 , 𝐼†2 and
𝐼†3 , respectively. At the same time, the optimization proce-
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Fig. 3. Compared performance (a) and shape (b) of the two-sensor
arrays for a zero-mean normally distributed source DOA with a stan-
dard deviation as shown along the horizontal axis. Sensors are such
that 𝛽 = 0.8.

dure (and the subsequent array geometries) become solely
dependent on the directivity parameter 𝛽.

The near-optimum two-sensor array (optimized based
on the adhoc criterion) is compared to the optimum two-
sensor array (optimized based on the ECRB), and to the
non-optimized fixed-geometry UCAs of 3 and 4 sensors.
Sensors are spaced by half-a-wavelength in order to combat
array ambiguities [14]. Orientations of the UCA sensors are
fixed such that the main lobe is directed outwards [8, 15].

These direction finding arrays are compared based on the

physically-relevant ECRB-based cost 𝐶=̂
2𝑔20𝑁𝜎

2
𝑠

𝜎2
𝑛

ECRB. For
the two-sensor array, we have

𝐶 =
∫ 𝜋
−𝜋{

1
[1+𝛽 cos(𝜃−𝜓1)]

2 + 1
[1+𝛽 cos(𝜃−𝜓2)]

2

}
𝑓(𝜃)

𝛽2
[

sin(𝜃−𝜓1)
1+𝛽 cos(𝜃−𝜓1)

− sin(𝜃−𝜓2)
1+𝛽 cos(𝜃−𝜓2)

]2
+4𝜋2𝜌2 sin2 (𝜃−𝜙)

𝑑𝜃.

Expressions of 𝐶 for UCAs of different sizes can be found in
[8].

The optimization problem depends on the DOA PDF. In
Fig. 2 and Fig. 3, where 𝛽 is successively equal to 0.4 and
0.8, we illustrate results for a zero-mean normally distributed
DOA, as function of the distribution’s standard deviation. We
realize that the adhoc criterion performs closely to the opti-
mum for low-to-moderate DOA uncertainty (expressed here
by the standard deviation), as shown in Fig. 2(a) and Fig.
3(a). On the contrary, as illustrated in Fig. 2(b) and Fig. 3(b),
the two competing arrays have different behaviors when un-
certainty increases. On one hand, the adhoc criterion invari-
ably points two sensors at the direction of the most probable
DOA, regardless of how uncertain it is. On the other hand,
the optimum criterion manages to take benefit from the uncer-
tainty (i.e. from the prior) by pointing the two sensors away
from the most probable DOA as this direction becomes less
and less sure. On the positive side, the adhoc criterion always
succeeds to deliver the optimum array direction 𝜙. Also to
be concluded from the comparison between Fig. 2 and Fig.
3, the adhoc criterion is closer to optimality when sensors are
more directive.

In Fig. 4, we intend to evaluate the performance of the
adhoc criterion in a more general scenario where the DOA
PDF is given by

𝑓(𝜃) =
exp

[
− (𝜃−Ω)2

2𝜎2

]
+ exp

[
− (𝜃+Ω)2

2𝜎2

]

2𝜎
√

2𝜋
.

We set 𝜎 = 10 [DEG] and let Ω span the range [10, 90]
[DEG], in order to check the potential of the adhoc criterion
in arbitrary situations. It is clear from Fig. 4 that a worst
case scenario happens when the two possible look directions
are (close to be) orthogonal. Otherwise, near optimum per-
formance can be achieved.
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Fig. 4. Performance comparison for a source PDF characterized by
two possible look directions ±Ω, with Ω = 10, 20, . . . , 90 [DEG].
Sensors are such that 𝛽 = 0.4 (dotted line) and 𝛽 = 0.8 (solid line).

5. CONCLUSION

In the context of DOA estimation using an array of two
directional sensors, the Fisher information has a simpler an-
alytical expression than the CRB and serves as the basis of
a new design criterion to determine best locations and ori-
entations of the sensors. The source DOA being randomly
distributed, maximizing the average Fisher information is
not, strictly speaking, equivalent to minimizing the averaged
CRB. In practice, it is close to be the case. The moderate
loss of optimality is compensated by a drastic simplification
of the optimization procedure. A systematic search involves
a 2D search region instead of the 3D region required by the
CRB-based criterion.
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Abstract— Radar performance is strongly dependent on the
transmitted waveform and its parameters which must be adapted
to the surrounding environment, radar mission, goal, and task.
Waveform diversity is a relatively new paradigm involving a
continuous variation and adaptation of the transmitted signal
to dynamically optimize the radar performance and fulfill the
more and more stressing requirements. In this context, cognitive
radar waveform design in spectrally dense environments is a
very challenging and topical problem. This paper deals with the
synthesis of signals optimizing radar capabilities while satisfying
spectral compatibility constraints. Specifically, the design of radar
waveforms, sharing appealing features and ensuring spectral co-
existence with other Radio Frequency (RF) systems, is introduced
and discussed according to a rigorous framework.

I. INTRODUCTION

The Radio Frequency (RF) electromagnetic (e.m.) spectrum
is a limited natural resource necessary for an ever-growing
number of services and systems. It is used in several appli-
cations, such as mobile communications, radio and television
broadcasting, as well as remote sensing. Indeed, both high-
quality/high-rate wireless services (4G and 5G) as well as
accurate and reliable remote-sensing capabilities (Air Traffic
Control (ATC), geophysical monitoring of Earth, defense and
security applications) call for increased amounts of bandwidth
[1], [2]. Besides, basic e.m. considerations, such as good
foliage penetration [3], low path loss attenuation, reduced size
of the devices push some systems to coexist in the same
frequency band [4] (for instance VHF and UHF). As a result,
the RF spectrum congestion problem has been attracting the
interest of many scientists and engineers during the last few
years and is currently becoming one among the hot topics in
research field [5], [6].

A plethora of papers have addressed the problem of de-
signing radar waveforms with a smart frequency allocation
[7], so as to control the interference brought on overlayed
wireless networks (communication and navigation systems),
while enhancing radar performance requirements in terms of
range-Doppler resolution, low range and Doppler sidelobes,
detection, and tracking capabilities. In [8], a waveform design
technique is introduced to confer some desired spectral nulls
to the radar signal. The idea is to perturb a stepped frequency
modulated pulse forcing an additional fast time polyphase

code. The approach is extended in [9] to the case of continuous
phase waveforms that place nulls at specific frequencies. An
alternate projection algorithm for the construction of chirp-
like constant-modulus signals with a single spectral null is
proposed in [10], whereas in [11] its extension, addressing
the production of multiple notches, is established. In [12],
a fast coding technique based on alternate projections and
successive fast Fourier transforms is developed to obtain sparse
waveforms with a controlled Peak Sidelobe Level (PSL). In
[13] and [14], sparse frequency constant modulus radar signals
with a low Integrated Sidelobe Level (ISL) are built optimizing
a suitable combination between the ISL metric and a penalty
function accounting for the waveform frequency allocation.
Finally, in [15], a spectrum-centric signal design is developed
based on the minimization of the transmitted energy on a
set of disjoint stop-band frequencies under a unimodularity
constraint and AutoCorrelation Function (ACF) masking.

In this paper, cognitive procedures are proposed to de-
vise radar waveforms that exhibits desirable spectral features
(ensuring coexistence with overlayed wireless networks) and
optimize radar detection performance. It is supposed that
the radar system has the ability to predict the behaviour of
surrounding licensed radiators, for instance using a Radio
Environmental Map (REM), [16], containing geographical
features, information on available wireless services as well
as locations and activities of wireless transmitters. More in
details, the described design techniques consider as figure
of merit the Signal to Interference plus Noise Ratio (SINR)
and optimize the transmitted radar waveform constraining the
amount of interference energy on crowded/reserved frequency
bands. Specifically, both global and local spectral compatibil-
ity requirements are considered at the design stage. To manage
some relevant features of the radar probing signal, in addition
to a requirement on the maximum radiated energy, a similarity-
like constraint is enforced on the transmit sequence. By doing
so, a control of some significant waveform characteristics, such
as range-Doppler resolution, variations in the signal modu-
lus, ISL, and PSL is provided. Hence, algorithms to devise
optimized radar waveforms complying with the considered
constraints are presented. Finally, some interesting case studies
are reported highlighting the trade-off among the achievable
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SINR, spectral shape, and ACF features of the synthesized
waveforms.

The remainder of the paper is organized as follows. In
Section II, the model for the radar transmitted signal and
the description of coexisting wireless systems are reported.
In Section Section III, the constrained optimization problems
for waveform design under either global or local spectral
compatibility requirements are formulated and studied. In
Section IV, the performance of the considered techniques is
illustrated. Finally, Section V is devoted to conclusions and
proposals for possible future research tracks.

II. SYSTEM MODEL

Let 𝑐(𝑡) be the baseband equivalent of the transmitted radar
pulse modeled as the superposition of 𝑁 linearly modulated
unitary energy sub-pulses. The code element associated with
the 𝑖-th sub-pulse is denoted1 by 𝑐(𝑖) whereas the vector
𝒄 = [𝑐(1), . . . , 𝑐(𝑁)]𝑇 ∈ ℂ

𝑁 represents the fast-time radar
code. The waveform at the receiver end is down-converted to
baseband, undergoes a sub-pulse matched filtering operation,
and then is sampled. As a result, the 𝑁 -dimensional column
vector 𝒗 = [𝑣(1), . . . , 𝑣(𝑁)]𝑇 ∈ ℂ

𝑁 of the fast-time observa-
tions from the range-azimuth cell under test can be modeled
as

𝒗 = 𝛼𝑇 𝒄+ 𝒏, (1)

with 𝛼𝑇 a complex parameter accounting for channel prop-
agation and backscattering effects from the target within the
range-azimuth bin of interest and 𝒏 the 𝑁 -dimensional col-
umn vector containing the filtered disturbance signal samples,
which is modeled as a complex, zero-mean, circularly sym-
metric Gaussian random vector with covariance matrix 𝑴 =
𝔼[𝒏𝒏†]. As to the licensed radiators coexisting with the radar
of interest, it is supposed that each of them is operating over a
frequency band Ω𝑘 =

[
𝑓𝑘1 , 𝑓

𝑘
2

]
, 𝑘 = 1, . . . ,𝐾, where 𝑓𝑘1 and

𝑓𝑘2 denote the lower and upper normalized frequencies for
the 𝑘-th system, respectively. To ensure spectral compatibility
the radar has to properly shape its transmit waveform to
manage the amount of interfering energy produced on the
shared frequency bandwidths. Specifically, the energy radiated
on the 𝑘-th band can be essentially evaluated as

∫ 𝑓𝑘
2

𝑓𝑘
1

𝑆𝑐 (𝑓) 𝑑𝑓 = 𝒄†𝑹𝑘
𝐼𝒄, (2)

where 𝑆𝑐 (𝑓) =
∣∣∣∑𝑁

𝑛=1 𝒄(𝑛)𝑒
−𝑗2𝜋𝑓𝑛

∣∣∣
2

is the Energy Spec-

tral Density (ESD) of the fast-time code 𝒄 and ∀(𝑚, 𝑙) ∈
{1, . . . , 𝑁}2

1We adopt the notation of using boldface for vectors 𝒂 (lower case), and
matrices 𝑨 (upper case). The 𝑛-th element of 𝒂 and the (𝑚, 𝑙)-th entry
of 𝑨 are respectively denoted by 𝑎(𝑛) and 𝑨(𝑚,𝑛). The transpose and
the conjugate transpose operators are denoted by the symbols (⋅)𝑇 and (⋅)†
respectively. ℂ𝑁 and ℍ𝑁 are respectively the sets of 𝑁 -dimensional vectors
of complex numbers and 𝑁 ×𝑁 Hermitian matrices. 𝑨 ર 0 means that 𝑨
is a positive semidefinite matrix. 𝑰 denotes the identity matrix. The Euclidean
norm of the vector 𝒙 is denoted by ∥𝒙∥ whereas the modulus of the complex
number 𝑥 is denoted with ∣𝑥∣. The letter 𝑗 represents the imaginary unit (i.e.
𝑗 =

√−1), while the letters 𝑖 and 𝑘 often serve as indexes. 𝔼 [⋅] denotes the
statistical expectation.

𝑹𝑘
𝐼 (𝑚, 𝑙) =

⎧
⎨
⎩

𝑓𝑘2 − 𝑓𝑘1 𝑚 = 𝑙

𝑒𝑗2𝜋𝑓
𝑘
2 (𝑚−𝑙) − 𝑒𝑗2𝜋𝑓𝑘

1 (𝑚−𝑙)

𝑗2𝜋(𝑚− 𝑙) 𝑚 ∕= 𝑙

. (3)

Thus, denoting by 𝐸𝑘𝐼 , 𝑘 = 1, . . . ,𝐾, the acceptable level of
disturbance on the 𝑘-th bandwidth, that is related to the quality
of service required by the 𝑘-th telecommunication network, the
interference energy produced on the shared frequency band-
widths can be controlled forcing the transmitted waveform to
comply with one of the following conditions

∙ global design constraint

𝐾∑
𝑘=1

𝑤𝑘𝒄
†𝑹𝑘

𝐼𝒄 ≤ 𝐸𝐼 ; (4)

∙ local design constraint

𝒄†𝑹𝑘
𝐼𝒄 ≤ 𝐸𝑘𝐼 , 𝑘 = 1, . . . ,𝐾 . (5)

where 𝐸𝐼 =
∑𝐾
𝑘=1𝑤𝑘𝐸

𝑘
𝐼 and 𝑤𝑘 ≥ 0, 𝑘 = 1, . . . ,𝐾, specific

weights. According to (4), a constraint on the global injected
interference energy is forced [17]. In this case, different
importance can be given to the coexisting wireless networks,
for instance based on their distance from the radar and their
tactical importance (i.e. navigation systems, military com-
munications, public services, etc), appropriately choosing the
coefficients. As to (5), a local control of the interference energy
produced on each shared frequency bandwidth is pursued [18].
Remarkably, the REM represents the key instrument to gain
the spectrum awareness required to force either the constraint
(4) or (5).

III. PROBLEM FORMULATION AND CODE DESIGN

In this section, waveform design techniques that attempts
to enhance the target detection probability while controlling
both the amount of interfering energy produced in the licensed
bands and some desirable features of the transmitted waveform
is introduced. The figure of merit is the SINR defined as

SINR = ∣𝛼𝑇 ∣2𝒄†𝑹𝒄 , (6)

To control some relevant features of the probing signal, other
than an energy requirement (∥𝒄∥2 ≤ 1), a similarity-like
constraint is enforced on the transmit sequence, i.e., ∥𝒄 −
𝛼𝑐0𝒄0∥2 ≤ 𝜖, where the parameter 0 ≤ 𝜖 ≤ 1 rules the size
of the trust hypervolume, 𝒄0 is a suitable reference code, and
𝛼𝑐0 , with ∣𝛼𝑐0 ∣2 ≤ 1, enables the modulation of the reference
code energy.

The degree of freedom given by 𝛼𝑐0 allows to center the
trust hypervolume along the reference code direction (i.e., in
𝛼𝑐0𝒄0) according to the actual radar signal energy ∥𝒄∥2. As
a result, a similarity between the sought radar code and the
signature of the reference code is enforced. Interestingly, when
∥𝒄∥2 = 1 this constraint is equivalent to the conventional
similarity. Notice that several reasons motivate its use [19]: an
unconstrained optimization can lead to signals with significant
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modulus variations, poor range resolution, high peak sidelobe
levels, and more generally with an undesired ambiguity func-
tion shape. These drawbacks can be partially circumvented
forcing the solution to be similar to the signature of a known
code 𝒄0 (∥𝒄0∥2 = 1), which shares some nice properties such
as constant modulus and reasonable peak sidelobe level.

In line with the two different spectral compatibility require-
ments (4) and (5), the waveform design problem of interest
can formulated as

𝒫𝑖

⎧
⎨
⎩

max
𝒄∈ℂ𝑁 ,𝛼𝑐0

∈ℂ

𝒄†𝑹𝒄

s.t. ∥𝒄∥2 ≤ 1

𝒄 ∈ ℋ𝑖
∥𝒄− 𝛼𝑐0𝒄0∥2 ≤ 𝜖
∣𝛼𝑐0 ∣2 ≤ 1

, 𝑖 = 1, 2, (7)

where

ℋ1 =

{
𝒄 ∈ ℂ

𝑁 :
𝐾∑
𝑘=1

𝑤𝑘𝒄
†𝑹𝑘

𝐼𝒄 ≤ 𝐸𝐼
}

ℋ2 =
{
𝒄 ∈ ℂ

𝑁 : 𝒄†𝑹𝑘
𝐼𝒄 ≤ 𝐸𝑘𝐼 , 𝑘 = 1, . . . ,𝐾

}
.

(8)

A. Global Design Solution Technique

In this section Problem 𝒫1, which accounts for a global
constraint about the spectral compatibility requirements, is
studied. This design problem can be solved resorting to the
analytical framework developed in [17], recasting it as a
Quadratically Constrained Quadratic Programming (QCQP)
problem which is, in general, difficult to solve [20], [21].
Hence, some hidden convexities can be exploited to compute
the transmit signal maximizing the SINR with a polynomial
complexity [17]. From a technical point of view 𝒫1 is equiv-
alent to a SemiDefinite Programming (SDP) convex problem
whose optimal solution 𝑪★ allows the design of 𝒄★ by means
of a specific rank-one decomposition procedure [21]. Figure 1
summarizes the main steps involved in the optimal design.

Fig. 1: Block scheme of the optimization procedure leading to the optimal
transmit code for the global design.

B. Local Design Solution Technique

In this section Problem 𝒫2, accounting for local spectral
compatibility constraints is considered. In [18], it is shown
that 𝒫2 is a non-convex QCQP problem and, unlike 𝒫1 which
is hidden convex, it belongs to the class of NP-hard problems
[22] due to the presence of multiple spectral constraints.

Hence, a procedure based on the SemiDefinite Relaxation
(SDR) and randomization paradigm [22] is developed to
synthesize in polynomial time solutions with quality guarantee.
The main idea is to explore the one-dimension subspaces
contained in the range span of the optimal solution to the SDP
relaxation [18]. Figure 2 summarizes the main steps involved
in the optimization algorithm.

Fig. 2: Block scheme of the optimization procedure leading to the optimized
transmit code ensuring local control on the radiated interfering energy.

IV. PERFORMANCE ASSESSMENT

The performance of the proposed waveform design tech-
niques are now shown in terms of achievable SINR value,
spectral shape, autocorrelation features, and transmitted en-
ergy. Hereafter, a radar whose baseband equivalent transmitted
signal has a two-sided bandwidth of 810 kHz (corresponding
to a sampling frequency of 𝑓𝑠 = 810 kHz) is considered.
Additionally, the interference is composed of unlicensed nar-
rowband continuous jammers, white interference, and licensed
coexisting telecommunication networks spectrally overlaid to
the radar of interest. The disturbance covariance matrix is
modeled as

𝑴 = 𝜎0𝑰 +

𝐾∑
𝑘=1

𝜎𝐼,𝑘
Δ𝑓𝑘

𝑹𝑘
𝐼 +

𝐾𝐽∑
𝑘=1

𝜎𝐽,𝑘𝑹𝐽,𝑘, (9)

where 𝐾 = 7 is the number of licensed radiators; 𝐾𝐽 = 2
is the number of active and unlicensed narrowband jammers;
Δ𝑓𝑘 = 𝑓𝑘2 − 𝑓𝑘1 is the bandwidth associated with the 𝑘-
th licensed radiator, for 𝑘 = 1, . . . ,𝐾; 𝜎0dB = 0 dB is
the thermal noise level; 𝜎𝐼,𝑘 accounts for the energy of the
𝑘-th coexisting telecommunication network operating on the
normalized frequency band [𝑓𝑘1 , 𝑓

𝑘
2 ] (𝜎𝐼,𝑘dB

= 10 dB, 𝑘 =
1, . . . ,𝐾); 𝜎𝐽,𝑘, 𝑘 = 1, . . . ,𝐾𝐽 , accounts for the energy of
the 𝑘-th active jammer (𝜎𝐽,1dB

= 40 dB, 𝜎𝐽,2dB
= 50 dB);

𝑹𝐽,𝑘 is the normalized disturbance covariance matrix of the
𝑘-th active unlicensed jammer, defined as

𝑹𝐽,𝑘 = 𝒓𝐽,𝑘𝒓
†
𝐽,𝑘 , 𝑘 = 1, . . . ,𝐾𝐽 ,

with 𝑟𝐽,𝑘(𝑛) = 𝑒𝑗2𝜋𝑓𝐽,𝑘𝑛/𝑓𝑠 , where 𝑓𝐽,𝑘 denotes the Doppler
shift of the 𝑘-th jammer (𝑓𝐽,1/𝑓𝑠 = 0.7, and 𝑓𝐽,2/𝑓𝑠 = 0.75).

As to the overlayed and foreseen telecommunication sys-
tems spectrally coexisting with the radar of interest we con-
sider the following normalized baseband equivalent radar stop-
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bands [23]

Ω1 = [0.0000, 0.0617], Ω2 = [0.0988, 0.2469],

Ω3 = [0.2593, 0.2840], Ω4 = [0.3086, 0.3827],

Ω5 = [0.4074, 0.4938], Ω6 = [0.5185, 0.5556],

Ω7 = [0.9383, 1.0000].

(10)

Additionally, we consider 𝐸𝑘𝐼 dB = 10 log10(𝐸
𝑘
𝐼 ) = −20 dB

for 𝑘 ∕= 3, 6 and 𝐸𝑘𝐼 dB = −30 dB for the other frequency
bands.

Concerning the reference code 𝒄0, we employ a unitary
norm Linear Frequency Modulated (LFM) pulse with a dura-
tion of 200 𝜇s and a chirp rate 𝐾𝑠 = (750×103)/(200×10−6)
Hz/s which corresponds to 𝑁 = 162 samples due to the
considered sampling frequency. Finally, as to the global design
we consider 𝐸𝐼 =

∑7
𝑘=1𝐸

𝑘
𝐼 and 𝑅𝐼 =

∑7
𝑘=1𝑅

𝑘
𝐼 .

In Figure 3, the normalized (to ∣𝛼𝑇 ∣2) SINR and the
transmitted energy versus 𝜖 for the waveforms synthesized
according to the local design and the global design are
shown. As expected, regardless of the design technique, the
higher 𝜖 the better the detection performance. Besides, the
two approaches provide similar SINR values and essentially
achieve the same performance level for 𝜖 high enough.

(a) Normalized SINR versus 𝜖.

(b) Code energy versus 𝜖.

Fig. 3: Comparison between global and local design in terms of normalized
SINR and code energy.

In Figure 4, the ESD and the squared modulus of the
normalized (to the peak value) ACF of the codes synthesized
through both the design strategies, assuming 𝜖 = 0.31,
are reported. For comparison purposes the behaviour of the
reference code 𝒄0 is displayed too. In Figure 4(a), the stop-
bands where the licensed systems are located are shaded in
light gray. The curves highlight the capability of the local
design to perform a fine control of the amount of interference
energy produced over the shared frequency bandwidths. In

fact, unlike the global design that shares a flat ESD in the stop-
bands, the code synthesized using the local design exhibits
a spectral behaviour which closely follows the local spectral
compatibility requirements. In fact, within the third and sixth
stop-bands the ESD is lower than that in the others. Moreover,
in Ω4 and Ω5 a higher ESD than in Ω2 is observed. In
a nutshell, the results clearly show the capability of the
local design to grant the necessary quality of service to the
overlayed radiators. Interestingly, the ACF obtained using the
local and the global design share similar features as both
satisfy the same similarity constraint.

(a) ESD versus normalized frequency.

(b) Squared modulus of ACF versus delay bin.

Fig. 4: Comparison between global and local design in terms of ESD and
ACF considering 𝜖 = 0.31.

In Figure 5, the behaviour of the codes synthesized through
𝒫2 (in terms of ESD and normalized ACF) is reported for the
three values of epsilon (𝜖 = 0.001, 0.322, 0.584). As expected,
the code for 𝜖 = 0.001 is almost aligned with 𝒄0. Moreover,
it can be observed that increasing the similarity parameter
𝜖 smarter and smarter distributions of the useful energy are
achieved. Indeed, an enhancement of the unlicensed jammer
rejection as well as a possible reduction of the radar emission
in correspondence of the shared frequencies is obtained. This
is in agreement with the SINR trend of Figure 3(a). Finally,
inspection of Figure 5(b) highlights that better SINR values
and interference rejection are traded-off with worse and worse
range resolutions and/or ISLs/PSLs.

V. CONCLUSIONS

This paper has considered the cognitive design of radar
waveforms in a spectrally crowded environment where some
frequency bands are shared among the radar and other
telecommunication systems.

Either global and local spectral compatibility requirements
have been considered at the design stage. Hence, polynomial
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(a) ESD versus normalized frequency.

(b) Squared modulus of ACF versus delay bin.

Fig. 5: Local design results in terms of ESD and ACF.

computational complexity solution procedures have been de-
scribed to synthesize optimized radar waveforms. The perfor-
mance of the synthesized signals has been analyzed studying
the tradeoff among the achievable SINR, spectral shape, ACF
features, and radiated energy. Remarkably, the local constraint
approach is able to ensure a precise control on the interference
energy induced on each shared/reserved bandwidth at the price
of a slight performance reduction.

Possible future research tracks might concern the develop-
ment of robust frameworks to contrast transmitter impurities
and the cognitive fully exploitation of the available multiple
dimensions, i.e., spatial, temporal, and polarizations [24]–
[26], to further improve system performance. Besides, it could
be interesting to extend the local approach to account for
unimodular waveforms (which is tantamount to introducing
additional non-convex constraints) and signal-dependent in-
terference (implying that the objective function is no longer
quadratic) [27].
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Abstract—Based on the background of radar target detection 
and recognition of space precession targets, an experimental 
study on full-polarization micro-Doppler of those targets is 
introduced. The wide-band scattering properties of space 
precession targets are analyzed, and then the theoretical full-
polarization micro-Doppler models are proposed. The scenario of 
the experiment is introduced, and the measured data are 
analyzed, and then the differences of full-polarization micro-
Doppler of different scattering structures can be observed during 
precession. 

Keywords—Target Recognition; Precession; Microwave 
Anechoic Chamber; Micro-Doppler; Polarization; Wide Band 

I.  INTRODUCTION  

Along with the improvement of radar measurement and 
modern signal processing, the description of target details, 
especially the precise description of the target’s motion state 
and construction has become a research hotspot of radar 
detection. 

Normally micro-motion is defined as the whole or parts of 
target’s micro motion such as vibration, rotation and coning 
except translational motion[1][2]. Micro-motion is decided by the 
physical property such as the distribution feature of the target’s 
mass and the dynamic characteristics, which can be regarded as 
the inherent motion forms. Micro-motion  makes it possible to 
extract the target’s features relating to physical property, which 
provides a novel path to non-cooperative target’s detection and 
recognition[3][4]. 

Modern radar system is moving towards the ability of wide-
band, full-polarization and coherent measurement, and 
provides an efficient tool for richer target information 
measurement. On the background of space precession target 
measurement, this paper aims to research the dynamical 
scattering properties of space precession targets by way of 
microwave anechoic chamber experiment. Based on the wide-
band measurement experiment[5], the full-polarization micro-
Doppler property of the space precession target is further 
analyzed, which supports the research of ballistic target 
recognition in midcourse for microwave radar. 

II. WIDE-BAND SCATTERING PROPERTIES OF SPACE PRECESSION 

TARGETS 

In high-frequency area, the total electromagnetic scattering 
can be seen as the composition of the electromagnetic 
scattering of some parts, and this special scattering point is 

defined as the equivalent scattering center[6]. For typical space 
precession target, the scattering mechanism of its nose cone is 
hyperboloid specular reflection, the equivalent scattering center 
slides with the change of the incidence direction[6]. And in 
some warhead designs the radius of the nose cone is small that 
the sliding can be ignored, in other words the equivalent 
scattering center can be seen to be fixed. The scattering 
mechanism of its torus is borderline diffraction[7], and its 
equivalent scattering center is the cross point of the incidence 
plane and the edge[6]. 

Considering the flat cone cylinder warhead, shown as Fig 1, 
when the radar line of sight losR  illuminates along the included 
angle with the cone axis β , a borderline scattering center will 
be formed at the joint part of the edge of the bottom and the 
cone-cylinder. The points B, C, D marked in figure 1 is the 
cross points of the incident plane and the edge of the two rings, 
and it is also the location of the borderline scattering center at 
the missile body, which can be strictly demonstrated using the 
method of equivalent currents[8]. Considering the shadowing 
effects, only one scattering center is formed at the edge of the 
bottom. Besides, when β  is larger than the semi-cone angle, 
the scattering center at C will not exist. During the precession 
of the warhead, the target’s symmetry axis will change, and 
then causing the change of the incident plane, therefore the 
scattering center will slide along the ring, not fixed. 

losR

1Π

2Π
 

Fig 1. Equivalent scattering center of the precession target 
In warhead designs, common structure of both the nose 

cone and rings is rotational symmetry. For this structure, the 
illuminated parts changes when the target circles around the 
symmetry axis, however the key factor determining the echo 
such as the surface shape and the medium doesn’t change. 
Although the surface flow field of the electromagnetic wave 
affects the echo, its action time is short, usually several 
microseconds, therefore the scattering field can be regarded 
fixed. In this case, the scattering center of the warhead’s main 
body will not change with the target spin, so the coning is the 
main influence of the precession. 
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III. FULL-POLARIZATION MICRO-DOPPLER MODEL OF THE 

SPACE PRECESSION TARGET 

As shown in Fig 2, precession is constituted by two parts, 
one is the spin circling the missile body’s symmetry axis 
Oz with the angular velocity rω , and the other is the coning 

circling the precession axis OZ  with the angular velocity pω . 

The included angle θ  between OZ and Oz  is the precession 
angle. 

In Fig 2, R is the radar’s position, O  is the target’s center 
of mass, OX  is in the plane formed by OZ  and OR , vertical 
to OZ  and forming an acute angle with OR . OY , OX and 
OZ  form a right-handed coordinate system, and call OXYZ  
the reference coordinate system. Ox  is in the plane formed by 
OZ  and Oz , vertical to Oz  and forming an obtuse angle with 
OZ . Oy , Ox  and Oz  form a right-handed coordinate 
system, and call Oxyz  the local coordinate system. At initial 
time, the included angle of the projection of Oz  at OXY plane 
and OX  is ϕ . The included angle β  of OR and OZ  is 
called the average aspect angle, and The included angle γ  of 
OR  and Oz is called the incident angle. 

θ

ϕ

β

pω

O

o′

rω

tR
0R

γ

 

Fig 2. Precession model 
Assume that there exists a scattering center p  in the 

missile body, and tR  is the distance between radar R  and the 
scattering center p . Radar transmits the pulse signal with the 

frequency 0f . The slow-time echo can be written as 

 0
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is the polarization scattering matrix at t . 

According to the geometrical relationship, to an ideal 
scattering center which has fixed polarization scattering matrix 
and location at the missile body, assuming its coordinate in the 
local coordinate system is ( , , )x y z , its distance to the radar is 
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And the echo’s Doppler frequency of a single polarization 
channel ( , ; , )ij i H V j H V= =  is 
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To the scattering center of the nose cone, assume the 
coordinate of its top in the local coordinate system is (0,0, )z , 
and the distance to the radar is  

 0 cos cos sin sin sin( )t p tR R z z t Rβ θ β θ ω ϕ= − − + + Δ  (4) 

Where tRΔ  is the slide distance.  

And the echo’s Doppler frequency of a single polarization 
channel ( , ; , )ij i H V j H V= =  is 
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Where 
1

2
ijd

dt

φ
π

is the Doppler frequency shift caused by 

the polarization scattering matrix phase change. 

For the ring structure, assume the distance between its 
center and the center of mass is l , and the ring’s radius is r , 
then the distance between the two equivalent scattering center 
and the radar can be expressed as 
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Where 2 2k l r= + , arctan( )
r

l
α = . The echo’s Doppler 

frequency of a single polarization channel 
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It is known by theoretical derivation: 

1. The Doppler of the rotational symmetry precession target is 
determined by the precession angle, radar’s average line- 
of-sight angle and the coning frequency. 

2. The Doppler of the ideal scattering center’s coning is sine 
function. And when non-ideal scattering exists, the 
coordinate in the local coordinate system will make the 
Doppler deviate the sine function. 

Target’s polarization characteristic changes with time, and 
the phase change of polarization scattering matrix affects 
Doppler frequency, and the amplitude change affects signal’s 
intensity. 

IV. EXPERIMENTAL SCENE OF FULL-POLARIZATION MICRO-
DOPPLER MEASUREMENT 

According to the motion feature and structure of the 
warhead, researchers make the precession target model shown 
in Fig 3. 

 
(a) individual components               (b) combined model 

Fig 3. The precession target model 
Precession target is formed by five parts: warhead model, 

spin motor, coning motor, rotation coupling and control cabinet, 
which are marked as 1-5 in Fig3(a). By way of the combination 
of the target model, the change of the precession angle and the 
average line-of –sight angle and the change of the precession 
velocity, different motion states of different targets can be 
simulated. 

The experiment is conducted in the compact microwave 
anechoic chamber, shown in Fig 4, the main facilities include 
network analyzer, transmit antenna, receive antenna, collimator 
reflector, antenna platform and target platform. 

In microwave anechoic chamber measurements, network 
analyzer is used as transmit signal source and the echo 
processor. It works as a radar, being the key part of the system. 
network analyzer in this experiment is Agilent 8362B, its 
frequency range is 10MHz-20GHz[9], and the frequency range 
of the collimator reflector is 0.1GHz-40GHz, so this system 
can support the experiment from UHF band to Ku band. 

 
Fig 4.  Microwave anechoic chamber measurement system of precession 
targets 

The key of microwave anechoic chamber dynamic 
measurement is the expansion of network analyzer’s dynamic 
data record function. In static measurements, network analyzer 
processes all the echoes at some specific posture averagely, and 
only makes one record. However in this experiment, the 
network analyzer is expected to simulate radar’s detection, 
which requires continuously data record during target’s motion. 
Dynamic data record can be realized by way of software 
development. according to the performance of Agilent 8362B, 
when the frequency range is 9GHz-10GHz and the interval is 
5MHz, the data record frequency can reach 68Hz. 

Connect the output of the network analyzer with the receive 
parts and the antenna of the band to be measured, and put the 
antennas on the focus of the collimator reflector, and isolate 
them by the transmitter-receiver isolation. Let the antenna’s 
polarization be linear polarization, variable polarization 
measurement can be conducted by accurate antenna rotation 
facility. 

V. EXPERIMENT RESULTS ANALYSIS 

The experiment on full-polarization micro-Doppler of space 
precession target is conducted in the Microwave Lab of 
National University of Defense Technology. Fig 5 shows the 
experiment scene. 

 
(a) Front and side view                           (b)Back view 

Fig 5. Experiment scene of full-polarization micro-Doppler of space precession 
target 

The scanning frequency range in this experiment is 9GHz-
10GHz, the bandwidth is 1GHz and the interval is 5MHz. by 
IFFT transform to the data collected, HRRP can be get for 
target’s current posture. Processing the HRRP by time-
frequency analysis, micro-Doppler of different structures can 
be obtained during target’s precession. The polarization 
scattering property is reflected in the time-frequency energy 
distribution shown in Fig 6. And Fig 7-10 gives out different 
structure’s micro-Doppler of HH,HV,VH,VV polarization 
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channels, where (a) means the micro-Doppler of the nose 
cone,(b) means the micro-Doppler of the middle ring, (c) 
means the micro-Doppler of the bottom ring, the precession 
angle is 7.9, the average line-of-sight angle is 10.4°,and the 
coning frequency is 0.26Hz. 

 
Fig 6. Measurement results analysis 

Though observation, conclusions can be drawn as follows: 

1. The warhead design is usually very simple due to the 
aerodynamics, so it has limited numbers of scattering 
centers. As shown in figure 6, HRRP is made up by three 
scattering centers, which is the nose cone, the middle ring 
and the bottom ring.  

2. From Fig 7(a) and 10(a), for HH and VV polarization the 
micro-Doppler of the nose cone is sine. Figure 11 gives 
out the comparison of the measurement results and the 
theoretical micro-Doppler frequency according to formula 
(5) marked by the imaginary line for VV polarization. 
From Fig 8(a) and 8(b), for HV and VH polarization the 
echo of the nose cone is very weak, it’s concluded that the 
echo energy of co-polarization is much larger than that of 
cross-polarization. 
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Fig 11.Comparison of the measurement results and the theoretical micro-Dopp
ler frequency for the nose cone 
3. From Fig7(b),8(b),9(b) and 10(b), the middle and bottom 

rings is the sliding scattering centers and the micro-
Doppler deviates from sine function. Fig 12. gives out the 
comparison of the measurement results and the theoretical 
micro-Doppler frequency according to formula (8) and (9) 
which is marked by the imaginary line for VV polarization. 

Compare Fig 7(b) and 10(b) with Fig 8(b) and 9(b), the 
cross-polarization is one order of magnitude lower than the 
co-polarization. Besides, the micro-Doppler of the same 
structure  for different polarizations differs slightly, which 
is caused by the polarization scattering matrix phase 
change in formula (1). 
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Fig 12. Comparison of the measurement results and the theoretical micro-Dop
pler frequency for the middle ring 
4. From the comparison of Fig 7,8,9,10, the echo intensity of 

the nose cone is one order of magnitude lower than the 
ring structure. It shows that the scattering energy of ring 
structure is stronger than the nose cone. The scattering 
intensity of the nose cone is stable, while the scattering 
intensity of the ring structure is sensitive to the posture. 
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 (a)                                    (b)                                     (c)  

Fig 7. HH polarization 
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 (a)                                    (b)                                     (c)  

Fig 8 .HV polarization 
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 (a)                                    (b)                                     (c)  

Fig 9. VH polarization 
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VI. CONCLUSION 

In this paper the measurement system for precession target 
is built by precession target model design and expansion of 
microwave anechoic chamber dynamic measurement function. 
Based on this the full-polarization micro-Doppler characteristic 
of precession targets is studied. The experiment results are 
accordance with the theoretical results. Further we will take 
advantage of the microwave anechoic chamber measurement 
data to conduct the study on motion and structure feature 
extraction of precession targets based on spatial polarization. 
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Abstract—A Fractional Fourier Transform (FrFT) based
waveform design for joint radar-communication systems (Co-
Radar) that embeds data into chirp sub-carriers with different
time-frequency rates has been recently presented. Simulations
demonstrated the possibility to reach data rates as high as
3.660 Mb/s while maintaining good radar performance compared
to a Linear Frequency Modulated (LFM) pulse that occupies
the same bandwidth. In this paper the experimental validation
of the concept is presented. The system is considered in its
basic configuration, with a mono-static radar that generates the
waveforms and performs basic radar tasks, and a communication
receiver in charge of the pulse demodulation. The entire network
is implemented on a Software Defined Radio (SDR) device.
The system is then used to acquire data and assess radar and
communication capabilities.

I. INTRODUCTION

The employment of joint radar-communication systems
represents an innovative solution to the problem of continu-
ously increasing demand on bandwidth [1] and the need to
meet the low-SWaP (Size, Weight and Power consumption)
requirements.

Applications that can benefit from the technology proposed
in this paper include satellite and airborne Synthetic Aperture
Radars (SARs) that need to share sensed data with a ground
station rapidly [2]; nodes in a surveillance Multiple-Input
Multiple-Output (MIMO) radar network that need to exchange
information about targets; vehicles that need to interact in a
intelligent transportation network [3]. All these applications
may benefit from a joint-radar communication technology
which shares bandwidth, power and hardware resources to
perform radar and communication operations simultaneously.

A joint radar-communication system (Co-Radar) based
on Fractional Fourier Transform (FrFT) waveform has been
recently presented by the authors in [4]. The FrFT [5] was
shown to be suitable for orthogonal waveforms generation for
MIMO radar systems [6]–[9], and in this scenario it has been
exploited to map complex modulated symbols into different
chirp, or Linear Frequency Modulated (LFM), sub-carriers
with different time-frequency rates. Simulations demonstrated
the feasibility to reach data rate as high as 3.660 Mb/s,
while maintaining good radar performance in terms of range
resolution, Doppler resolution and Side Lobe Levels (SLLs)
when compared with a LFM pulse that occupies the same
bandwidth.

Different techniques of embedding data in the radar wave-
form have been previously proposed. In [10] and [11] informa-

tion bits are sent by exploiting the orthogonality between up-
chirp and down-chirp signals. Methods based on LFM pulses
phase-modulated through Binary Phase Shift Keying (BPSK)
and Minimum Shift Keying (MSK) symbols are presented
in [12] and [13], respectively. Stepped-frequency [14] and
Frequency Modulated Continuous Wave (FMCW) [15] based
joint radar-communication systems have also been proposed, as
well as Orthogonal Frequency Division Multiplexing (OFMD)
based systems [16], [17]. However, none of these previous
techniques is designed to achieve data rates up to 3.660 Mb/s
at medium ranges.

In this paper the experimental validation of the FrFT based
Co-Radar system [4] is reported. A basic configuration of the
system is considered: a mono-static radar generates the FrFT
waveforms, sends the pulses, listens to echoes and performs
basic radar tasks, while a communication receiver demodulates
the pulses.

The remainder of the paper has the following structure.
Section II summarises the concept of the FrFT based Co-
Radar waveform design framework presented in [4]. Section
III describes its implementation on a Software Defined Radio
(SDR) device, while the experimental setup and results are
presented in Section IV. Finally, Section V concludes the paper.

II. FRFT BASED CO-RADAR SYSTEM

In this section the FrFT based Co-Radar system [4] is
presented. The FrFT [5] is a time-frequency representation of
a signal and can be considered as a rotation by an arbitrary
angle 𝜙 of the signal itself in the time-frequency plane, such
that:

𝜙 =
𝜋

2
𝛼 (1)

where 𝛼 is called order of the transform. In the proposed
system, FrFTs with different orders are used to map the
modulated symbols into quasi-orthogonal chirp sub-carriers.

The block diagrams of the mono-static radar and the
communication receiver in a simple FrFT based Co-Radar
system scenario are shown in Figure 1 and described in the
following.

A. Mono-Static Radar

The block diagram of the mono-static radar in the consid-
ered basic configuration of the FrFT based Co-Radar system
is shown at the top of Figure 1. The serial-to-parallel (S/P)
block is used to divide the long sequence of bits coming from
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Figure 1. Block diagram of (top) the Mono-Static Radar and (bottom) the Communication Receiver of the FrFT based Co-Radar basic configuration [4].

the source into 𝐶 − 1 segments of 𝑁 bits each, where 𝐶
is the number of chirp sub-carriers composing the waveform.
The 0-th order sub-carrier is not used to carry information
bits. It accommodates a pilot waveform instead, used at the
communication receiver for synchronisation and phase com-
pensation. Since each pulse contains 𝑁× (𝐶 − 1) information
bits, the final bit rate is 𝑁 × (𝐶 − 1)× PRF b/s, where PRF
stands for Pulse Repetition Frequency. In each segment, 𝐺
guard bits are added at the end of the sequence in order
to compensate for the group delay introduced by the Root
Raised Cosine (RRC) filter. Then the sequence is spread
by using a chip sequence; the chosen chip sequence is a
𝐿-long Barker code, which leads to a spread sequence of
(𝑁 +𝐺) × 𝐿 bits. The interleaver is used to mitigate the
Inter-Carrier Interference (ICI) that occurs in the middle of
the sequence due to the overlap of the different chirp sub-
carriers and that generates a burst of errors. It is applied only
to the 𝑁 bits of information and aims to spread the burst of
errors across the entire spread sequence. The digital modulator
maps a series of 𝐵 bits into one of the 𝑀 = 2𝐵 possible
complex symbols belonging to the chosen modulation scheme
(i.e. PSK), leading to a (𝑁 +𝐺)×𝐿/𝐵 long symbol sequence.
The modulation scheme and the cardinality of its alphabet
𝑀 can be adaptively chosen according to the conditions of
the channel. The RRC filter is used to minimise the Inter-
Symbol Interference (ISI) that may be caused by the channel.
For efficiency, it is implemented as a multirate filter that up-
samples the output by a factor 𝑅, leading to a final sequence
of (𝑁 +𝐺)× 𝐿×𝑅/𝐵 samples.

The 𝐶−1 sub-waveforms obtained after the RRC filter are
then mapped to different chirp sub-carriers uniformly spaced
in the time-frequency domain. Note that the FrFT is periodic
in 𝜙 with period 2𝜋, however rotations of 𝜙 and 𝜙 + 𝜋
produce signals that overlap in the time-frequency plane. For
this reason, only angles in the range [0, 𝜋) are considered, that
leads to 𝛼 ∈ [0, 2). Thus, the uniformly spaced sub-carriers
are obtained by choosing the 𝑖-th fractional order to be equal
to 𝛼𝑖 = 𝑖𝛼̄, 𝑖 = 1, . . . , 𝐶 − 1, where 𝛼̄ = 2

𝐶 . Finally, the
parallel-to-serial (P/S) block combines the chirp modulated
sub-waveforms and the pilot sub-waveform by adding them
together. Specifically, the latter is a bi-phase coded signal run
by a Coarse/Acquisition (C/A) code [18] given by:

𝑝 [𝑛] = 𝑒𝑗𝜋(𝑎[𝑛]−
1
4 ) (2)

where 𝑎 [𝑛] is the selected C/A code properly up-sampled
and truncated to match the length, in samples, of the Co-
Radar waveform. Before sending the waveform to the Radio
Frequency (RF) front-end, its mean is removed and the power
is normalised such that all the transmitted pulses present the
same power. While generating and transmitting the FrFT based
pulses, the mono-static radar acquires the echoes and performs
any needed radar task (i.e. matched filter with the transmitted
pulse).

The spectrogram of a Co-Radar waveform with relatively
few sub-carriers is shown in Figure 2 for clarity, although in
practice many more sub-carriers would most likely be used.
Each of them is the rotation by a specific angle, driven by the
order of the FrFT, of a phase modulated signal (i.e. QPSK).

Figure 2. Spectrogram of a FrFT based Co-Radar waveform with 4 sub-
carriers.

B. Communication Receiver

The communication receiver is shown at the bottom of
Figure 1. All the operations are performed within a Pulse
Repetition Interval (PRI). Before the pulse is synchronised and
demodulated, the mean of the received signal is subtracted
to remove the strong return from the background. The syn-
chronisation is necessary since the pulse could fall anywhere
within the PRI due to the transmitter-receiver distance, and
the alignment with the pulse on a sample basis is needed to
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(a) (b)

Figure 3. Pilot waveform’s (a) autocorrelation and (b) its peak’s complex
value on varying the phase offset.

perform the inverse FrFT. This is achieved by exploiting the
good autocorrelation properties of the pilot waveform, shown
in Figure 3(a).

The pilot waveform is also used to estimate the phase
offset introduced by the channel. Figure 3(b) shows how the
autocorrelation’s complex-valued peak changes on varying the
phase offset. In particular, when the offset is zero the real
part of the peak reaches its maximum, while the imaginary
part is zero. Hence, once the peak of the autocorrelation is
detected by matched filtering the received signal with the pilot
waveform, the phase offset can be estimated by evaluating the
phase of the correlation peak. This phase estimation method is
also robust with respect to the Doppler shift potentially present
in the signal.

Once the synchronisation and the phase compensation are
performed, the pulse can be demodulated. The S/P block splits
and redirects the pulse, whose length is (𝑁 +𝐺)×𝐿×𝑅/𝐵
samples, to 𝐶 − 1 different IFrFT blocks that perform the
inverse FrFT. Each sequence is then input of the RRC filter,
which also down-samples the sub-waveform by a factor 𝑅.
The digital demodulator translates the (𝑁 +𝐺) × 𝐿/𝐵 long
sequence of symbols in a sequence of (𝑁 +𝐺) × 𝐿 bits,
according to the modulation employed. At this point, the de-
interleaver performs the inverse operation of the interleaver.

The chip correlator block correlates the input spread se-
quence with the 𝐿-long Barker chip code used in transmission
to extract 𝑁 +𝐺 bits, exploiting both the low correlation side
lobes and the knowledge that the peaks of the correlation occur
every 𝐿 samples. Finally, the guard remover and the P/S blocks
reconstruct the original stream by combining the 𝑁 -long bit
sequences coming from the 𝐶 − 1 different parallel branches.

III. FRFT BASED CO-RADAR ON SDR

The FrFT based Co-Radar system is implemented by
means of a SDR device, namely the National Instruments
Universal Software Radio Peripheral (NI-USRP) 2943r. It has
four in-phase and quadrature (IQ) channels, two receivers and
two transmitters/receivers, and its working frequency ranges
between 1.2 GHz and 6.6 GHz. It is provided with a fully
programmable Xilinx Kintex-7 FPGA (Field-Programmable
Gate Array) and can be connected to a host computer through
a high-speed, low-latency PCI Express x4 (∼800 MB/s). It
is used with three wideband LB-2678-15 multi octave horn
antennas produced by A-Info, two for the mono-static radar
node and one for the communication receiver.

The USRP 2943r is programmed through NI software

Figure 4. High-level block diagram of the FrFT based Co-Radar system’s
implementation in LabVIEW.

LabVIEW, and its high-level block diagram is shown in
Figure 4. Within the loop that repeats every PRI, the FrFT
based Co-Radar waveform is generated as described in the
previous section and sent to the FPGA. The latter up-samples
the signal in transmission to meet the 120 MHz data clock
frequency of the device and interfaces with the RF front-end.
Meanwhile, the received signal, down-sampled and coming
from the FPGA, is sent both to a MATLAB session for the
real-time pulse demodulation and to a matched filter with the
transmitted pulse for further radar processing. Specifically, a
real-time spectrogram is computed. This choice is driven by
the limited power and bandwidth resources of the employed
SDR device, which are not sufficient for more advanced radar
operations. Outside the loop, the message to send is loaded
and all the preliminary steps are performed.

IV. EXPERIMENTAL SETUP AND RESULTS

The implemented FrFT based Co-Radar system is used in a
controlled laboratory environment to acquire data and assess its
communication and radar capability. The acquisition geometry
is shown in Figure 5. The mono-static radar is placed at the
bottom left, the communication receiver at the top right, while
within the light blue area a person is walking towards and
away from the radar to generate a Doppler signal.

The transmitted message is a 64 × 64 black and white

Figure 5. Acquisition geometry of the laboratory-based experimental cam-
paign.
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image with a bit depth 5. Carrier frequency is 3 GHz and
the bandwidth is 1 MHz. The number of information bits per
carrier, 𝑁 , is 3, the length of the Barker code is 𝐿 = 7 and
Quadrature PSK (QPSK) is the employed modulation scheme,
hence 𝐵 = 2. The RRC filter is designed to span 𝑆 = 8
symbols, with an up-sampling factor 𝑅 = 18 and a roll-off
factor 𝛽 = 0.4. This leads to a guard of 𝐺 = 3 bits. The total
number of samples per waveform is 378, which means that
the duration of the pulse is 𝜏 = 378𝜇s. The PRF is fixed to
83.33 Hz, giving a duty cycle of 3.15%.

Different configurations are analysed by changing the num-
ber of sub-carriers, 𝐶 = 4, 6, 8, 10, and modifying the trans-
mitted power. The Signal-to-Noise Ratio (SNR) is estimated
both at the mono-static radar and the communication receiver.

Communication performance is shown with solid lines in
Figure 6, in terms of Bit Error Ratio (BER) averaged over 10
realisations vs 𝑆𝑁𝑅𝑐𝑜𝑚𝑚𝑠. The dotted lines in Figure 6 show

Figure 6. Communication performance on varying the 𝑆𝑁𝑅𝑐𝑜𝑚𝑚𝑠 and for
different number of chirp sub-carriers.

the results obtained by running Monte-Carlo simulations with
105 iterations with the same parameters listed above, assuming
the channel to be Rician with 𝐾-factor equal to 6 dB (indoor
channel). They are used as comparison to validate the results
on the acquired data. Note that no Forward Error Correction
(FEC) method is used, since this is out of the scope of the
present paper.

As expected, as the 𝑆𝑁𝑅𝑐𝑜𝑚𝑚𝑠 increases, the BER de-
creases. However, no significant further improvements are
observed for 𝑆𝑁𝑅𝑐𝑜𝑚𝑚𝑠 greater than 15 dB, and this trend
is confirmed by the results from the Monte-Carlo simulations,
which clearly show plateaus. They are due to the overlap of
the sub-carriers, which causes errors independently of the noise
level. For the same reason, performance improves by reducing
the number of sub-carriers.

The radar capabilities of the FrFT based Co-Radar are
presented by showing spectrograms from the signals acquired
during the laboratory-based experimental campaign. Figure 7
and Figure 8 show spectrograms when FrFT based Co-Radar
pulses with 𝐶 = 4 and 𝐶 = 8 sub-carriers are used,
respectively, and for two different values of 𝑆𝑁𝑅𝑟𝑎𝑑𝑎𝑟. In
all the cases the Doppler and micro-Doppler signature of the
person walking towards and away from the radar is clearly
visible.

V. CONCLUSION

The paper presented an experimental validation of the FrFT
based Co-Radar system proposed in [4]. The system was suc-
cessfully implemented on a SDR device and its performance
demonstrated in a controlled laboratory environment. A basic
configuration was considered with one mono-static radar and

(a) (b)

Figure 7. Spectrograms obtained from FrFT based Co-Radar pulses with
𝐶 = 4 and different 𝑆𝑁𝑅𝑟𝑎𝑑𝑎𝑟 . Window length 0.36 seconds, overlap 80%.
Person walking towards the radar approximately between 0-5 seconds and 10-
11 seconds, and away from it between 5-10 seconds.

(a) (b)

Figure 8. Spectrograms obtained from FrFT based Co-Radar pulses with
𝐶 = 8 and different 𝑆𝑁𝑅𝑟𝑎𝑑𝑎𝑟 . Window length 0.36 seconds, overlap 80%.
Person walking towards the radar approximately between 4-8 seconds, and
away from it between 0-4 seconds and 8-11 seconds.

one communication receiver.
Communication performance was evaluated in terms of

BER vs 𝑆𝑁𝑅𝑐𝑜𝑚𝑚𝑠 and resulted consistent with that obtained
from Monte-Carlo simulations. It shows BER between 10−3

and 10−2 when no error detection and correction techniques
are used. Due to the limited power and bandwidth resources of
the employed SDR device, the radar capability of these novel
waveforms is assessed by computing the spectrograms of the
acquired signals. They clearly showed the main Doppler and
micro-Doppler signature of a person walking towards and away
from the radar. These preliminary results confirm the capability
of the proposed novel waveforms of joint radar-communication
operations.
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Discriminating Underwater LiDAR Target
Signatures using Sparse Multi-spectral Depth Codes
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Abstract—The analysis and discrimination of underwater
multi-spectral full-waveform LiDAR signatures acquired using
a single-photon counting sensor is presented. We use a realistic
scaled exemplar of a marine environment, with known and
unknown targets, and show how we can both discriminate
different materials and detect and locate mines. Each waveform
is a temporal photon histogram whose inherent nature changes
with the laser wavelength, target geometry and environment.
Discriminatory dictionaries for target materials and mine types
are learnt by making multi-spectral measurements. An accuracy
of 97.8% and 98.7% was achieved for material and mine type
discrimination, respectively.

Index Terms—Photon counting, dictionary learning, multi-
spectral, lidar, ATR, full-waveform, target discrimination

I. INTRODUCTION

Terrestrial and aerial light detection and ranging (LiDAR)
has enabled researchers to explore the third dimension, depth;
this has advantages in remote sensing [1], bathymetric map-
ping [2], defence and security [3], and restoration and ar-
chaeology [4]. It is only recently that LiDAR systems have
been built and tested for underwater applications. Commercial
and academic focus [2] on bathymetric LiDAR has been on
shallow waters and uses either monochromatic laser sources
or a maximum of two wavelengths. This work is the first to
report signal analysis and discrimination of underwater LiDAR
data for mine counter-measures (MCM).

The multi-spectral depth imaging system [5] used in this
study is based on the time-of-flight (ToF) approach using
time-correlated single photon counting (TCSPC). Figure 1a
illustrates a schematic of the experimental set-up. The TCSPC
module (Hydraharp in Figure 2) time-stamps each photon
event reflecting from a target and records it using a single-
photon detector. The photon counts can then be time gated
to form a histogram, a full-waveform, whose inherent nature
depends on several factors, e.g., the laser wavelength, surface
geometry and transmission medium. Figure 1b illustrates an
exemplar used in this paper which has several targets em-
bedded in a sand-cement-epoxy mixture, and was imaged in
a tank filled with clear unfiltered tap water. Making such
measurements is the first step to demonstrate how LiDAR
could be used as an alternative to acoustic sensors for MCM
purposes in very challenging environments.

�As a joint PhD candidate P. S. Chhabra is also with the University of
Edinburgh. Correspondence: psc31@hw.ac.uk

Fig. 1: a) A schematic of the experimental set-up; b) (left) an
exemplar under investigation with different targets; (middle)
Amplitude image, colour coded photon count, blue (low) to red
(high) c) 16 full LiDAR waveforms at different wavelengths
for a single pixel.

A. Contributions & Outline

The main contribution of this work is a novel approach to
discriminate target signatures acquired by an underwater multi-
spectral LiDAR system. This has been applied to identify both
materials and specific targets for MCM.

In Section II we describe the basis of our approach,
including firstly i) a “reflectance” aware spectral depth
representation (SDR); and, secondly ii) a semi-supervised
discriminatory objective function as an enhancement to the
traditional sparse approximation scheme. In Section III we
describe our implementation of the earlier theory, giving
pseudocode descriptions of our software. The evaluation of
the method on our own experimental data is given in Section
IV. Finally, our conclusions are presented in Section V.

B. Experimental Setup

The experimental set-up is illustrated in Figure 1. Table I
summarises the sensor equipment and acquisition parameters
used. The exemplar was lowered underwater and kept at a
distance of 1.33m from the SPC sensor. In order to limit the
influence of any ambient illumination, the experiment was
carried out in a dark room. The instrumental response was
measured using a reference scatterer, a Spectralon panel, which
was placed approximately at normal incidence to the beam. For

978-1-5090-0326-6/16/$31.00 ©2016 IEEE 
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TABLE I: Experiment Key Parameters

Parameter Value
Environment Clear unfiltered tap water

Laser System NKT Photonics supercontinuum
laser source and tunable filter
fibre-coupled to the transceiver unit

Illuminating Wavelength 500nm - 725nm

Laser Beam Diameter � 300µm

Laser Repetition Rate 19.5MHz

Acquisition Mode Exemplar 1: 200 x 200 pixels
Area: 5cm x 5cm

Pixel acquisition time: 10ms

Histogram bin width 2ps

Histogram Length 4500 bins (after gating)

Avg. Optical Power � 300nW

each pixel a 4500 bin time-gated histogram is created with a
depth resolution of 300µm, which is referred to as, Single
Photon Counting data in Figure 2. Such measurements are re-
peated for 16 wavelengths ranging between 500nm to 725nm,
equally spaced by 15nm. The choice of the wavelengths hinges
on a detailed, previous study [5].

II. THE PROPOSED APPROACH - AN OVERVIEW

The proposed approach summarised in Figure 2 has three
main stages: i) spectral depth representation (SDR) (see
Section II-A, where a representation based on the LiDAR
equations and surface geometry is proposed; ii) signal approx-
imation and discrimination (SAD) to create and learn spectral
sparse codes of the representations produced in stage 1,
Section III; and, iii) prediction where unseen target signatures
are classified.

A. Stage 1 - Spectral Depth Representation

The following assumptions were made when processing
raw multi-spectral SPC data: i) one peak per waveform was
extracted at each wavelength; ii) SPC waveforms are aligned
and normalised with respect to the Spectralon target, with
10% reflectance; iii) the laser beam width is less than surface
differential. For a beam width of 300µm, the smallest target
diameter under-investigation was around 0.5 cm. Finally, iv) a
fixed stand-off distance from the sensor is assumed and the
sensor is stationary.

1) Spectral FW-LiDAR Features: In previous work for the
analysis of urban and forest scenes using laser scanning,
several classification and feature relevance algorithms [1], [6]
have been proposed. However, these methods do not truly em-
bed the full-waveform properties and the spectral reflectance
of the observed objects. Our SDR representation captures such
variations from the waveform and the point cloud data. For N
acquired sets of waveforms at Λ wavelengths, N � Λ wave-
forms are processed and the echo properties are extracted, Eq.
2. The transmitted time signature of the super-continuum laser
source is an exponential pulse and the degree of modulation
on the backscattering beam depends on the surface geometry
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Fig. 2: The Proposed Approach.
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Fig. 3: An exponential pulse and a least-square fit to a
returning target signature for a single wavelength.

and its spectral reflectance. Figure 3 illustrates one such return
as a black curve. The pulse has the form

f
�
t
�
� k

�
e�tT1 � e�tT2

�
,

�
t ¥ 0

�
,

where, k �
T2e

ptp�t0qT1�
T2 � T1

� , and tp �
lnpT2{T1q

pT2 � T1q
(1)

The waveform processing module, stage 1 of Figure 2,
finds the location within in each waveform where the average
curvature, controlled by a specified region, is concave down,
t0. Once this location is identified, a least-square fit of a double
exponential pulse provides the true position, the temporal
parameters, T1, T2 and the area under the curve, Aλ. Figure 3
shows how an exponential pulse was fitted, the pink curve, to
the incoming full-waveform, the black curve. The parameters
T1 and T2, represent the fall and the rise of the exponential
pulse respectively. These are computed at each wavelength.

2) Depth Representation (DR): The FW processing leads to
a dense 3D point cloud. In order to capture local surface vari-
ations, a regional variance-covariance matrix was computed
on the 3D point cloud. The radius, r, of the region shown in
Figure 4 can be altered depending on the point cloud density.
West et al. [6] show how Eigenvalues can be used to describe
the local, spatial distribution of the 3D point cloud. They
compute discrete moments within a neighbourhood that can
describe the planarity, linearity, sphericity and anisotropy.

Table II illustrates how these properties are computed,
provided the Eigenvalues E1 ¡ E2 ¡ E3. The Eigenvalues

 
37



Fig. 4: Raster images of different geometric features computed
for each 3D point, controlled using a local neighbourhood
radius, r. (a) Anisotropy AE , b) Planarity PE , c) Sphericity
SE and d) Linearity LE Table II.

TABLE II: Depth Representations using Eigenvalues

Linearity LE
E1�E2

E1
Sphericity SE

E3
E1

Planarity PE
E2�E3

E1
Anisotropy AE

E1�E3
E1

computed are invariant to 3D rotation [6] and view-point since
they are computed locally. Four local 3D surface features,
Anisotropy, AE , Planarity, PE , Sphericity, SE and Linearity,
LE are computed within a neighbourhood, governed by radius
r, of each 3D point. Finally, the depth Dz per pixel completes
the SDR vector. A combined per-pixel representation was then
fed into the stage 2 of the approach, the SAD. For each pixel,
the SDR representation is a vector of 53 elements. For the
experiments reported here, Λ � 16. Set one (elements 1 to 16)
corresponds to the T1, set two (elements 17 to 32) corresponds
to the T2, set three (elements 33 to 48) corresponds to Aλ. The
remaining elements are the local geometric properties. So the
final representation looks like

Fv �
�
tT1,λu

Λ
λ�1, tT2,λu

Λ
λ�1, tAλu

Λ
λ�1,

AE , PE , SE , LE , Dz

�
(2)

B. Stage 2 - Signal Approximation and Discrimination

Signal representation has a significant impact on the
discriminatory nature of any classification system. Over
the years, research in image characterisation has provided
many compact and invariant representations e.g., image
saliency, edge detections, bags-of-features (BoF) [7]. The
BoF approach uses a vector quantisation (VQ) scheme in
order to encode relationships between high-dimensional
image patches belonging to the same class. In [7], VQ was
applied to local regional histograms in order to generate
cluster means. Cluster membership can be controlled in
the higher-dimensional space and distance measures can be
computed. The VQ scheme forces a cardinality constraint on
cluster membership leading to a coarse representation of the
input signal. This work proposes an alternative to the VQ
scheme and not only relaxes the cardinality constraint but also
improves the discriminatory capabilities. For completeness,
first a short overview of the VQ method is presented in Section
II-B1 followed by the proposed alternative formulation in
Section II-B2.

1) Vector Quantisation: Let W be a set of SDR in a P -
dimensional space, i.e., W � rw1, ..., wNs

T
P RN�P. The VQ

scheme applies a K-means clustering algorithm to solve the
following problem

arg min
Q,Z

Ņ

n�1

||wn � qnZ||
2
2, Card pqnq � 1,

|qn| � 1, qn ¥ 0 ,@n, (3)

where, Z � rz1, ..., zKs
T
P RP�K, are the K cluster centres,

a codebook are unknown. ||.||22 and |.| denotes the squared
L2 and L1 norm, respectively. The cluster membership in Eq.
(3) can be written as Q � rq1, ..., qN s

T .

2) Discriminatory Sparse Codes: An alternative to a re-
strictive VQ approach is to relax the Card pqnq constraint
to allow more than 1 non-zero element. In this work the
traditional sparse approximation scheme was modified and a
new discriminatory objective function was added. Suppose we
have access to the best Z, the new modified SAD problem can
be written as

arg min
Q,Z

�
β2

Ņ

n�1

||wn � qnZ||
2
2 � β1

Ņ

n�1

|qn| �G pQq

�
,

subject to |qn| ¤ 1, @n � 1, 2, ..., N (4)

In Eq. 4, the codebook Z is an overcomplete basis set, a
dictionary, where K " P. The term G pQq is a discriminatory
function that minimises inter-class and maximises intra-class
variance. Detailed explanation of G pQq and step by step
implementation of SAD is given in Section III. The penalising
terms, β1 and β2 control the importance of the sparsity
constraint and the reconstruction error, respectively.

The solution to (4) can be divided in to two steps: i) solve
Eq. (4) with respect to Q and Z. The dictionary, i.e, codebook,
Z and coefficients Q are retained; ii) for a test signal, the
coefficients are obtained by optimising Eq. (4) with respect
to Q only. The individual functional blocks within each stage
are explained in detail below along with their implementation
details.

The discriminative nature of Eq. 4, G pQq is expressed
below. For a set of coefficients Q � rq1, q2, ..., qKs, where
q1, ..., qk, ..., qK are the coefficients for the dictionary atoms,
of which Kc samples are in class Ωc, for 1 ¤ c ¤ Ω, the mean
and variance for class Ωc can be defined as:

µc �
1

Kc

¸
q PΩc

q ; υ2
c �

1

Kc

¸
z PΩc

||z � µc||
2
2 (5)

The mean of all coefficient samples can be written as:

µ � 1
K

°K
k�1 qk. (6)

The inter-class scatter matrix, Sw and the intra-class scatter
matrix, Sb can be defined as:

Sb � ||
Ω̧

c�1

Kc pµc � µq pµc � µq
T
||22 ; Sw �

Ω̧

c�1

υ2
c (7)
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Finally, the Fisher discrimination function is defined as:

G pQq � S�1
w Sb, (8)

Using Eq. (5) - (8), Eq. 4 can be solved using an orthogonal
matching pursuit (OMP) algorithm [8]. The modified version,
simultaneous approximation and discrimination (SAD) was
presented in [3]. Algorithm 2 presents step by step details
to solve Eq. 4.

III. IMPLEMENTATION DETAILS - PSEUDOCODE

In this section, the solution to Eq. (4) along with details
of the discriminatory function GpQq is presented. First, the
sparse codes for the SDR, from stage 1, are generated and a
dictionary and their respective coefficients are learnt. Further,
with the help of a semi-supervised clustering approach, these
sparse codes are optimised for maximum discrimination. The
pseudo-code to the approach in Figure 2 is presented in
Algorithm 1.

A. Stage I - Lines 1 to 11

For a given set of input pixels, W P RN, the aim is to create
a representation that has a physical basis, LiDAR equations
and target geometry. Lines 1 - 11 of Algorithm 1 generate a
P-dimensional representation F P RpN�Λq�P. In total, 40,000
waveforms were recorded for 16 different wavelengths. Lines
3 and 4 process each pixel for 16 different wavelengths. Lines
4 - 7 correct the intensity at each wavelength. For each pixel,
line 7 aligns the 16 waveforms with respect to the system
impulse, measurements made on a Spectralon target in advance
and estimates the depth, point cloud matrix P. Finally, line 10
compute the FW properties and geometric shape properties, as
explained in Section II-A.

B. Stage II and III- Lines 12 to 21

Given a F P RpN�Λq�P matrix, the aim is to produce
a set of sparse codes that are optimal and highly discrimi-
natory, especially in identifying different materials. From a
partially labelled set, U , line 13 selects a small sub-set, K,
of representations, where K " P, and initialises them to Z.
Equation 4 is solved for Q and Z but without the optimisation
add-on G pQq, Eq. 8. Solving Eq. 4 with the discriminatory
function, G pQq produces Q and Z that maximises the intra-
class variance and minimises the inter-class variance. A semi-
supervised approach can be adopted here, where labels are
generated by clustering Q into three different clusters.

IV. RESULTS AND ANALYSIS

The discriminatry performance of our approach is analysed
using the exemplar of Figure 1a. Two sets of experiments
were carried out: i) Material Discrimination: classify target
signatures into three constituent materials, sand, plastic and
metal, used to make the exemplar; ii) Mine Discrimination:
classify different mine types, which not only differ in shape
but also in material. Four different mines were used, Plastic
1, a cuboid shaped mine, Plastic 2, a spherical shaped mine,
Metal 1 and Metal 2, small and large spherical shaped metallic
mines, respectively.

Input: SPC data W P RN�Λ, Partial labelled set, Ω
Output: Dictionary Z, Coefficients Q and pixel labels
// Stage I - SDR. See Section II-A

1 begin
2 SDR matrix FÐ r s
3 forall the n P r1,Ns do
4 forall the λ P r1,Λs do
5 CorrectIntensity

�
wn,λ, sλ

�
6 end
7 Walign Ð AlignWaveforms

�
twn,λu

Λ
λ�1

�
8 PÐ EstimateDepthpWalignq
9 end

10 FÐ SDR
�
Walign,Pq // Eq. 2

11 end
// Stage II - SAD. See Section III-B

12 begin
// Get ω random SDR’s from set Ω

13 ω P RK Ð Randperm
�
Ω
�
, where K " P

rQinit,Zinits Ð Solve Eq. (4) without G
�
Q
�

14 classIdxÐ VQ
�
Q, ω

�
// Eq. 3

// Dictionary selection. Algorithm 2
15 rQ,Z, dictIdxs Ð SAD

�
F,Zinit, classIdx, param

�
// Reorder dictionary indices

16 Zopt Ð Reorder
�
Z, dictIdx

�
17 end
// Stage III - Prediction

18 begin
19 labelsÐ Classify

�
F, Zopt,Ftest

�
20 forall the i P r1,Ns do
21 Distance

�
Zopt,F

�
22 end
23 labelsÐ Sort

�
Distance

�
Zopt,F

��
24 return labels
25 end

Algorithm 1: PSEUDOCODE - PROPOSED APPROACH

Input: F � tfnu
N
n�1 P RN�P, Q P RP�K, β1, β2

Output: Dictionary, atom indices and coefficients
15.1 R0 ÐW, dictIdxÐ φ
15.2 while R0 Ñ 0 do
15.3 tÐ 0 Select zk P Z, such that

min
Q,Z

�
β2

Ņ

n�1

||fn � qnZ||
2 � β1

Ņ

n�1

|qn|1 �G pQq

�
,

subject to |qn| ¤ 1, @n � 1, 2, ..., N

15.4 dictIdxÐ dictIdxY k
// Projection and residual

15.5 Ot Ð Q � inv
�
QT �Q

�
�QT

15.6 Rt Ð F�OtF
15.7 tÐ t� 1
15.8 end
15.9 return Q,Z, dictIdx

Algorithm 2: PSEUDOCODE - SAD MODULE
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TABLE III: Confusion Matrix - Material Discrimination

Sand Plastic Metal
Sand 0.9721 0.0144 0.0133

Plastic 0.0151 0.9823 0.0024

Metal 0.0140 0.0035 0.98239

TABLE IV: Confusion Matrix - Mine Discrimination

Plastic 1 Plastic 2 Metal 1 Metal 2 Sand
Plastic 1 0.9755 0 0.0020 0 0.0224

Plastic 2 0.0054 0.9905 0.0007 0.0020 0.0014

Metal 1 0.0014 0.0027 0.9946 0 0.0014

Metal 2 0.0014 0.0068 0 0.9891 0.0027

Sand 0.0102 0.0007 0 0.0007 0.9884

TABLE V: Effect of Depth Representation (DR) on accuracy

Plastic 1 Plastic 2 Metal 1 Metal 2
Without DRp%q 92.65 95.65 97.62 98.10

With DRp%q 97.55 99.05 99.46 98.91

A. Experiment 1 - Material Discrimination

The confusion matrix for material discrimination is shown
in Table III. A subset of 8520 target signatures, equally
divided into three different materials was selected. A 10-fold
cross-validation classification was then performed using the
proposed approach resulting in a mean classification error rate
of 0.021%.

B. Experiment 2 - Mine Discrimination

The aim of this experiment was to seek answers for the
following questions: i) can mines with structural variation
but similar spectral signatures be classified correctly?, and,
ii) what impact do the Geometric features, Section II-A2,
have on classification? Table IV lists the confusion matrix for
mine classification when geometric properties are included,
using the full SDR representation, Eq. 2. A subset of 7350
target signatures, equally divided into five different classes was
selected. The mean classification error rose by Ò 3.6% when
geometry based DR was neglected. The effect on accuracy of
classification for four different mines with and without DR is
listed in Table V. Figure 5 illustrates the learnt coefficients, Q,
clustered into different mine types. The 3D point cloud, shown
within, is segmented not only on the basis of their spectral
content but also their geometric features. For illustration
purposes, the clusters are plotted along three dimensions, area-
under-curve, Aλ, sphericity, SE and linearity, LE , respectively.

V. CONCLUSION

A novel spectral-depth representation is presented that is
highly discriminatory in characterising different target signa-
tures underwater. A custom-made realistically scaled exemplar
with known and unknown targets has been investigated using
a multi-spectral single photon counting LiDAR system. Multi-
spectral measurements were made underwater on targets with

Fig. 5: Mine clusters using the spectral depth codes, Q, on
the spectral axis, echo area; and the depth axis, linearity and
sphericity, respectively.

different shapes and materials, Section I-B. Using the pro-
posed spectral depth representation sparse codes are optimised
for maximum discrimination between different materials and
mines, demonstrating accuracies of 97.8% and 98.7%, re-
spectively. Combining depth with spectral data, the approach is
very effective at discriminating targets of different shapes, but
with similar spectral response, or conversely of similar shape
but having different spectra. When spectral features alone
are considered, the discrimination error reported for Plastic 1
mine is 7.35%. But, when spectral and depth representation is
considered, the error reduces to 2.45%, Table V. This work
has been the first to report the analysis and discrimination
of multi-spectral underwater single photon counting LiDAR
signals as an alternative to acoustic MCM.
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ABSTRACT
This paper describes a new Bayesian range estimation and spectral
unmixing algorithm to analyse remote scenes sensed via multi-
spectral Lidar measurements. To a first approximation, each Lidar
waveform consists of the temporal signature of the observed target,
which depends on the wavelength of the laser source considered
and which is corrupted by Poisson noise. When the number of
spectral bands considered is large enough, it becomes possible to
identify and quantify the main materials in the scene, in addition
to estimating classical Lidar-based range profiles. In this work, we
adopt a Bayesian approach and the unknown model parameters are
assigned prior distributions translating prior knowledge available
(e.g., positivity, sparsity and/or smoothness). This prior model is
then combined with the observation model (likelihood) to derive
the joint posterior distribution of the unknown parameters which
are inferred via maximum a posteriori estimation. Under mild
assumptions often true in practice, we show that it is possible to
find a global optimizer of the posterior by splitting the problem
into two sequential steps estimating the unknown spectral quantities
and the target ranges, respectively. The proposed methodology is
illustrated via experiments conducted with real multispectral Lidar
data aquired under controlled observation conditions.

Index Terms— Multispectral Lidar, Depth imaging, Spectral
unmixing, Poisson noise.

I. INTRODUCTION
Light detection and ranging (Lidar) systems are particularly

useful to extract spatial features from three-dimensional (3D)
scenes. Using single-photon techniques, it is possible to recover
structural parameters of forest canopies such as vegetation height,
leaf area indices and ground slopes. Spectral information about the
scene is usually extracted using passive multispectral (MSI) and
hyperspectral images (HSI). Such images are particularly useful
to detect spectral variations caused for instance by changes in the
canopy composition or by the presence of hidden vehicles or targets
for defense applications.

Combining spatial and spectral information can be achieved by
coupling Lidar data and multi/hyperspectral images [1], [2]. How-
ever, as in many multimodal data fusion problems, data synchro-
nization issues in space (alignment, resolution) and time (dynamic
scene, change of observation conditions, etc.) are still open issues.
To tackle these problems, multispectral Lidar (MSL), which has
recently received attention from the remote sensing community
[3]–[5], presents as a promising alternative. Indeed, MSL systems
have the ability to fully exploit the 3D distribution of objects,
in particular for scenes including semi-transparent objects (e.g.,
vegetation or fences). In contrast to passive hyperspectral imaging
systems which integrate the spectral response along the path of
each optical ray, MSL systems measure the spectral response as

∗Part of this work was supported by the EPSRC via grants
EP/N003446/1, EP/K015338/1, EP/M01326X/1
†Part of this work was supported by the EPSRC via grant EP/J015180/1.

a function of distance, e.g. depth into a forest canopy and can be
used to detect and identify objects (e.g., buildings, vehicles, human
activity) hidden for instance in vegetated areas.

In [5], [6], spectral unmixing techniques were developed to
analyze 3D scenes composed of multi-layered objects, assuming
that the spectral signatures of the materials composing the scenes
were known and assuming linear mixing processes. In this paper we
extend the method proposed in [5] to account for and identify possi-
ble deviations from the classical linear mixing model (LMM) used
to estimate the amount/abundances of each endmember (assumed
known) present in the scene. We assume that for each pixel, the
photons emitted by the pulsed laser sources at different wavelength
are reflected onto a single surface. This is typically the case for
short to mid-range (up to dozens of metres) depth imaging where
the divergence of the laser source(s) can be neglected.

Single-photon Lidar and thus MSL systems usually record,
for each pixel/region of the scene, a histogram of time delays
between emitted laser pulses and the detected photon arrivals. Due
to the discrete nature of detected photons, Poisson noise models
are more appropriate for single-photon MSL data than Gaussian
noise models classically used when analysing HSIs. Due to the
design of the proposed experiments (performed indoor here) and
to simplify the estimation problem, we further assume that the
ambient light and dark counts can be neglected. This assumption
often holds for measurements by night or for mid-range imaging
applications for which the laser power can be adjusted to reduce
the acquisition time and thus the background counts. In this paper,
we demonstrate the possibility of efficient 3D scene analysis by
exploiting geometric and spectral information contained in MSL
data (33 discrete wavelengths ranging from 500nm to 820nm),
under favourable observation conditions. However, the proposed
method can be extended to more difficult observation conditions,
as discussed in the conclusions of the paper.

Adopting a classical Bayesian approach, appropriate prior distri-
butions are chosen for the unknown parameters of the model and
the joint posterior distribution of these parameters is then derived.
Here we propose to estimate the unknown model parameters via
maximum a posterior estimation. Unfortunately, the corresponding
cost function to be optimized is often multimodal, which increases
the risk of reaching a local as opposed to a global optimum. In
this work, we show that under weak assumptions (often met in
practice), it is possible to reach a global optimum using a two-step
optimization scheme. More precisely, one can first estimate the
mixing coefficients (abundances) involved in the spectral unmixing
problem and then estimate the object ranges.

The remainder of the paper is organized as follows. Section II
introduces the observation model associated with MSL returns for
a single-layered object to be analyzed. Section III presents the
Bayesian model associated with the spectral unmixing problem
considered and the associated posterior distribution. Section IV
describes the estimation strategy adopted to maximize the posterior
of interest. Results of experiments conducted on real MSL data are
shown and discussed in Section V and conclusions are reported in
Section VI.
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II. PROBLEM FORMULATION
This section introduces the statistical observation model associ-

ated with MSL returns for a single-layered object which will be
used in Section III for spectral unmixing of MSL data. We consider
a 4-D array Y of Lidar waveforms and of dimension 𝑁row×𝑁col×
𝐿 × 𝑇 , where 𝑁row and 𝑁col stand for the number of rows and
columns of the regular spatial sampling grid (in the transverse
plane), 𝐿 is the number of spectral bands or wavelengths used to
reconstruct the scene and 𝑇 is the number of temporal (correspond-
ing to range) bins. Let y𝑖,𝑗,ℓ = [Y]𝑖,𝑗,ℓ,: = [𝑦𝑖,𝑗,ℓ,1, . . . , 𝑦𝑖,𝑗,ℓ,𝑇 ]

𝑇

be the Lidar waveform obtained in the pixel (𝑖, 𝑗) (i.e., 𝑖th row and
𝑗th column) using the ℓth wavelength. The element 𝑦𝑖,𝑗,ℓ,𝑡 is the
photon count within the 𝑡th bin of the ℓth spectral band considered.
Let 𝑑𝑖,𝑗 be the position of an object surface at a given range from
the sensor, whose spectral signature (observed at 𝐿 wavelengths) is
denoted as 𝝀𝑖,𝑗 = [𝜆𝑖,𝑗,1, . . . , 𝜆𝑖,𝑗,𝐿]

𝑇 . According to [7], [8] and
assuming that the ambient illumination and dark photon counts can
be neglected, each photon count 𝑦𝑖,𝑗,ℓ,𝑡 is assumed to be drawn
from the following Poisson distribution

𝑦𝑖,𝑗,ℓ,𝑡∣𝜆𝑖,𝑗,ℓ, 𝑡𝑖,𝑗 ∼ 𝒫 (𝜆𝑖,𝑗,ℓ𝑔0,ℓ(𝑡− 𝑡𝑖,𝑗)) (1)

where 𝑔0,ℓ(⋅) is the photon impulse response whose shape can differ
between wavelength channels and 𝑡𝑖,𝑗 is the characteristic time-of-
flight of photons emitted by a pulsed laser source and reaching
the detector after being reflected onto a target at range 𝑑𝑖,𝑗 (𝑑𝑖,𝑗
and 𝑡𝑖,𝑗 are linearly related in free-space propagation). Moreover,
the impulse responses {𝑔0,ℓ(⋅)} are assumed to be known and can
usually be estimated during the imaging system calibration. We
further assume that the spectral signatures of the scene surfaces can
be decomposed as linear mixtures of 𝑅 known spectral signatures
m𝑟 (also referred to as endmembers and gathered in the matrix
M = [m1, . . . ,m𝑅])

𝝀𝑖,𝑗 = M𝒂𝑖,𝑗 , ∀𝑖, 𝑗, (2)

where 𝒂𝑖,𝑗 = [𝑎𝑖,𝑗,1, . . . , 𝑎𝑖,𝑗,𝑅]
𝑇 contains the abundances of the

𝑅 endmembers in the pixel (𝑖, 𝑗). Note that due to physical con-
siderations the unknown abundance vectors {𝒂𝑖,𝑗}𝑖,𝑗 are assumed
to have positive entries. It is important to recall that in this work,
we consider applications where the observed objects consist of a
single visible surface per pixel. We do not consider cases where
the photons can penetrate through objects (e.g., semi-transparent
materials for which we would like to infer the internal composition)
or be reflected onto multiple surfaces. This assumption allows the
spectral unmixing problem to be reduced to a two spatial dimen-
sions problem, which could be extended for distributed targets
in future work. The problem addressed in this paper consists of
jointly estimating the range of the targets (for all the image pixels)
and solving the spectral unmixing problem (e.g., estimating the
abundance vectors). The next section studies the proposed Bayesian
model developed to solve the problem considered.

III. BAYESIAN MODEL
III-A. Likelihood

Assuming that the MSL waveforms y𝑖,𝑗 = {𝑦𝑖,𝑗,ℓ,𝑡}ℓ,𝑡 of
a given pixel (𝑖, 𝑗) result from the photons reflection onto a
surface associated with the spectrum 𝝀𝑖,𝑗 , the likelihood associated
with the pixel (𝑖, 𝑗) can be expressed as 𝑓(y𝑖,𝑗 ∣𝝀𝑖,𝑗 , 𝑡𝑖,𝑗) =∏

ℓ,𝑡 𝑓(𝑦𝑖,𝑗,ℓ,𝑡;𝜆𝑖,𝑗,ℓ𝑔0,ℓ(𝑡 − 𝑡𝑖,𝑗)) , when assuming that the de-
tected photon counts, conditioned on their mean in all chan-
nels/spectral bands are independent. Considering that the noise real-
izations in the different pixels are independent, the joint likelihood
can be expressed as

𝑓(Y∣Λ,T) =
∏
𝑖,𝑗

𝑓(y𝑖,𝑗 ∣𝝀𝑖,𝑗 , 𝑡𝑖,𝑗), (3)

where Λ = {𝝀𝑖,𝑗}𝑖,𝑗 and T is a matrix gathering the target ranges.

III-B. Prior distributions

In this work, we do not account for the potential spatial cor-
relations between the target distances in neighbouring pixels of
the scene. Thus, each target position is considered as a discrete
variable defined on 𝕋 = {𝑡𝑚𝑖𝑛, . . . , 𝑡𝑚𝑎𝑥}, such that 1 ≤ 𝑡𝑚𝑖𝑛 ≤
𝑡𝑚𝑎𝑥 ≤ 𝑇 (in this paper we set (𝑡𝑚𝑖𝑛, 𝑡𝑚𝑎𝑥) = (501, 𝑇 − 500)
for 𝑇 = 4500, see discussion in Section IV) and assign the target
ranges independent uniform priors 𝑝(𝑡𝑖,𝑗 = 𝑡) = 1/𝑇 ′, ∀𝑡 ∈ 𝕋

where 𝑇 ′ = card(𝕋). Note that more informative priors could
be used, e.g., to capture potential spatial correlations affecting
the range profiles, as in [8]. However, when the number of
spectral bands 𝐿 considered and the number of detected photon
are significant, the depth estimation does not require informative
regularization (as the 𝐿 bands are used to estimate 𝑡𝑖,𝑗). For this
reason and for paper length constraints, we simply consider uniform
priors here. Moreover, assuming prior independence between the
ranges parameters {𝑡𝑖,𝑗}𝑖,𝑗 yields

𝑓(T) =
∏
𝑖,𝑗

𝑝(𝑡𝑖,𝑗). (4)

As often assumed when addressing spectral unmixing problem,
we consider applications where the number of spectral components
involved in the mixture of a given pixel is likely to be smaller
than the number of endmembers 𝑅 in the known matrix M. This
typically occurs when the surface hit by the laser source and visible
by the detector is relatively small compared to the size of the scene
objects. In such cases, it makes sense to consider prior models
which promote sparse estimated abundances. Similarly, when the
transverse spatial sampling of the scene (using either a raster
scan on a regular grid or a detector array) is dense enough, the
abundance maps often present spatial structures (e.g., smoothness)
that can be incorporated within a prior model. In contrast to
the model proposed in [5] and which did not consider spatially
correlated abundances, in this work, we consider the following
priors promoting sparse and piece-wise smooth abundance maps
while ensuring the abundance positivity
𝑓(A𝑟∣𝜆1,𝑟, 𝜆𝑇𝑉,𝑟) ∝{

exp [−𝜆1,𝑟∣∣A𝑟∣∣1,1 − 𝜆𝑇𝑉,𝑟TV (A𝑟)] if 𝑎𝑖,𝑗,𝑟 ≥ 0, ∀(𝑖, 𝑗)
0 else ,

where A𝑟 is an 𝑁row × 𝑁col matrix such that [A𝑟]𝑖,𝑗 = 𝑎𝑖,𝑗,𝑟 ,
∣∣A𝑟∣∣1,1 =

∑
𝑖,𝑗 ∣𝑎𝑖,𝑗,𝑟∣ and TV (⋅) denotes the total-variation

(TV) regularization [9], [10]. The positive parameters 𝜆1,𝑟 (resp.
𝜆𝑇𝑉,𝑟) control the prior sparsity (resp. smoothness) of each
abundance map A𝑟 . In this work, we set 𝜆1,𝑟 = 𝜆1 and
𝜆𝑇𝑉,𝑟 = 𝜆𝑇𝑉 , ∀𝑟 and these parameters are assumed to be fixed
((𝜆1, 𝜆𝑇𝑉 ) = (10, 100) in the results of Section V). Although the
estimation of these hyperparameters is out of scope of this paper,
note that they can be tuned via cross validation or adjusted via
sequential optimization (see e.g., [11]).

Finally, assuming prior independence between the 𝑅 abundance
maps yields 𝑓(A∣𝜆1, 𝜆𝑇𝑉 ) =

∏𝑅
𝑟=1 𝑓(A𝑟∣𝜆1, 𝜆𝑇𝑉 ).

III-C. Joint Posterior distribution

From the joint likelihood and prior model specified in Sections
III-A and III-B, we can now derive the joint posterior distribution
for T and A = {A𝑟}𝑟 , given the observed waveforms Y and
the value of the fixed hyperparameters Φ = (𝜆1, 𝜆𝑇𝑉 ). Using
Bayes’ theorem, and assuming prior independence between T, and
{A𝑟}𝑟 , the joint posterior distribution associated with the proposed
Bayesian model is given by

𝑓(T,A∣Y,Φ) ∝ 𝑓(Y∣T,A)𝑓(A∣Φ)𝑓(T) (5)
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IV. ESTIMATION STRATEGY

The posterior distribution (5) models our complete knowledge
about the unknowns given the observed data and the prior informa-
tion available. In a similar manner to [5], we exploit this posterior
to perform joint depth estimation and spectral unmixing of the MSL
data. However, while a minimum mean squared error (MMSE)
estimator was used in [5], here we consider the following joint
maximum a posteriori (MAP) estimator

(T̂, Â) = argmax
T,A

𝑓(T,A∣Y,Φ), (6)

which can also be obtained by minimizing the negative log-
posterior − log (𝑓(T,A∣Y,Φ)). Although is can be shown that
𝑓(Y∣T,A) is log-concave with respect to (w.r.t.) A, computing
the estimator in (6) is generally challenging, mainly because
𝑓(Y∣T,A) can be multimodal w.r.t. T. In [5] a simulation method
was used to handle the possibly multimodal likelihood (3) based
on the full 4D data cube. As will be shown below, here the joint
depth estimation and spectral unmixing problem is solved with a
reduced computational cost using efficient optimization methods
(under mild conditions discussed below). Indeed, we show that the
estimator in (6) can be obtained by first computing Â and then T̂.

From (1) it can be seen that

𝑦𝑖,𝑗,ℓ∣𝜆𝑖,𝑗,ℓ, 𝑡𝑖,𝑗 ∼ 𝒫 (𝜆𝑖,𝑗,ℓ𝑔𝑖,𝑗,ℓ) , (7)

where 𝑦𝑖,𝑗,ℓ =
∑𝑇

𝑡=1 𝑦𝑖,𝑗,ℓ,𝑡 and 𝑔𝑖,𝑗,ℓ =
∑𝑇

𝑡=1 𝑔0,ℓ(𝑡− 𝑡𝑖,𝑗). That
is, the integrated waveform (summed over the time bins) for each
pixel and wavelength follows a Poisson distribution whose mean
only depends on spectral parameters 𝜆𝑖,𝑗,ℓ = mℓ,:𝒂𝑖,𝑗 scaled by
𝑔𝑖,𝑗,ℓ which contains only information about the range of the target.
The additional assumption considered in this work concerns the
values of 𝑔𝑖,𝑗,ℓ. More precisely, we assume that 𝑔𝑖,𝑗,ℓ is constant
for all possible values of 𝑡𝑖,𝑗 ∈ 𝕋. This occurs in practice when
𝕋 is far from the boundaries of (1, 𝑇 ) compared to the spread of
the impulse responses 𝑔0,ℓ(⋅). In our experiments, the supports of
the instrumental responses are shorter than 500 time bins and we
ensured the histograms of time-of-flights were long enough not to
clip any target peak. This motivates our choice of (𝑡𝑚𝑖𝑛, 𝑡𝑚𝑎𝑥) in
Section III-B. Under this additional assumption, we have
log

(∏
𝑡 𝑓(𝑦𝑖,𝑗,ℓ,𝑡∣𝜆𝑖,𝑗,ℓ, 𝑡𝑖,𝑗)

)
= log (𝑓(𝑦𝑖,𝑗,ℓ∣𝜆𝑖,𝑗,ℓ, 𝑡𝑖,𝑗)) + 𝑐𝑖,𝑗,ℓ

= log (𝑓(𝑦𝑖,𝑗,ℓ∣𝜆𝑖,𝑗,ℓ)) + 𝑐𝑖,𝑗,ℓ, (8)

where 𝑐𝑖,𝑗,ℓ is a constant which does not depend on 𝜆𝑖,𝑗,ℓ. Note
that 𝑐𝑖,𝑗,ℓ depends on 𝑡𝑖,𝑗 though and should be noted 𝑐𝑖,𝑗,ℓ(𝑡𝑖,𝑗).
However, we do not explicit this dependency and use 𝑐𝑖,𝑗,ℓ to
lighten the notations. Combining (5),(6) and (8) yields

(T̂, Â) = argmin
T,A

− log(𝑓(A))− log(𝑓(T))

−
∑
𝑖,𝑗,ℓ

log (𝑓(𝑦𝑖,𝑗,ℓ∣𝜆𝑖,𝑗,ℓ)) + 𝑐𝑖,𝑗,ℓ, (9)

where we notice that the optimization w.r.t. A does not depend
on the value of T. Thus, we can first estimate Â (it reduces to
estimating the marginal MAP estimator of 𝑓(A∣Y,Φ) and then
compute T̂ which also maximizes the conditional 𝑓(T∣Y, Â,Φ).
In addition to splitting to estimation of A and T into two simple
sequential steps, one of the main advantages of the proposed ap-
proach (over the method considered in [5]) is its low computational
complexity while providing a global optimum of (5). Indeed, the
estimation of A is achieved using only a reduced number of
summarizing features (i.e., {𝑦𝑖,𝑗,ℓ}) from the original data. The
next paragraph details how to sequentially compute Â and T̂.

IV-A. Estimating Â

Eq. (7) can be rewritten in matrix form as

Ỹ ∼ 𝒫
(
M̃Ã

)
(10)

where Ỹ is an 𝐿×𝑁row𝑁col matrix gathering the elements 𝑦𝑖,𝑗,ℓ, M̃
corresponds to the endmember matrix whose columns have been
scaled by 𝑔𝑖,𝑗,ℓ, Ã and is the 𝑅 × 𝑁row𝑁col reshaped abundance
matrix. Consequently, computing Â reduces to unmixing the in-
tegrated waveforms Ỹ under Poisson noise assumption, using the
prior model/regularization described in Section III-B and estimating
Ã via MAP estimation. The corresponding minimization problem

min
Aર0

𝐶(A) + 𝜆1

∑
𝑟

∣∣A𝑟∣∣1,1 − 𝜆𝑇𝑉

∑
𝑟

TV (A𝑟) (11)

is can be solved using any state-of-the art convex optimization
algorithm since 𝐶(A) = − log(𝑓(Ỹ∣M̃Ã)) is proper, lower
semicontinuous and convex [12] (in practice M has positive entries
and is full-rank). Here we used an instance of alternating direction
method of multipliers (ADMM) similar to PIDAL-TV [12] but
other alternative algorithms could have been used (e.g., SPIRAL
[13]). Comparison of algorithms for solving (11) is out of scope
of this paper and the interested reader is invited to consult [10],
[12] for details about the ADMM implementation using TV and ℓ1
regularization. It is interesting to recall here that although solving
(9) requires the whole observation matrix Y, estimating A only
requires the integrated waveforms, which drastically reduces the
computational complexity of the problem.

IV-B. Estimating T̂

As discussed above, T̂ can be obtained by maximizing
𝑓(T∣Y, Â,Φ). Moreover, it can be seen for (5) that

𝑓(T∣Y, Â,Φ) =
∏
𝑖,𝑗

𝑓(𝑡𝑖,𝑗 ∣y𝑖,𝑗 ,M𝒂̂𝑖,𝑗) (12)

with 𝑓(𝑡𝑖,𝑗 ∣y𝑖,𝑗 ,M𝒂̂𝑖,𝑗) ∝ 𝑓(y𝑖,𝑗 ∣𝑡𝑖,𝑗 ,M𝒂̂𝑖,𝑗)/𝑇
′. Consequently,

the elements of T̂ can be estimated independently (and in a parallel
manner). Since 𝑡𝑖,𝑗 is assumed to be discrete and can only take
value in finite set 𝕋, the estimation of T̂ is straightforward. Note
that since we compute the values of 𝑓(𝑡𝑖,𝑗 ∣y𝑖,𝑗 ,M𝒂̂𝑖,𝑗) for all
possible values of 𝑡𝑖,𝑗 ∈ 𝕋, we can derive measures of uncertainty
about the ranges (see Section V).

V. SIMULATION RESULTS

Fig. 1. Examples of instrumental impulse responses mea-
sured with an acquisition of 100s at different wavelengths
(500, 550, 600, 650, 700, 750 and 800nm)
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V-A. Experiment description
We assess the performance of the proposed method to analyse

the depth and spectral profiles of a 5 × 5 cm scene (see Fig. 2
(a)) composed of 8 objects made of polymer clay and mounted on
real tree leaves and fixed onto a dark-grey backboard at a distance
of 1.8m from a time-of-flight scanning sensor, based on time-
correlated single photon counting (TCSPC). The transceiver system
and data acquisition hardware used for this work is broadly similar
to that described in [14]–[18], which was previously developed at
Heriot-Watt University. The measurements have been performed
indoor, in the dark to limit the influence of ambient illumination.
The scene has been scanned using a regular spatial grid of 190×190
pixels and 𝐿 = 33 regularly spaced wavelengths ranging from
500nm to 820nm. The histograms consist of 𝑇 = 3000 bins of
2ps, which represents a depth resolution of 300𝜇m per bin. The
power of the supercontinuum laser source has been adjusted from
preliminary runs and the per-pixel acquisition time is 10ms for each
wavelength.

The instrumental impulse responses 𝑔0,ℓ(⋅) (partly depicted in
Fig. 1) were estimated from preliminary experiments by analysing
the distribution of photons reflected onto a Lambertian scatterer
placed at a known distance over a long period of time (100s here).
Fig. 1 illustrates the fact that the response of imaging system
can change in amplitude and shape, depending on the wavelength
considered due to the wavelength-dependent characteristics of its
different elements (e.g., supercontinuum laser source, detector,
lenses). Notice also the delays between the different peaks mainly
due to the different (and wavelength-dependent) path lengths of the
light in the imaging system. These delays can be compensated for
as part of the calibration and do not have a significant influence on
the imaging performance.

If a single wavelength was to be used to estimate the depth
profile, the variations of the peak shape could make the choice
of the most relevant wavelength difficult as the depth estimation
accuracy mainly depends on the amplitude (reflectivity estimation)
and width (depth estimation) of the peak. Of course, the depth
estimation performance also depends on the spectral signatures
of the objects of the scene (e.g., some objects can have a low
reflectivity at a given wavelength and are thus hardly detectable).
By considering several wavelengths to estimate the depth profile,
we can expect a more robust depth estimation (each object needs to
be visible at at least one wavelength) as we benefit from potential
redundancy between the different spectral bands.

V-B. Unmixing results
Fig. 3 shows the spectral signatures of the 𝑅 = 9 endmembers

manually extracted from the the data (based on the known position
of the different objects) and Fig. 4 depicts the corresponding esti-
mated abundance maps. Although the leaves and most clay objects
present close shades of green in Fig. 2 (a), Fig. 3 shows that the
leaf spectra are significantly different from the green clay spectra
which have similar shapes (and thus makes the unmixing problem
particularly difficult). Nevertheless, the estimated abundances are
generally in good agreement with the RBG image as it is possible
to identify the regions where the different materials are present.

V-C. Depth estimation
Fig. 2 (b) shows the depth/range image estimated using the

proposed method (i.e., after having estimated the abundance maps)
which is in very good agreement with the structure of the scene
in Fig. 2 (a) (the reference range being set to the range of the
backboard). In particular, it is possible to detect subtle depth
variations (e.g., central veins of the leaves, depth gap between
the leaves and the board). To evaluate the quality of the depth
estimation, we compute for each pixel the posterior probability
𝑓(𝑡𝑖,𝑗 = 𝑡𝑖,𝑗 ∣y𝑖,𝑗 ,M𝒂̂𝑖,𝑗) in (12). The corresponding proba-
bility map in Fig. 2 (c) illustrates the high concentration of

(a)

(b) (c)

Fig. 2. (a): Standard RGB image of the scene composed of different
coloured clays and leaves fixed on a dark-grey backboard. (b)
Estimated depth/range image in millimetre (the reference range
corresponds to the backboard range). (c) Posterior probabilities
of actual ranges to be within the 0.3mm interval around 𝑑𝑖,𝑗 =
(3/2).108𝑡𝑖,𝑗 .

Fig. 3. Spectral signatures of the 𝑅 = 9 endmembers used to
analyse the MSL data (corresponding abundance maps depicted in
Fig. 4).

𝑓(𝑡𝑖,𝑗 ∣y𝑖,𝑗 ,M𝒂̂𝑖,𝑗) around 𝑡𝑖,𝑗 which translates an accurate depth
estimation. Indeed, 𝑓(𝑡𝑖,𝑗 = 𝑡𝑖,𝑗 ∣y𝑖,𝑗 ,M𝒂̂𝑖,𝑗) is higher than 95%
in most pixels, the lower probabilities being associated with regions
where the surface orientations yields lower photon counts and thus
higher uncertainties about the object ranges. Note however that
𝑓(𝑡𝑖,𝑗 ∈ (𝑡𝑖,𝑗 − 1, 𝑡𝑖,𝑗 + 1)∣y𝑖,𝑗 ,M𝒂̂𝑖,𝑗) is higher than 99% for
more than 99% of the pixels, leading to confidence intervals at
99% smaller than 0.9mm for almost all estimated ranges.
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Fig. 4. Estimated abundance maps (all images have the same
dynamic, i.e., between 0 and 1).

VI. CONCLUSION
We have proposed a new Bayesian model and a fast joint

depth estimation and spectral unmixing algorithm for 3D scene
analysis from MSL data. Assuming the ambient illumination can
be neglected, the spectra of the scene surfaces visible by the
imaging system were decomposed into linear mixtures of known
endmembers, potentially corrupted by sparse deviations/anomalies.
Adopting a Bayesian approach, prior distributions were assigned to
the unknown model parameters; in particular sparsity and smooth-
ness promoting priors were used to encode the spatial organization
of the abundance maps. Including ambient illumination and dark
count levels in the observation model (as in [8], [18]–[20]) is
the obvious next step from a more general application of the
proposed method. This can be done easily by including additional
background terms in (1). Note that the proposed method can
still be applied if the background levels are known (or estimated
beforehand) by modifying the cost function in (9) (the resulting
cost function remains convex with respect to A). In future work,
and especially for remote sensing applications, it will be crucial to
account for the presence of distributed (multi-layered) targets and
anomalies (e.g., objects present in isolated pixels and/or presenting
spectral signatures which differ from the main objects of the scene),
which would yield multiple returns in the MSL data. This could
potentially allow the estimation of real 3D abundance profiles.
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Abstract—This paper presents method and results of a Ground
Moving Target Indication (GMTI) experiment using multi-
channel Synthetic Aperture Radar (M-SAR) data collected by
the four channel F-SAR system. The proposed approach is based
on sub-aperture processing, Space-Time Adaptive Processing
(STAP), constant false alarm rate (CFAR) thresholding and
geocoding. The results are validated and compared with results of
the same data set from a previous approach based on a combina-
tion of single-channel (SC) and Along-Track Interferometry (ATI)
detections. It is shown that the STAP-based technique guarantees
better performances when detecting moving targets with a small
Radar Cross Section (RCS).

I. INTRODUCTION

Nowadays, SAR-GMTI is becoming increasingly important
since acquiring knowledge about moving objects and simulta-
neously imaging the area of interest has considerable advan-
tages for both civil and non-civil applications. Monitoring and
counting vehicles on highways or detecting non-cooperative
moving targets on ground may demand different performances
but they do ask for a common core processing. In the past
decades several solutions have been proposed in order to de-
sign a SAR system with GMTI capabilites. A simple taxonomy
is based upon the number of receiving channels. Therefore,
we may divide these systems into two groups: single-channel
systems and multi-channel systems. The first ones are SAR
systems with a single receiving antenna connected to a single
receiver. They were initially proposed since generating multi-
channel data was not feasible in terms of processing burden,
hardware complexity and costs. Viceversa, most recent state-
of-the-art methods for SAR-GMTI such as ATI [1], Displaced
Phase Center Array (DPCA) [2] and STAP [3-4] rely on multi-
channel data.
DPCA and STAP-based techniques make use of multiple
receiving channels to suppress the signal back-scattered by
stationary targets (clutter), thus making the detection of small
slow moving targets easier. More specifically, STAP processes
the pulses collected by M antenna elements at N pulse
repetition intervals (PRI). These space-time samples are then
combined in such a way that the output signal-to-interference-
pluse-noise-ratio (SINR) is maximized. Such a processing de-
fines a 2-D filter which increases detection rates with respect to
any 1-D space or time filter. Unfortunately, the main drawback
of STAP is its computational burden which is a function of
the N spatial degrees-of-freedom and M temporal degrees-of-
freedom (DOFs). Sub-optimal STAP configurations were then
designed in order to limit the overall number of spatial and

temporal DOFs and make STAP suitable for real life appli-
cations [3-4]. While SAR-STAP was mainly applied to linear
flight patterns [5], less attention was placed on the advantages
of circular SAR data. The circular acquisition geometry used
in this paper yields an extended illumination time which
leads to longer moving object detection times. Furthermore,
a more detailed analysis of STAP detection capabilities under
a changing illumination geometry becomes feasible given a
circular flight pattern. This allows the validation of STAP
detection capability with respect to the aforementioned criteria.
Additionally, a comparison with SC/ATI combined detections
was conducted demonstrating that STAP can contribute to a
better detection capability especially for small RCS objects.
Initial results show an increase from 30% using SC/ATI to
80% with STAP.
In Section II-A we briefly introduce the test site, then we
describe the F-SAR sensor and list its specifications. In
Sections II-(B-E) each single stage of the processing chain is
described in detail. Section II-F outlines the validation method
while section III analyses and evaluates the achieved results.
Finally, in Section IV we summarize the overall results and
suggest potential future investigations.

II. METHOD

A method for GMTI using circular M-SAR real data is
introduced and described. The main steps of the processing
chain are as follows: (1) a pre-processing block implementing
sub-aperture processing, track linearization and array calibra-
tion, (2) a sub-optimal STAP processing known as Adjacent
Bin Post Doppler STAP (ABPD-STAP) [6], (3) a CFAR
thresholding to detect moving targets and (4) geocoding.
The aforementioned processing chain is capable of achieving
ground moving target detections in spite of a circular flight
path and attitude perturbations.

A. Test site and sensor

The study area for the SAR-GMTI experiment was a
highway intersection close to the municipality of Oensingen,
located in the canton of Solothurn, Switzerland (see Fig. 1).

The SAR sensor utilized in the experiment is the F-SAR
sensor designed by DLR [7]. The system comprises one trans-
mitting antenna and four equally spaced receiving antennas
with an inter-element spacing of 20 cm. Elevation and azimuth
angle are respectively 30.3 and 7.3 degrees.
The transmitted signal is a down-chirp signal centered around
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Fig. 1. Geocoded SAR image of the test site Oensingen.

a 9.6 GHz carrier frequency with bandwidth equals to 100
MHz and the theoretical range resolution is approximately 1.5
m. The slow time signal was sampled with a Pulse Repetition
Frequency (PRF) of approximately 2016 Hz. The whole batch
of data comprises more than 300 k pulses (ca. 149 s) collected
on a circular acquisition geometry. The flight path has an
approximate diameter of 3.5 km, a mean altitude above ground
of 2.7 km, and an average platform velocity of 76 m/s.

B. Data pre-processing

The data were firstly divided into a large number of highly
overlapping apertures with reduced bandwidth (OAwrB) with
a step size of 200 pulses (ca. 0.1 s) between subsequent
OAwrB. Each of the OAwrB was defined by extracting a
coherence processing interval (CPI) of 700 pulses (circa 0.34
s) from the whole data set. This aperture is small enough
to guarantee a valid post-Doppler STAP filtering and limits
target range migration within few range-Doppler cells. The
following step consists of track linearization and forward
velocity compensation: this was only possible since a very
precise global positioning system (GPS) was installed on-
board the airborne platform. The OAwrB were then processed
to achieve range compression and a Fast Fourier Transform
(FFT) was performed along the slow-time axis to map the
received signal into the range-Doppler domain. Fig. 2 shows
the range-Doppler map of Channel #1 for a given OAwrB.
Even though range-Doppler maps are not always straight-
forward interpretable, some of the underlying structures are
clearly visible. This is due to the meter range resolution
and to the CPI duration which is long enough to compress
the signal along the Doppler axis. In fact, we can recognize
the highway intersection, some agricultural fields and few
buildings characterized by dominant scatterers. The presence

Fig. 2. Range-Doppler map before STAP: Channel #1, OAwrB #106.

of grassland and urban area suggests that the background
clutter is very likely to be heterogeneous and this will have to
be accounted for when performing moving targets detection.
Finally, the last step of the pre-processing stage is the array
calibration, which is crucial when using techniques that exploit
amplitude and phase differences of the signals collected by
an array. The main goal is to remove any antenna pattern
imbalances between the array elements so that their transfer
functions are as similar as possible. The technique that was
implemented is the adaptive 2-D calibration proposed by
Ender [8]: this approach is useful when no information about
the antenna patterns is available.

C. STAP processing

In order to remove or at least mitigate the impact of back-
ground clutter the ABPD-STAP technique has been applied
to each Fourier-transformed OAwrB. Post-Doppler approaches
imply a theoretical decoupling of the samples at adjacent
Doppler bins allowing an independent and separate clutter
suppression for each one of them. Nonetheless, even if the
Fourier-transformed signals are less correlated than the time-
domain ones, some correlation persists. For this reason the so
called order 2 extended factored processing [6] was adopted.
That is, two adjacent correlation values (one for each side)
were included giving a total of three Doppler bins. The
interference-pluse-noise covariance matrix is then estimated
as follows:

𝑹(𝑘,𝑤) =
1

𝐾

𝐾∑
𝑘=1

𝒁(𝑘,𝒘) ∗𝒁 ′
(𝑘,𝒘) (1)

𝒘 = [(𝑤−1) 𝑤 (𝑤+1)]

being ′ the conjugate transpose operator, while k and w
identify respectively the range bin and the Doppler bin. Given
the spatially dependent nature of clutter, the K bins were
selected by means of a sliding window strategy [9] and a fixed
number of neighbouring range-gates were discarded in order to
avoid target self-nulling. The STAP filter weights are defined
by
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Fig. 3. Range-Doppler map after STAP: OAwrB #106.

𝒉(𝑘,𝑤) = 𝑹−1(𝑘,𝑤) ∗ 𝒗(𝑤) (2)

where 𝒗 is the steering vector which maximizes the signal
centered around Doppler bin w . Finally, STAP filtering is
implemented as

𝒁(𝑘,𝑤) = 𝒉
′
(𝑘,𝑤) ∗𝒁(𝑘,𝒘) (3)

yielding the results shown in Fig. 3.

D. Moving targets detection

The decision whether a moving target is present in the
range-Doppler map is made by a 3-step detection scheme
[10]. The final detection mask is defined by computing the
logical AND of three different binary masks. The first one
aims at removing false alarms lying outside the antenna main
beam: a threshold is defined as function of the noise level
and its variance. Range-Doppler cells containing values falling
below this threshold are very likely not containing any useful
signal. The second binary mask is designed in order to remove
clutter residues [11]. In fact, as one can see by comparing
Fig. 2 with Fig. 3, the proposed ABPD-STAP technique is
not capable of completely removing the background clutter.
Dominant scatterers are likely to survive the STAP filtering,
especially when the SAR scene is heterogeneous. The third
binary mask is the result of a CFAR thresholding. From
Eq. (3) we can easily derive the so called Maximum-Likely
Quotient (MLQ) statistic which reflects the highly variant
back-ground reflectivity of the SAR scene. The scaled F-
distribution proposed in [12] proved to be the one providing
the best fit. The very last step consists of removing single cell
potential detections from the AND mask, that is detections
occupying only one range-Doppler cell were suppressed.

The results of this detection scheme are shown in Fig. 4
where one can recognize the candidates for moving targets.

E. Geocoding

The masked range-Doppler map (as shown in Fig. 4) is the
input for the geocoding step. Moving target candidates are
back-projected directly to a three-dimensional reconstruction

Fig. 4. Range-Doppler map after STAP and MT detection: OAwrB #106.

grid as we are interested in mapping them into a geocoded
reference system. This is possible since the linearized aircraft
position is known and a very accurate digital elevation model
(DEM) was available. In order to accomplish it, Time Domain
Back-Projection (TDBP) [13] was used. Note that here we
have range-Doppler STAP-filtered signals while usual inputs
for the TDBP are the base-band range-compressed signals. An
Inverse FFT (IFFT) was then performed along the Doppler axis
to transform the filtered signals back into the time-domain. The
TDBP calculates the geocoded image as follows:

𝑂𝐴𝑤𝑟𝐵𝐹𝐿𝑇 =

=

[
𝑁∑
𝑡=1

𝑠𝐹𝐿𝑇

(
𝑅

𝑐
, 𝑡

)
𝑒𝑖2𝜋𝑓𝑐𝜏

]
𝑒−𝑖2𝑘𝑐𝑅(𝑥0,𝑦0,𝑧0) (4)

𝑅 =
√

(𝑋(𝑡)−𝑥0)2 + (𝑌 (𝑡)−𝑦0)2 + (𝑍(𝑡)−𝑧0)2

where t and 𝜏 correspond respectively to slow-time and
fast-time. (X (t),Y (t),Z (t)) is the sensor position in global
Cartesian coordinates along the slow-time, kc is the frequency
wavenumber at carrier frequency fc and c is the speed of light.
sFLT is the base-band range-compressed STAP-filtered signal
at slow time t .

F. Validation method

In order to validate the overall processing chain, the outputs
of the STAP approach are compared with the ones of a SC/ATI
based approach [14] where the same data set was processed.
In addition, ground-truth measurements are available from (a)
a camcorder equipped with a GPS clock overlooking the test
site and (b) speed camera pictures and times of each single car
or truck passing during the over-flight. With this information,
we could not only validate the accuracy of the STAP moving
target detections, but also outline a brief comparison between
the STAP-based approach and the SC/ATI combined approach
based on five test objects.
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Fig. 5. Geocoded SAR image: Channel #1, OAwrB #106.

III. RESULTS

To define a fair comparison between different approaches,
the CFAR thresholding of Section II-B was defined in such a
way that the number of STAP potential detections could match
the ones from the other approaches (SC & ATI). That is, the
FA ratio of the three methods were similar. The set of five
moving target detections was analyzed over 100 consecutive
OAwrB (circa 10 s). Fig. 5 shows the geocoded SAR image;
Fig. 6 shows the STAP-derived detections overlaid on top of
it. The five test moving targets are marked by the numbers 1-5
and can be found in the bottom-left of Fig. 6.

TABLE I
DETECION RESULTS

SC ATI SC ∩ ATI STAP

MT #1 95 66 98 100

MT #2 42 53 93 90

MT #3 41 57 87 94

MT #4 46 66 93 95

MT #5 3 29 29 81

The results are summarized in Table I. The overall perfor-
mances of the STAP approach proved to be better than SC
and ATI if those are taken singularly. The reason behind this
gap is simple. The SC approach works fine as long as the
target is outside the antenna main beam but fails when target
with small RCS are within the main beam. Viceversa, ATI
works better in the center of the antenna beam but its detection
performances are affected by clutter: in fact, the phase of a
moving target hidden in strong clutter is mainly driven by
the clutter itself (see [14]). However, when combining these

Fig. 6. STAP-derived detections on top of the SAR image: OAwrB #106.
(Green crosses) Moving target detections. (Red) Moving targets’ responses.

two approaches together the detection rate rise substantially.
STAP still shows an overall better detection rate but the gap is
considerably smaller. More specifically, large moving targets
with big RCS (see Table I, MT #1) are reliably detectable
by both approaches. On the contrary, moving targets with a
smaller RCS (see Table I, MT #5) represent a more challenging
task for SC/ATI combined approach (only 30% detection rate)
while STAP still guarantees a robust detection rate of 80%.
As for the STAP missed detections of MT #2-5, they were
mainly caused by the sliding-window secondary data selection
for the estimation of the covariance matrix. In fact, for few
apertures the test moving targets were at the same Doppler
and very close in range to a line of dominant scatterers. The
presence of strong fixed targets in the secondary data led to
the moving target in the cell under test being nulled when
applying the STAP filter. However, based on these five test
objects and using circular SAR data, we can conclude that
STAP is relatively unaffected by the illumination geometry.

IV. CONCLUSIONS

We have introduced a method based on OAwrB and STAP
processing to identify ground moving targets in circular SAR
data. The proposed algorithm was evaluated by comparing it
with the SC/ATI detections of the same data set. The achieved
results are promising as the algorithm proved to be capable
of detecting moving targets with reliable detection rates.
This approach could potentially be an option for detecting
and tracking non-cooperative moving targets in a non-civil
scenario irrespective of the acquisition geometry. However,
the algorithm should be modified to be capable of managing
dense vehicle and man-made target environments. This would
guarantee enhanced performances that are more suitable for
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such applications. Further investigations shall include a more
detailed comparison between SC, ATI and STAP in order to
assess whether STAP is the best technique for any environment
and any configuration. If that is not the case, following
steps shall focus on merging different approaches in order to
increase the overall detection rate at a fixed FA ratio.
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Abstract—This paper presents a work for imaging the moving
targets and estimating their velocities with better accuracies using
the Digital Elevation Map (DEM) in urban environments under
multi-channel Synthetic Aperture Radar (SAR) scenarios. Given
the received phase histories pre-processed by channel balancing
techniques, we employ Ground Moving Target Indicator (GMTI)
methods to detect the moving targets, and apply the DEM to
assist imaging the observed scene and estimating the states of
the targets. Specifically the DEM can be leveraged to calibrate
the positions of the moving targets and give further constraints
on the estimations of velocities. The described work is demon-
strated through the AFRL Gotcha challenge data. We present
the positions of the relocated targets along with their velocity
estimations as the experimental results.

Index Terms—SAR, GMTI, digital elevation map

I. INTRODUCTION

SAR was originally developed as a flexible sensing tech-
nique to produce high resolution images of the observed scene
for surveillance purposes. In particular, SAR-based GMTI
aims to indicate the moving targets within SAR images and
estimate the moving target parameters including their physical
positions and velocities. The developments on GMTI tech-
niques in the last decade significantly captured the attention
from the SAR community due to its capabilities in promoting
situational awareness. In practice, SAR imaging assumes that
the observed scene contains only static targets. Therefore,
moving targets will introduce blurrings and displacements to
the SAR images, and they need to be relocated and refocused
using GMTI techniques.

Within the multi-channel SAR framework, widely used
GMTI techniques include Displaced Phase Center Antenna
(DPCA), Along Track Interferometry (ATI) and Space-time
Adaptive Processing (STAP) [1][2][3]. DPCA and ATI are
subtractive methods which suppress the clutter and reveal
the moving targets with magnitudes and interference phases
respectively. STAP can be taken as the extended version of
DPCA and it is well known to be computationally expensive.
Take the ATI as an example, radial velocities of the moving
targets can be estimated and the moving targets can then be
relocated accordingly. However, in particular scenarios where
the monitored region has significant variations on elevations,
the localisations of the targets will be distorted and inconsis-
tencies will show up if we compare the relocated targets to
the ground truth target path.

In this paper, we discuss how the DEM can be utilised to
enhance the relocations of the moving targets and improve the
estimations of targets’ states. The remainder of the paper is or-
ganized as follows. Section two describes the signal modeling
of a standard multi-channel SAR system with a specific terrain
map. In section three, the DEM aided SAR/GMTI processings
are presented. We first introduce the SAR basics and GMTI
approaches. Then we focus on incorporating the DEM into
the moving target imaging and the target states estimations. In
section four, we demonstrate the performance of the proposed
methods using the real airborne SAR data. Conclusions are
presented in section five.

II. SIGNAL MODELING

In Fig. 1 we depict a standard multi-channel SAR system
in the spotlight mode with a number of moving targets in
the observed scene. A terrain map is associated with the
monitored region. The phase centres of antennas are equally
spaced with a distance 𝑑 along the flight path of the platform.
Let the azimuth time (slow time) of the transmitted pulses
be 𝜏𝑛 where 𝑛 = {1, 2, ..., 𝑁} is the pulse number; r(𝜏𝑛)
be the instantaneous spatial position of one target at 𝜏𝑛;
𝑟
(𝑡)
𝑖 (𝜏𝑛) and 𝑟

(𝑜)
𝑖 (𝜏𝑛) denote the distance from the target to

the 𝑖−th antenna and the distance from the scene origin to the
corresponding antenna position respectively. Within a short
sub-aperture, we can assume that the platform velocity is a
constant 𝑣𝑝.

For the target at r(𝜏𝑛), the discrete received phase histories
from the 𝑖−th channel after the de-chirping process (the
movement of the platform is compensated with reference to
the scene origin) can be formulated as:

𝑌𝑖(𝑓𝑘, 𝜏𝑛) = 𝐴𝑖𝜎(r(𝜏𝑛)) exp
(
−𝑗4𝜋𝑓𝑘𝑢𝑖(𝜏𝑛)

𝑐

)
(1)

where {𝑓𝑘∣𝑘 = 1, 2, ..., 𝐾} denotes the range frequencies;
𝐴𝑖 represents a nominal factor which accounts for the beam
pattern and energy loss for the 𝑖−th channel; 𝜎(r(𝜏𝑛)) is the
complex reflectivity of the target at r(𝜏𝑛); 𝑐 is the speed of
light and 𝑢𝑖(𝜏𝑛) is the differential range 𝑟

(𝑡)
𝑖 (𝜏𝑛) − 𝑟

(𝑜)
𝑖 (𝜏𝑛).

Given that we have multiple targets in the observed scene,
the received data can be assembled by accumulating the
received signals from all the targets. Thus, the received data
can be further reformulated in the matrix-vector form as
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Fig. 1. The geometry of a multi-channel SAR system with moving targets in
the monitored scene which is associated with a terrain map.

Y𝑖 = Φ𝐹 (X), where Φ𝐹 is the forward projection operator
to map the image domain to the data domain and X ∈ ℂ

𝑀×𝐿

denotes the collection of the target reflectivities.

III. DIGITAL ELEVATION MODEL AIDED SAR/GMTI

Based on the described multi-channel SAR system we focus
on the DEM aided SAR/GMTI processings in this section.
How the terrain information can help locate the moving targets
and estimate their states will be discussed in details.

A. SAR Pre-processing

Given that the phase histories have been range compressed
and range-migration corrected, it has been reported that for two
channels the signals in Doppler and range-frequency domain
can be approximated with the equations [4]:

𝑌1(𝜔,Ω) ∼= 𝑐(𝜔)ℎ1(Ω)𝐷1(𝑞(𝜔))

𝑌2(𝜔,Ω) ∼= 𝑐(𝜔)ℎ2(Ω)𝐷2(𝑞(𝜔))𝑒𝑥𝑝(−𝑗
𝑑

2𝑣𝑝
𝜔)

(2)

where 𝑐(𝜔) is the nominal factor to denote the complex
Doppler dependencies, ℎ𝑖(Ω) is the transfer function with the
range frequency Ω for the 𝑖−th channel, 𝐷𝑖 is the antenna
pattern for the 𝑖−th channel, and 𝑞(𝜔) is the directional cosine
history over the Doppler frequency 𝜔.

From (2) it is shown that the phase histories can be balanced
with two functions in azimuth and range directions respec-
tively, i.e. 𝐻𝑎𝑧(𝜔) and 𝐻𝑟𝑔(Ω) in (3), to retrieve the same

responses for stationary targets between different channels.

𝐻𝑎𝑧(𝜔) =
𝐷1(𝑞(𝜔))

𝐷2(𝑞(𝜔))𝑒𝑥𝑝(−𝑗
𝑑

2𝑣𝑝
𝜔)

𝐻𝑟𝑔(Ω) =
ℎ1(Ω)

ℎ2(Ω)

(3)

This process is especially crucial for subtractive GMTI
methods such as DPCA and ATI which reveal moving targets
in SAR images through the differences between channels.
Specifically the phase history for the second channel can be
balanced via Ỹ2(𝜔,Ω) = Y2(𝜔,Ω)𝐻𝑎𝑧(𝜔)𝐻𝑟𝑔(Ω). An adap-
tive 2D channel balancing technique was proposed to update
𝐻𝑎𝑧(𝜔) and 𝐻𝑟𝑔(Ω) with iterations [4]. We will employ this
approach to pre-process the SAR data in the remainder of the
paper.

In practice, we tend to employ more azimuth samples
to better mitigate the imperfect balances along the range
direction. However, 𝐻𝑎𝑧(𝜔) have strong degradations in am-
plitudes among azimuth frequencies, and this will induce
less calibration accuracies for the azimuth samples in high
frequencies. The simple solution is to estimate 𝐻𝑎𝑧(𝜔) and
𝐻𝑟𝑔(Ω) with a number of azimuth samples and preserve only
the low frequencies in 𝐻𝑎𝑧(𝜔).

B. SAR Imaging and GMTI

The SAR imaging process can be interpreted as approxi-
mating the pseudo inverse of the forward projection opera-
tor Φ0

𝐹 . Let the discrete grid on which the SAR image is
formed be 𝔾𝑚𝑙 = (𝑥𝑚, 𝑦𝑙, 0) and the range files ΔR𝑚𝑙𝑛 =
∥r(𝜏𝑛)−𝔾𝑚𝑙∥ − ∥r(𝜏𝑛)∥, where 𝑚 = {1, 2, ..., 𝑀}, and
𝑙 = {1, 2, ..., 𝐿}. The well known matched filter and back
projection techniques realise the image formation via X =
Φ0
𝐵(Y𝑖) in which the backward projection operator Φ0

𝐵 is the
Hermitian transpose of Φ0

𝐹 :

𝑋(𝑚, 𝑙)=

𝐾∑
𝑘=1

𝑁∑
𝑛=1

𝑌𝑖(𝑓𝑘, 𝜏𝑛) exp

(
𝑗4𝜋𝑓𝑘ΔR𝑚𝑙𝑛

𝑐

)
(4)

Based on the imaging mechanism, multiple targets detection
algorithms are valid to mark the ground moving targets in
the formed images. In particular, DPCA is implementing the
subtractions among the formed SAR images between different
channels, ATI is realised by multiplying the formed image
from a channel with the conjugate of the complex image
from another channel, a compressed sensing based method is
exploiting the sparsities pixel-wise in the image domain [5],
and a sparse regularised minimisation model is generalising
the moving targets and background separation problem as an
optimisation framework [6].

In general, these GMTI techniques are all capable of de-
tecting displaced targets in SAR images and estimating their
radial velocities. For the rest of the paper, we employ a fast
back projection approach [7] to do efficient high-resolution
SAR imaging, and the sparsity based optimisation method we
previously developed to realise the targets detection and radial
velocities estimations [6].
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C. Moving Targets Relocations with DEM

Since we can indicate the moving targets in SAR images
based on the aforementioned approaches, here we aim to
integrate the GMTI outputs and DEM into the SAR imaging
algorithm (4). Given the velocity vector V𝑡 = (𝑣

(𝑥)
𝑡 , 𝑣

(𝑦)
𝑡 , 𝑣

(𝑧)
𝑡 )

for a moving target and the subdata Y𝑡 which corresponds
with this target, the image formation of this specific target
with DEM can be written as:

𝑋𝑡(𝑚, 𝑙) =

𝐾∑
𝑘=1

𝑁∑
𝑛=1

𝑌𝑡(𝑓𝑘, 𝜏𝑛)×

exp

(
𝑗4𝜋𝑓𝑘(∥r(𝜏𝑛)−𝔾

′
𝑚𝑙 − V𝑡𝜏𝑛∥ − R0(𝜏𝑛))

𝑐

)

(5)

where 𝔾
′
𝑚𝑙 = (𝑥𝑚, 𝑦𝑙, 𝑧(𝑚, 𝑙)) is the physical grid with

the elevation information, the enriched range files ΔR′
𝑚𝑙𝑛 =

∥r(𝜏𝑛)−𝔾
′
𝑚𝑙 − V𝑡𝜏𝑛∥−R0(𝜏𝑛) contain the DEM and target

states, and R0(𝜏𝑛) = ∥r(𝜏𝑛)− r𝑟𝑒𝑓∥ denotes the distance files
with azimuth time between the platform and a reference point
r𝑟𝑒𝑓 . Here the reference point r𝑟𝑒𝑓 is the scene center which
can incorporate the DEM, and it can be pre-computed as a
constant vector.

To be specific, the fast SAR imaging technique [7] operates
by splitting the raw data into blocks and calculate the pixel
reflectivities in parallel within each data block. The imaging
implementation for each block still follows the basic back
projection format. Therefore, it is straightforward to utilise the
DEM and velocity information in the fast image formation by
manipulating the differential range ΔR′

𝑚𝑙𝑛 in (5), i.e. incor-
porating the DEM into 𝔾

′
𝑚𝑙 and r𝑟𝑒𝑓 , and setting ΔR′

𝑚𝑙𝑛 =
∥r′(𝜏𝑛)−𝔾

′
𝑚𝑙∥ − R0(𝜏𝑛) where r′(𝜏𝑛) = r(𝜏𝑛) − V𝑡𝜏𝑛,

to achieve moving targets imaging with better relocations.
Therefore, the computations remain consistent with (4) in the
imaging process and the fast SAR imaging technique [7] still
holds.

In a number of scenarios we only have the estimated radial
velocities or our emphasis is on the target relocations, the
differential range can be approximated via:

ΔR′
𝑚𝑙𝑛
∼= ∥r(𝜏𝑛)−𝔾

′
𝑚𝑙∥+ 𝑣

(𝑟𝑎𝑑)
𝑡 𝜏𝑛 − R0(𝜏𝑛)

= ∥r(𝜏𝑛)−𝔾
′
𝑚𝑙∥ − R′

0(𝜏𝑛)
(6)

where 𝑣
(𝑟𝑎𝑑)
𝑡 describes the radial velocity with which the target

moves away from the antenna, and the distance files R0(𝜏𝑛)
can be flexibly replaced with R′

0(𝜏𝑛) to enforce the radial
velocity constraint in moving targets relocations.

D. Moving Target States Estimation

There has been a number of investigations in estimating
moving target states/velocities. For example, it is well known
that the radial velocities of moving targets correspond to
the phase differences between SAR images from different
channels in ATI [8][9], and the azimuth velocities can be
estimated through bank of filters[10]. It was suggested in
[11] that the azimuth velocities of moving targets can be

charactered with a Fractional Fourier transform in the time-
frequency domain. In [12] it was reported that the estimated
velocities can be selected by best focusing the targets to give
sharp image patterns and also maintaining the data fidelity.

Here the utilisation of DEM can give us a direct estimation
on the 𝑣

(𝑧)
𝑡 in V𝑡 by differentiating the elevations, which

provides us a further constraint on the velocity estimations.
It can also be used as an auxiliary criterion to help calibrate
the velocities estimated by other methods. Especially when the
targets are moving on roads in urban environments, the geo-
metrical information of the road can be used in combination
with the DEM to estimate the target states in three directions
(𝑣

(𝑥)
𝑡 , 𝑣

(𝑦)
𝑡 , 𝑣

(𝑧)
𝑡 ).

IV. EXPERIMENTAL RESULTS

In this section we demonstrate the exploitation of DEM in
AFRL GOTCHA data set [13] and compare our estimations
to the ground truth data. An X-band SAR system with three
Radar channels operates in an urban environment and collects
71 seconds raw data (PRF is 2.17 kHz and the transmitted
chip is centred at 9.6 GHz). The original data Y1, Y2 and
Y3 were intentionally range-gated from 5400 range samples to
384 range samples for memory considerations. We replace the
missing range samples with zeroes and rebuild the complete
phase histories Y𝑖 ∈ ℂ

5400×200 where 𝑖 = {1, 2, 3}. Then
with the 2D channel balancing technique presented in [4], we
keep calibrating the raw phase histories with 8000 azimuth
samples and only preserve the 800 calibrated samples in the
low frequencies till all data has been processed.

A. DEM Setup

Note that the DEM is absent in the original dataset, we need
to extract proper DEM data for the experiments. A coarse
DEM on a regular 80 × 60 grid with latitude and longti-
tude ranges of 0.0240 and 0.0250 respectively was obtained
from the United States Geological Survery (USGS) seamless
dataset. The coarse DEM coverage was initially chosen to be
larger than the observed scene of our SAR system for further
processing.

Since the monitored region does not match the retrieved
DEM pair (𝔾𝑐𝑜𝑎𝑟𝑠𝑒, E𝑐𝑜𝑎𝑟𝑠𝑒) at this stage where 𝔾𝑐𝑜𝑎𝑟𝑠𝑒

denotes a grid on the xy-plane (similar to 𝔾𝑚𝑙) and E𝑐𝑜𝑎𝑟𝑠𝑒 are
the corresponding elevation values, we have to find a reference
point (𝕏𝑟𝑒𝑓 , 𝐸𝑟𝑒𝑓 ) so that the elevation map (𝔾𝑚𝑙, E𝑚𝑙) can
be estimated by shifting the (𝔾𝑐𝑜𝑎𝑟𝑠𝑒, E𝑐𝑜𝑎𝑟𝑠𝑒) based on this
point (𝕏𝑟𝑒𝑓 , 𝐸𝑟𝑒𝑓 ), and then interpolating on the imaging grid
𝔾𝑚𝑙.

Given that we have the ground truth GPS information of one
moving target (𝕏𝑡, E𝑡), where 𝕏𝑡 contains its xy positioning
information and E𝑡 are the corresponding z coordinates, and
they form a path on the terrain surface, the reference point
(𝕏𝑟𝑒𝑓 , 𝐸𝑟𝑒𝑓 ) can be estimated by best matching the path to
the DEM:

min
𝕏𝑟𝑒𝑓 ,𝐸𝑟𝑒𝑓

1

2
∥E𝑡 − Γ(𝔾𝑐𝑜𝑎𝑟𝑠𝑒 − 𝕏𝑟𝑒𝑓 , E𝑐𝑜𝑎𝑟𝑠𝑒 − 𝐸𝑟𝑒𝑓 ,𝕏𝑡)∥22

(7)
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where Γ(𝕏𝑟𝑎𝑤, Z𝑟𝑎𝑤,𝕏𝑛𝑒𝑤) is the operator to interpolate the
surface (𝕏𝑟𝑎𝑤, Z𝑟𝑎𝑤) at the query points 𝕏𝑛𝑒𝑤, and return the
estimated elevation values.

The interpolated DEM shifted with the reference point is
shown in Fig. 2. As shown in the DEM, the monitored region
has significant elevation variations.

Fig. 2. The estimated DEM which is associated with the imaging grid.

B. Moving Targets Relocations

Given the estimated DEM and pre-processed phase histo-
ries, here we focus on the processing of the GOTCHA data
from azimuth number 144001 to 146000 and compare the
relocations to the ground truth GPS of one moving target. The
data is divided into five sub-apertures and each sub-aperture
contains 400 azimuth samples.

We first employ the GMTI technique described in [6] and
estimate the radial velocities of the moving targets for the
five sub-apertures. Here other GMTI techniques which are
able to give estimations on radial velocities can also be used.
As we have estimated the velocity map for the whole image,
the estimated velocities can vary from pixel to pixel and the
accuracies of relocations are very sensitive to the estimated
radial velocities. Instead of giving a single estimation on the
radial velocity, we consider a small 30×30 window around the
target for which we have the ground truth, and introduce an
estimation bar to give a range for the estimated radial velocity.
We denote the minimum/mean/maximum radial velocities in
the estimation bar for the 𝑖−th sub-aperture as 𝑣

(𝑟𝑎𝑑,𝑚𝑖𝑛)
𝑖 ,

𝑣
(𝑟𝑎𝑑,𝑚𝑒𝑎𝑛)
𝑖 and 𝑣

(𝑟𝑎𝑑,𝑚𝑎𝑥)
𝑖 respectively. In this way we allow

certain estimation tolerances for the target radial velocities.
These radial velocities can then be used in (5) and (6) to
give moving targets relocations. As we now have a range
for the estimated radial velocities, this will induce different
relocated positions and build up a window to indicate its
possible locations. The filled region in Fig. 3 stands for the
boundary of all possible target positions.

We extract the five relocated positions of the moving target
in five sub-apertures based on the radial velocity estimation
bar, and compare the relocated target path to the ground truth
GPS. The results can be found in Fig. 3.
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Fig. 3. Comparisons between the ground truth path of the moving target and
the relocations (with and without the DEM). The black line indicates the road
in the SAR image.

As shown in Fig. 3, the relocated path of the target with
DEM (green line) is significantly closer to the ground truth
(red line) and the road (black line) than the relocated path
without DEM (blue line). As the five sub-apertures correspond
to only 1 second during the flight, the ground truth target path
is approximately linear. We can therefore compare the average
relocated locations of five sub-apertures, i.e. the ones marked
with ▲ (green and blue) in Fig. 3, to the ground truth (red
triangle). The average relocated positions with and without
DEM are deviated from the ground truth for 4.4 m and 9.8 m
respectively. The improvement is about the same level as the
elevation map.

C. Moving Targets Parameters Estimation

The DEM can be further exploited in the estimation of mov-
ing targets velocities. Since the target is likely to move slowly
in the z direction, 𝑣

(𝑧)
𝑡 can be estimated by differentiating

the positions of the moving target. It gives us an additional
constraint on the velocities to help estimate the full state of the
target. Particularly in the urban environment, the moving target
is likely to move on the roads. The direction of the road gives
us another restriction on the velocity estimations. Furthermore,
the velocity estimations can be calibrated by allowing errors in
radial velocity estimations, i.e. relocating the moving target to
the intersection of the road and its possible locations (the filled
region in Fig. 3). Calibrated relocated positions of the target
give us calibrated radial velocity estimations and therefore
promote the accuracy of the estimated radial velocity.

Here we first calibrate the radial velocity estimations. The
estimated radial velocity of the target 𝑣

(𝑟𝑎𝑑)
𝑡 is adjusted to

relocate the moving target to the road (black line). Based on
the road direction in the formed image, we can approximately
leverage this equation 𝑣

(𝑦)
𝑡 = 14.1×𝑣

(𝑥)
𝑡 . Then its velocity in z

direction 𝑣
(𝑧)
𝑡 can be estimated by differentiating its relocated

positions. The accuracy on estimating 𝑣
(𝑧)
𝑡 is thus limited by

the accuracy of the DEM. Specifically, with the normalised
vector in radial direction n(𝑟𝑎𝑑) which goes from the target
to the platform, the (𝑣

(𝑥)
𝑡 , 𝑣

(𝑦)
𝑡 , 𝑣

(𝑧)
𝑡 ) and 𝑣

(𝑟𝑎𝑑)
𝑡 follow this
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TABLE I
COMPARISONS BETWEEN THE GROUND TRUTH AND ESTIMATIONS

sub-aperture number 1 2 3 4 5

estimated 𝑣
(𝑥)
𝑡 (m/s) 0.88 0.9 0.94 0.95 1.0

ground truth 𝑣
(𝑥)
𝑡 (m/s) 0.99 1.03 1.07 1.1 1.14

estimated 𝑣
(𝑦)
𝑡 (m/s) 12.4 12.72 13.2 13.4 14.1

ground truth 𝑣
(𝑦)
𝑡 (m/s) 12.9 13.1 13.3 13.5 13.7

estimated 𝑣
(𝑧)
𝑡 (m/s) 0.1 0.12 0.2 0.17 0.38

ground truth 𝑣
(𝑧)
𝑡 (m/s) 0.32 0.28 0.25 0.21 0.2

restriction:

𝑣
(𝑟𝑎𝑑)
𝑡 = 𝑣

(𝑥)
𝑡 ⟨u𝑥, n(𝑟𝑎𝑑)⟩+ 𝑣

(𝑦)
𝑡 ⟨u𝑦, n(𝑟𝑎𝑑)⟩+ 𝑣

(𝑧)
𝑡 ⟨u𝑧, n(𝑟𝑎𝑑)⟩

(8)

where u𝑥, u𝑦 and u𝑧 are the unit vectors in x, y and z
directions respectively, ⟨⋅, ⋅⟩ is the dot product operator.

Based on (8), we can estimate the target velocities
(𝑣

(𝑥)
𝑡 , 𝑣

(𝑦)
𝑡 , 𝑣

(𝑧)
𝑡 ). We compare our estimations to the ground

truth and show the results in Table I. It can be seen that the
estimations on the target velocities match the ground truth with
high accuracies. In practice, the geometrical information and
DEM can be used as the auxiliary restrictions on other velocity
estimation approaches to give SAR/GMTI applications better
robustness.

V. CONCLUSION

This paper presents a work for relocating moving targets and
estimating targets’ states with DEM in SAR/GMTI scenarios.
Specifically by modeling the DEM in the SAR imaging
and moving targets relocation scheme, the positioning of the
moving targets can be further improved. Also the DEM can
give us rough estimations on the z direction velocities, and
it can be combined with geometrical information especially
in urban environments to give further criteria to calibrate
velocity estimations. The experimental results based on the
GOTCHA GMTI dataset illustrate the effectiveness of the
presented processings.
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A Multi-Family GLRT for Detection
in Polarimetric SAR Images

L. Pallotta, Member, IEEE, C. Clemente, Member, IEEE, A. De Maio, Fellow, IEEE,
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Abstract— This paper deals with detection from multi-
polarization SAR images. The problem is cast in terms of a
composite hypothesis test aimed at discriminating between the
Polarimetric Covariance Matrix (PCM) equality (absence of
target in the tested region) and the situation where the region
under test exhibits a PCM with at least an ordered eigenvalue
smaller than that of a reference covariance. This last setup reflects
the physical condition where the back scattering associated with
the target leads to a signal, in some eigen-directions, weaker
than the one gathered from a reference area where it is a-
priori known the absence of targets. A Multi-family Generalized
Likelihood Ratio Test (MGLRT) approach is pursued to come
up with an adaptive detector ensuring the Constant False Alarm
Rate (CFAR) property. At the analysis stage, the behaviour of the
new architecture is investigated in comparison with a benchmark
(but non-implementable) and some other adaptive sub-optimum
detectors available in open literature. The study, conducted in the
presence of both simulated and real data, confirms the practical
effectiveness of the new approach.

Index Terms— CFAR, Covariance Matrix Equality, MGLRT.

I. INTRODUCTION

Polarimetric SAR images provide enhanced information on
the imaged scene that can be exploited for improved target de-
tection, recognition and scene classification [1]. Following the
imaging stage, target detection can be applied and improved
performance are achievable exploiting the multi-polarimetric
nature of the data. Detectors exploiting the polarimetric infor-
mation have been developed for specific applications including
change [2], [3], [4], oil spill [5], [6] and ship detection [7].
In this paper, the problem of target detection is formulated
in terms of a binary hypothesis test aimed at discriminating
between the presence and the absence of variations in the
Polarimetric Covariance Matrix (PCM) of the radar returns.
The presence of targets such as oil spills and ship wakes
modifies the backscattering of sea surface. The idea is to
compare the region under test, which possibly contains targets,
to a reference area where only echoes from the sea are
present. Without loss of generality, in this paper we will
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focus on the specific case of oil spills, where it is reasonable
to assume that the PCM of data containing oil slicks share
eigenvalues smaller than or equal to the PCM of the sea
returns. The decision problem is solved applying the GLRT
and the devised architecture is referred to as Positive Definite
Difference GLRT (PDD-GLRT). At the design stage, it is
assumed that the rank difference between the two covariance
matrices is known. However, this assumption might not be met
in practical scenarios, since such a-priori information is not
available at the receiver. In order to circumvent this drawback,
the previous results are extended to come up with a decision
rule capable of properly estimating the rank difference. This
goal is achieved exploiting the Multi-family GLRT (MGLRT)
[8] and the devised decision rule is referred to as Multi-family
PDD-GLRT (M-PDD-GLRT). Finally, numerical examples are
provided to prove the effectiveness of the proposed approach
also in comparison with existing strategies for oil spills
detection.

The remainder of this paper is organized as follows. Section
II is devoted to the problem formulation. The derivations of
the PDD-GLRT and its multi-family modification are reported
in Section III. Section IV analyzes the performance in terms
of detection probability on simulated and real data. Some
concluding remarks and future research tracks are given in
Section V.

NOTATION

Vectors and matrices are denoted by boldface lower-case
and upper-case letters, respectively. Symbols det(⋅) and tr (⋅)
denote the determinant and the trace of a square matrix,
respectively. Symbol ℍ𝑁 is used to represent the set of 𝑁×𝑁
hermitian matrices, while 𝑰 and 0 represent the identity matrix
and the null vector or matrix, respectively, both of proper
dimensions. The curled inequality symbol ર is used to denote
generalized matrix inequality: for any 𝑨 ∈ ℍ

𝑁 , 𝑨 ર 0
means that 𝑨 is a positive semi-definite matrix. Symbols
(⋅)𝑇 and (⋅)† stand for transpose and conjugate transpose,
respectively. Finally, the acronym iid means independent and
identically distributed while the symbol 𝐸[⋅] denotes statistical
expectation.

II. PROBLEM FORMULATION

A multi-polarization SAR sensor, for each pixel of the
image under test, measures 𝑁 = 3 complex returns, which are
collected from three different polarimetric channels (namely
HH, HV, and VV). The 𝑁 returns associated with the same
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pixel are organized in the specific order HH, HV, and VV to
form the vector 𝑿(𝑙1, 𝑙2), 𝑙1 = 1, . . . , 𝐿1 and 𝑙2 = 1, . . . , 𝐿2

(𝐿1 and 𝐿2 represent the vertical and horizontal size of the
image, respectively). Therefore, the sensor provides a 3-D data
stack 𝑿 of size 𝐿1×𝐿2×𝑁 which is referred to as datacube,
whose pictorial representation is given in Fig. 1.

Fig. 1. A pictorial representation of the construction of the datacube for
polarimetric images.

Starting from the datacube 𝑿 of the scene illuminated by
the radar, for each pixel under test, we extract a rectangular
neighborhood 𝒜 of size 𝐾 = 𝑊1 ×𝑊2 ≥ 𝑁 . We denote by
𝒁 = [𝒛1 . . . 𝒛𝐾 ] ∈ C𝑁×𝐾 the matrix whose columns are the
vectors of the polarimetric returns from the pixels of 𝑿 which
fall in the region 𝒜. The matrix 𝒁 is modeled as a random
matrix, whose columns are assumed iid random vectors drawn
from a complex circular zero-mean Gaussian distribution with
positive definite covariance matrix 𝑹.

Our goal is to identify those regions of 𝑿 that exhibit
variations of the covariance matrix 𝑹 with respect to a
preassigned reference region. Specifically, the presence of
specific objects in the observed scene yields signal echoes
with spectral properties different from those associated with
the background [5], [6]. For instance, consider an oil spill
on the sea surface, whose reflectivity coefficient reduces the
intensity of the backscattering signal. Thus, if we denote
by 𝑹𝒜1

and 𝑹𝒜2
the PCMs of a region 𝒜1 containing

sea returns and of a region 𝒜2 associated with a target,
respectively, physical argumentations on backscattering lead
to the condition 𝑹𝒜1

−𝑹𝒜2
ર 0.

Based on the aforementioned observations, the detection
problem addressed in this work can be written in terms of
the following hypothesis test⎧
⎨
⎩

𝐻0 :

{
𝒛𝑘 ∼ 𝐶𝒩 (0,𝑹) 𝑘 = 1, . . . ,𝐾
𝒚𝑚 ∼ 𝐶𝒩 (0,𝑹) 𝑚 = 1, . . . ,𝑀

𝐻1 :

{
𝒛𝑘 ∼ 𝐶𝒩 (0,𝑹1) 𝑘 = 1, . . . ,𝐾
𝒚𝑚 ∼ 𝐶𝒩 (0,𝑹1 +𝑹2) 𝑚 = 1, . . . ,𝑀

(1)
where

∙ 𝒛𝑘, 𝑘 = 1, . . . ,𝐾, and 𝒚𝑚, 𝑚 = 1, . . . ,𝑀 , are statisti-

cally independent random vectors1.
∙ matrices 𝑹 and 𝑹1 are full-rank, namely Rank (𝑹) =

Rank (𝑹1) = 𝑁 ;
∙ the rank of 𝑹2, say 𝑝, is assumed known and within the

interval (0, 𝑁 ].

Moreover, we assume that 𝐾 ≥ 𝑁 and 𝑀 ≥ 𝑁 to ensure that
the PCMs

𝑮 =

𝐾∑
𝑘=1

𝒛𝑘𝒛
†
𝑘 and 𝑯 =

𝑀∑
𝑚=1

𝒚𝑚𝒚†
𝑚 (2)

are full-rank with probability 1.

III. DETECTOR DESIGN

In this section, an adaptive decision rule is devised resorting
to the GLRT design criterion. To this end, let us define 𝒁𝐾 =
[𝒛1 . . . 𝒛𝐾 ] and 𝒀 𝑀 = [𝒚1 . . . 𝒚𝑀 ], then the likelihood
functions of 𝒁𝐾 and 𝒀 𝑀 under 𝐻0 and 𝐻1 are given by

𝑓(𝒁𝐾 ,𝒀 𝑀 ;𝑹, 𝐻0) =[
1

𝜋𝑁 det(𝑹)

]𝐾+𝑀

exp
{−tr

[
𝑹−1 (𝑮+𝑯)

]} (3)

and

𝑓(𝒁𝐾 ,𝒀 𝑀 ;𝑹1,𝑹2, 𝐻1) =[
1

𝜋𝑁

]𝐾+𝑀 exp
{−tr

[
𝑹−1

1 𝑮
]− tr

[
(𝑹1 +𝑹2)

−1𝑯
]}

[det(𝑹1)]𝐾 [det(𝑹1 +𝑹2)]𝑀
,

(4)

respectively. Now, observe that the GLRT for the problem at
hand is

max
𝑹1

max
𝑹2

𝑓(𝒁𝐾 ,𝒀 𝑀 ;𝑹1,𝑹2, 𝐻1)

max
𝑹

𝑓(𝒁𝐾 ,𝒀 𝑀 ;𝑹, 𝐻0)

𝐻1
>
<
𝐻0

𝜂. (5)

Under the above assumptions, it is possible to show that the
generalized likelihood ratio (5) is statistically equivalent2 to

Λ𝑝(𝒁𝐾 ,𝒀 𝑀 )
𝐻1
>
<
𝐻0

𝜂, (6)

where

Λ𝑝(𝒁𝐾 ,𝒀 𝑀 ) =

⎧
⎨
⎩

1, if 𝑝∗ < 𝑝,
𝑝∗∏
𝑖=1

(1 + 𝛿𝑖)
𝐾+𝑀

𝛿𝑀𝑖
, otherwise,

(7)

𝛿𝑖, 𝑖 = 1, . . . , 𝑝∗, are 𝑝∗ eigenvalues of 𝑮−1𝑯 with 𝑝∗ being
the minimum between the number of eigenvalues of 𝑮−1𝑯
greater than 𝑀/𝐾 and 𝑝.

The above architecture will be referred to in the following as
PDD-GLRT. In the next subsection, we apply the Exponential
Embedded Family (EEF) framework [8], [9] to devise an
architecture based upon the PDD-GLRT that does not use any
a priori information on the rank of 𝑹2.

1For the sake of simplicity, in the following, we neglect the possible low
correlation level between adjacent pixels.

2The proof is omitted for the sake of brevity.
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A. Multi-Family PDD-GLRT

In the present subsection, we introduce a variant to the PDD-
GLRT which does not need the above a-priori information.
Specifically, the binary hypotheses considered before become
multiple nested instances each tied up to a rank value of 𝑹2,
that is denoted by 𝑟(𝑖) = 𝑖, 𝑖 = 1, . . . , 𝑁 . In this scenario,
the classical GLRT cannot be used and, hence, we resort to
the MGLRT [8] [9] that allows the PDD-GLRT to be utilized
also in the case where the rank is not known. Specifically, the
MGLRT can be written in terms of the EEF computed for a
given model order3 𝑖, 𝑖 = 1, . . . , 𝑁 , [9] namely

max
𝑖∈{1,...,𝑁}

EEF(𝑖)
𝐻1
>
<
𝐻0

𝜂, (8)

where

EEF(𝑖) =

(
𝜁𝐺𝑖

(𝒁𝐾 ,𝒀 𝑀 )

−𝑟(𝑖)
[
log

(
𝜁𝐺𝑖

(𝒁𝐾 ,𝒀 𝑀 )

𝑟(𝑖)

)
+ 1

])
×

u

(
𝜁𝐺𝑖

(𝒁𝐾 ,𝒀 𝑀 )

𝑟(𝑖)
− 1

)
, 𝑖 = 1, . . . , 𝑁.

(9)

In the last equation, 𝜁𝐺𝑖
(𝒁𝐾 ,𝒀 𝑀 ) is two times the logarithm

of the PDD-GLRT decision statistic with 𝑝 = 𝑖, namely

𝜁𝐺𝑖
(𝒁𝐾 ,𝒀 𝑀 ) = 2 log Λ𝑖(𝒁𝐾 ,𝒀 𝑀 ), (10)

whereas u(⋅) is the Heaviside step function. Thus, when there
are multiple nested alternative hypotheses, the MGLRT first
computes the PDD-GLRT for each hypothesis, 𝜁𝐺𝑖

(⋅) say,
applies the transformation (9) to construct the EEF(𝑖), and
chooses the hypothesis attaining the maximum. For the sake
of completeness, we provide below the explicit expression of
𝜁𝐺𝑖

(𝒁𝐾 ,𝒀 𝑀 ), which contains the constants which have been
incorporated into the threshold of the PDD-GLRT, i.e.,

𝜁𝐺𝑖
(𝒁𝐾 ,𝒀 𝑀 ) = −2(𝐾 +𝑀)𝑟(𝑖) log(𝐾 +𝑀)

+ 2𝐾𝑟(𝑖) log(𝐾) + 2𝑀𝑟(𝑖) log(𝑀)

− 2𝑀

𝑟(𝑖)∑
𝑛=1

log 𝛿𝑖 + 2(𝐾 +𝑀)

𝑟(𝑖)∑
𝑛=1

log(1 + 𝛿𝑖).

(11)

IV. PERFORMANCE ANALYSES

In this section, we investigate the performances of the
proposed detectors in terms of Probability of Detection (𝑃𝐷).
For comparison purposes, we also plot the performance curves
of other approaches available in the open literature. More
precisely, we consider the GLRT devised in [3], [4], [6], whose
expression is

ΛGLRT =
[det (𝑮+𝑯)]

(𝐾+𝑀)

[det (𝑮)]𝐾 [det (𝑯)]𝑀

𝐻1
>
<
𝐻0

𝜂, (12)

3The model order is represented by the rank of 𝑹2.

the Maximum Likelihood Detector (MLD) proposed in [6]
given by

ΛMLD =
det (𝑯)

det (𝑮)

𝐻1
>
<
𝐻0

𝜂, (13)

and the Single Likelihood Detector (SLD) proposed in [6]
whose decision statistic is

ΛSLD = tr
(
𝑮−1𝑯

)
. (14)

In order to better analyze the behavior of all these detectors,
the comparisons also include the clairvoyant counterparts,
namely the Likelihood Ratio Test (LRT) and the clairvoyant
SLD (C-SLD). More precisely, the former is statistically
equivalent to

ΛLRT = tr [𝑹−1(𝑮+𝑯)

−𝑹−1
1 𝑮− (𝑹1 +𝑹2)

−1𝑯]
𝐻1
>
<
𝐻0

𝜂, (15)

while the latter has the following expression

ΛC-SLD = tr
(
𝑹−1

1 𝑯
)
. (16)

The analysis is conducted on both simulated and real SAR
data. In the latter case, we prove the effectiveness of the newly
proposed detectors in terms of the capability to detect oil spills
over the sea surface.

A. Detection Capability on Simulated Data

This subsection is devoted to the performance analysis using
computer simulated data for a preassigned value of Probability
of False Alarm (𝑃𝐹𝐴). Specifically, the numerical examples
are obtained by means of standard Monte Carlo counting
techniques. The detection thresholds and the 𝑃𝐷 values are
evaluated resorting to 100/𝑃𝐹𝐴 and 103 independent trials,
respectively. The nominal 𝑃𝐹𝐴 is set to 10−4. As to the vector
size, it is chosen equal to 3 to account for the fact that SAR
sensors collect data using three different polarizations, whereas
as to the parameter 𝑝 the value 𝑝 = 2 is considered.

The simulated data, 𝒛𝑘, 𝑘 = 1, . . . ,𝐾, and 𝒚𝑚, 𝑚 =
1, . . . ,𝑀 , are modeled as 𝑁 -dimensional zero-mean complex
circular Gaussian vectors with covariance matrices 𝑹1 = 𝑰
and 𝑹1 + 𝑹2, respectively. Matrix 𝑹2 is rank deficient and
is defined as 𝑹2 = ∣𝛼∣2𝒑1𝒑

†
1 + ∣𝛽∣2𝒑2𝒑

†
2, where the 𝑁 -

dimensional steering vectors, 𝒑1 and 𝒑2, have been chosen
as

𝒑1 = [1, 0, . . . , 0]𝑇 ,

𝒑2 = [0, 1, 0, . . . , 0]𝑇 ,
(17)

and ∣𝛼∣2 = ∣𝛽∣2, so as 𝑹2 is a rank-2 matrix.
The SNR is defined as

SNR = ∣𝛼∣2𝒑†
1𝑹

−1
1 𝒑1 + ∣𝛽∣2𝒑†

2𝑹
−1
1 𝒑2 = 2∣𝛼∣2. (18)

In Fig. 2, we plot 𝑃𝐷 versus SNR assuming 𝐾 = 𝑀 = 9.
It turns out that the PDD-GLRT and the MLD perform better
than all the other adaptive architectures. In addition, the M-
PDD-GLRT exhibits some losses with respect to the PDD-
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GLRT even though both detectors outperform the GLRT and
the SLD with a gain of about 1 dB at 𝑃𝐷 = 0.9. As last
remark, note that the PDD-GLRT suffers a detection loss of
about 5 dB with respect to the LRT (or the C-SLD).
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Fig. 2. 𝑃𝐷 versus SNR for PDD-GLRT (+-marked blue solid curve), M-
PDD-GLRT (+-marked blue dotted curve), GLRT (∘-marked red dot-dashed
curve), LRT (red dashed curve), MLD (□-marked green dot-dashed curve),
SLD (⊳-marked magenta dot-dashed curve), C-SLD (magenta dashed curve),
for a nominal 𝑃𝐹𝐴 = 10−4. The other simulation parameters are 𝐾 = 9,
𝑀 = 9, 𝑁 = 3, and 𝑝 = 2.

In Fig. 3, we focus on a smaller number of test data,
i.e., 𝑀 = 4, leaving the same value of 𝐾 as in Fig. 2.
From the figure, it can be observed that there is a general
worsening in the receivers’ performance. The figure highlights
also that the PDD-GLRT and the M-PDD-GLRT achieve the
best performances with the former performing better than the
latter. Finally, the GLRT is the worst with a loss higher than
3 dB if compared to the PDD-GLRT and its multi-family
version.

0 5 10 15 20
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

SNR (dB)

P
D

 

 

PDD−GLRT
M−PDD−GLRT  
GLRT
LRT
MLD
SLD
C−SLD

Fig. 3. 𝑃𝐷 versus SNR for PDD-GLRT (+-marked blue solid curve), M-
PDD-GLRT (+-marked blue dotted curve), GLRT (∘-marked red dot-dashed
curve), LRT (red dashed curve), MLD (□-marked green dot-dashed curve),
SLD (⊳-marked magenta dot-dashed curve), C-SLD (magenta dashed curve),
for a nominal 𝑃𝐹𝐴 = 10−4. The other simulation parameters are 𝐾 = 9,
𝑀 = 4, 𝑁 = 3, and 𝑝 = 2.

Summarizing, the PDD-GLRT seems a reasonable choice

since it exhibits a more robust behavior than the counterparts
being the one less sensitive to parameters variations and giving
in all the analyzed situations acceptable performances. In other
words, the PDD-GLRT represents a kind of “all seasons”
architecture.

B. Test on Real Radar Data

As final part of the performance analysis, in this subsection,
we evaluate the effectiveness of the new detectors on real SAR
data. More precisely, we use a data set obtained from the
GOMoil 07601 10052 101 100622 L090 CX 02 SAR image
which is composed of sea data containing an oil spill on it.
The image has been acquired on 22nd of June 2010, during
the British Petroleum oil spill incident in the Gulf of Mexico
(known also as the Deepwater Horizon Oil Spill). This image
contains a scene acquired with a sensor exploiting all the
polarizations and the corresponding polarimetric overlay is
reported in Fig. 4.

Fig. 4. Three polarization color overlay of the SAR image GO-
Moil 07601 10052 101 100622 L090 CX 02.

The data set is a sub-image of 3000 × 2000 pixels, whose
span (i.e., ∣𝐻𝐻∣2 + ∣𝑉 𝑉 ∣2 + 2∣𝐻𝑉 ∣2) [1] expressed in dB
values is also displayed in Fig. 5.
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Fig. 5. Real L-band data SAR image GO-
Moil 07601 10052 101 100622 L090 CX 02. Span (in dB) of the reference
image of size 3000× 2000 pixels.

Fig. 6 shows the detection results applying detector (8)
over the described SAR image, where the test is performed
assuming the following parameter setting (notice that 𝑁 = 3
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since we have three polarization images). A sea data pixel is
chosen as reference to compute the sample covariance 𝑯 from
a 3 × 3 (i.e., 𝑀 = 9) window centered in that pixel. Then,
a window of size 3× 3 (i.e., 𝐾 = 9) is slided over the SAR
image to test all the pixels and to compute the sample matrix
𝑮. Finally, the threshold is chosen to ensure a nominal 𝑃𝐹𝐴
of 10−3, extracting a cluster of only sea data composed of 105

pixels and choosing the 100-th value in the decreasing ordered
statistics. The results is a detection map where the white
pixels are those associated to oil spills detections, while the
black pixels are representative of the sea data (no-detections).
The results show that the multi-family PDD is able to ensure
reliable detection of oil spills over sea. An important notice
is that the number of looks, in a real environment, has to
be chosen to manage the trade off between the accuracy of
covariance estimation and the amount of heterogeneity.
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Fig. 6. Real L-band data SAR GO-
Moil 07601 10052 101 100622 L090 CX 02 detection map for the
M-PDD-GLRT with 𝐾 = 9, 𝑀 = 9, and 𝑁 = 3. The detection map has
been obtained with a nominal 𝑃𝐹𝐴 = 10−3. White pixels are the detections.

V. CONCLUSIONS

Multi-polarization SAR detection has been considered in
this paper to test the equality of two polarimetric sample
covariance matrices constructed from a reference area (where
it is known the absence of targets) and a test region (where it
is necessary to establish the spot presence), respectively. The
alternative hypothesis is represented by the instance where the
PCM within the reference area exhibits at least an ordered
eigenvalue greater than the corresponding one extracted from
the PCM of the area under test. First of all, assuming the exact
knowledge about the number of different eigenvalues between
the reference and tested PCMs, the PDD-GLRT is devised.
Then, to come up with a fully adaptive detector without any
a priori assumption about the aforementioned number, the M-
PDD-GLRT is introduced.

At the analysis stage, the oil spill detection case has been
analysed and examples have been provided to prove the
effectiveness of the proposed approach also in comparison
with existing strategies. To this end, both simulated and real
multi-polarization SAR data have been used. Possible future

research track might concern the extension of the approach
to the case of a joint multi-frequency and multi-polarization
processing as well as to consider the presence of a non-
Gaussian backscattering due to sea.
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Abstract—Synthetic aperture systems rely on accurate knowl-
edge of Transmitter (Tx) and Receiver (Rx) positions at each
ping. In Synthetic Aperture Sonar (SAS), due to the nature of
propagation and navigation in water, they have to be estimated
by either physical sensors or raw data or a combination of
these and employed to compensate motion errors. Hence, motion
compensation is a major issue in SAS. In this paper we propose a
new image domain based motion compensation approach which
is intended to loosen the restrictions imposed by previously pro-
posed approach such as Displaced Phase Center Approximation
(DPCA) and the dependency on an accurate Inertial Navigation
System (INS). The real bistatic observation model is replaced
by a virtual bistatic model which allows for taking into account
rotations between Txs and Rxs. The ping to ping displacements
are then obtained by minimizing an error function between the
projections on vector space intersections.

I. INTRODUCTION

Synthetic Aperture Sonar (SAS) systems share with Syn-
thetic Aperture Radar (SAR) many practical and theoretical
aspects, as they were originally introduced by moving the
synthetic aperture paradigm from radar to sonar. Therefore,
most image formation algorithms which have been conceived
for SAR have been also considered in SAS literature [1].
Despite the overlapping concepts such as range migration
and range invariant resolution, underwater SAS systems are
operated in a much more challenging environment than SAR as
(i) the navigation in water is affected by non-negligible errors
and cannot always rely on an external accurate positioning
system; (ii) motion errors are comparable to the wavelength
hence their effect on image formation algorithm is remarkably
destructive; (iii) due to relatively small sound velocity in water
with respect to the range of interest, the desired along track
resolution cannot be achieved by means of a vehicle provided
with a single Transmitter (Tx) and Receiver (Rx) and moving
a reasonable along track speed [2], [3].

For the above mentioned reasons, SAS systems are usually
equipped with an accurate Inertial Navigation System (INS)
to recover the real navigated trajectory. Moreover, each ping
consists of a single Tx and an array of Rxs, allowing for
a higher along track sampling rate, hence a higher along
track speed [4]. However, from ping to ping a certain degree
of redundancy is imposed to perform data based motion
estimation known as Displaced Phase Center Approximation
(DPCA) which is coupled with the inertial navigation for a
more accurate motion compensation [5], [6]. From a high-level
system design point of view, DPCA is used to obtain a finer
differential ping to ping displacement estimation while the INS

Fig. 1. Schematic representation of a SAS system and processing. Each
array is collecting an observation, then the motion errors with respect to
the prescribed trajectory are estimated, finally the observations are merged
together coherently.

is needed to guarantee the cumulative error between pings
does not affect the intrinsic range migration compensation of
synthetic aperture image formation. A typical SAS system and
the way it operates are illustrated in Fig. 1

The present work attempts to tackle the problem of motion
compensation in SAS from a more general algebraic point
of view. The goals include (i) dealing with non straight
trajectory, such as circular, or partially unknown ones, (ii)
reducing the hardware cost by relying on less accurate INS and
(iii) analysing theoretical limits in performing unsupervised
motion compensation.The proposed approach is based on the
following idea. Given two observations acquired by means of
a single Tx and array of Rxs at two different relatively close
locations, the projection on the intersection subspace between
them can be recovered by either one of the two observations.
Hence, when the displacement is not known, the comparison
between the projections on the intersection subspace as a
function of the hypothetical displacement can be set as an
error function. The paper shows that this function is locally
convex and its minimum point identifies the displacement. The
computational burden to perform this operation is remarkable,
but it allows for a much smaller redundancy, less restrictions
and less prior information than other techniques such as
DPCA.

978-1-5090-0326-6/16/$31.00 ©2016 Crown 
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Fig. 2. The adopted single Tx and Rx bistatic two-dimensional acoustic
model. The figure also shows two different propagation paths corresponding
to two reflectors sharing the same round trip time, thus lying on the ellipsis
having the Tx and the Rx as foci.

The paper is organized as follows. Section II reviews the
acoustic model and SAS, Sections III illustrates the proposed
motion compensation procedure and some conclusions are
drawn in Section IV.

II. ACOUSTIC AND SAS MODEL

In this Section we first review the observation model for
a single Tx and Rx acoustic system when a generic signal
is given as input, then we show how this can be employed
to retrieve the scene reflectivity when multiple observations
are combined together. A simplified two-dimensional model is
considered and all the sensors are assumed to be still. Finally,
SAS is described as a collection of such single Tx and Rx
systems.

A. Acoustic Model

Given a Tx at position 𝑧𝑡 = (𝑥𝑡, 𝑦𝑡) of length 𝐷𝑡 and
orientation 𝜗𝑡 and a hydrophone at position 𝑧𝑟 = (𝑥𝑟, 𝑦𝑟) of
length 𝐷𝑟 and orientation 𝜗𝑟, the system response to an input
complex passband function 𝑠(𝑡) with respect to a scene whose
complex reflectivity is expressed by 𝜌(𝑧), with 𝑧 = (𝑥, 𝑦) can
be obtained by:

𝑟(𝑡) =

∫

𝑧

𝜌(𝑧)𝛼(𝑧𝑡, 𝑧𝑟, 𝑧, 𝜗𝑡, 𝜗𝑟) 𝑠(𝑡− 𝜏(𝑧𝑡, 𝑧𝑟, 𝑧)) d𝑧 (1)

where 𝜏 is the delay corresponding to the propagation from
𝑧𝑡 to 𝑧 and from 𝑧 to 𝑧𝑟, 𝛼 is an attenuation factor taking into
account (i) the attenuation due to the propagation distance
from 𝑧𝑡 to 𝑧 and from 𝑧 to 𝑧𝑟 and (ii) the transmission
and reception radiation patterns. With regard to the attenu-
ation, we consider the exploding sources model where the
𝛼2 ∝ 𝛿(𝑧𝑡, 𝑧) + 𝛿(𝑧𝑟, 𝑧) ∝ 𝜏(𝑧𝑡, 𝑧𝑟, 𝑧) rather than 𝛼2 ∝
𝛿(𝑧𝑡, 𝑧)𝛿(𝑧𝑟, 𝑧), where 𝛿 is the distance operator. The model
(3) is represented in Fig. 2.

Fig. 3. An ideal impulse-wise reflectivity (top) and the reflectivity which can
be recovered by means of a single Tx and Rx monostatic observation. The
impulse energy migrates at different range along a circular trajectory centred
on the Tx/Rx position.

When 𝑠(𝑡) is a narrowband impulse modulated at frequency
𝑓0, the above model can be used for observing 𝜌(𝑧). A suitable
sampling grid 𝑧𝑛 = (𝑥𝑛, 𝑦𝑛) matching the available bandwidth
is introduced so that the reflectivity is represented as the input
vector 𝜌(𝑧𝑛). By setting 𝐺(𝑧𝑛) as the Green’s function of the
system

𝐺(𝑧𝑛) = 𝛼(𝑧𝑡, 𝑧𝑟, 𝑧𝑛, 𝜗𝑡, 𝜗𝑟)𝑒
−𝑗2𝜋𝑓0𝜏(𝑧𝑡,𝑧𝑟,𝑧𝑛), (2)

the following output time-sampled signal 𝜙(𝑡𝑚) can be ob-
tained as

𝜙(𝑡𝑚) = 𝐴(𝑡𝑚, 𝑧𝑛)𝐺(𝑧𝑛)𝜌(𝑧𝑛) (3)

where the matrix 𝐴(𝑡𝑛, 𝑧𝑛) performs the discrete-space in-
tegration of equation (1), which is basically done by an
interpolation kernel and a summation. From a numerical
point of view, 𝐴(𝑡𝑚, 𝑧𝑛) is usually defined by its transpose
one, since defining an interpolation along the intrinsic one
dimensional time axis 𝑡𝑚 is easier than doing it over the
fictitious space axis 𝑧𝑛. We consider a Non-Uniform Fast
Fourier Transform (NUFFT) based time interpolation [7],
having an approximately linear complexity and high accuracy.

The integral in (1) and its space discrete equivalent in
(3) clearly perform a dimensionality reduction from the two-
dimensional space 𝑧𝑛 to the one dimensional space 𝑡𝑚. In
fact, all points lying on the ellipsis having 𝑧𝑡 and 𝑧𝑟 as foci
are intrinsically ambiguous with respect to the Tx Rx pair.
This is also represented in Fig. 2 where we highlighted a
propagation path (dotted line) having the same delay as the one
relative to the generic point 𝑧𝑛. As a consequence, inverting
(3) recovers the reflectivity 𝜌(𝑧) affected by defocusing along
ellipsis, as illustrated in Fig. 3. Due to the radiation patterns,
this defocusing increases with range.
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B. SAS model

The working principle of a synthetic aperture consists in
performing multiple observations at prescribed transmission
and reception locations along a (usually straight) path, called
along track or cross range. By doing so, a longer aperture is
emulated and a narrower beam is obtained in the direction
orthogonal to the track, called range. The emulation is per-
formed by signal processing and allows for getting a constant
resolution along range.

Given a set of Txs and Rxs 𝑧𝑙,𝑡 and 𝑧𝑙,𝑟, 𝑙 ∈ Z, the
observation model of SAS can be written as the column
vector of 𝜙𝑙(𝑡𝑚) = 𝐴𝑙(𝑡𝑚, 𝑧𝑛)𝐺𝑙(𝑧𝑛) 𝜌(𝑧𝑛). In case each
observation is a monostatic system, i.e. 𝑧𝑙,𝑡 = 𝑧𝑙,𝑟 = 𝑧𝑙, and 𝑧𝑙
are uniformly spaced along the cross range direction by 𝐷/4,
with 𝐷 = max(𝐷𝑡, 𝐷𝑟), then 𝜌(𝑧𝑛) can be approximately
recovered with a cross range resolution equal to 𝐷/2 by the
transpose observation operator, also know as backprojection

𝜌(𝑧𝑛) ≈
∑
𝑙∈Z

𝐺∗
𝑙 (𝑧𝑛)𝐴

†
𝑙 (𝑧𝑛, 𝑡𝑚)𝜙𝑙(𝑡𝑚) (4)

which has been conveniently rewritten as a sum of backprojec-
tions of each single Tx and Rx system. As for getting a cross
range resolution equal to 𝐷/2 a sampling on the along track
by 𝐿/2 has been considered, the oversampling ratio is equal
to 2. Many variations of this setup have been considered in
the literature in order to decrease the oversampling ratio and
employ different reconstruction techniques.

Practical SAS systems are realized by means of an Au-
tonomous Underwater Vehicle (AUV). Hence, the speed 𝑣
of the vehicle has to be set according to the wanted along
track sampling and the desired maximum range. As an in-
stance, in case of an AUV equipped with a single Tx and
Rx, 𝑣 ≤ 𝐷/4max(𝜏(𝑧𝑙,𝑡,𝑧𝑙,𝑟,𝑧𝑛)) = 𝐷𝑐/8𝑅, where 𝑅 is the
maximum range. For 𝑅 = 150m and 𝐷 = 5 cm, we get
𝑣 = 6.25 cm/sec. A more reasonable speed is obtained by
providing AUV with an array of 𝑁 equispaced Rxs at distance
𝐿 = 𝐷/2 and a single Tx. By doing so, a single transmitted
ping allows for 𝑁 observations, thus gaining a 𝑁 factor on
the speed. Such a SAS system is a collection of bistatic single
Tx and Rx systems. If the range of interest is sufficiently
large with respect to the wavelength, it can be approximately
modelled as a collection of monostatic systems such that
𝑧𝑙 = 𝜇(𝑧𝑙,𝑡, 𝑧𝑙,𝑟), where 𝜇 is the midpoint operator. This model
is referred to as Phase Center Approximation (PCA).

III. MOTION ESTIMATION

The proposed technique can be summarized by two main
steps, (i) Tx to Rx motion estimation for each ping and (ii)
ping to ping motion estimation. Both these procedures require
the estimation of three differential parameters, that is the
horizontal and vertical displacements and the relative rotation.
The ping to ping estimation estimation is possible thanks to
the fact that pings are partially overlapped, whereas there is
no evidence that Tx to Rx motion can be inferred. Employing
PCA would allow for neglecting the Tx to Rx estimation,
but this would affect the behaviour of the ping to ping

Fig. 4. Illustration of the PCA and the proposed EPCA allowing to take into
account of the Tx orientation. The system in (d), with regard to the position
of the Tx with respect to the receiving array, is equal to the one in (a) and lies
along the same line as the PCA system in (c). Also, the PCA of the system
in (d) is the system in (c).

estimation. Hence, we first introduce an approximate model
called Effective Phase Center Approximation (EPCA) which
allows to reduce the Tx to Rx estimation to relative rotation
only, then we present an heuristic procedure to estimate it
and finally we incorporate this a ping to ping displacement
estimation based on projections on intersection subspaces.

A. Effective Phase Center Approximation

Given that the receiving array is composed by 𝑁 Rxs at
distance 𝐷𝑟 = 𝐷𝑡/2, we can represent the whole bistatic
system by specifying the array midpoint and orientation and
the Tx position and orientation:

𝜎𝑟 = (𝑥𝑎, 𝑦𝑎, 𝜗𝑟)= ((𝑥1,𝑟 + 𝑥𝑁,𝑟)/2, (𝑦1,𝑟 + 𝑦𝑁,𝑟)/2, 𝜗𝑟)

𝜎𝑡 = (𝑥𝑡, 𝑦𝑡, 𝜗𝑡) = (𝑥𝑎 + 𝑃 cos 𝜃, 𝑦𝑎 + 𝑃 sin 𝜃, 𝜗𝑡)

where 𝑃 is the distance between (𝑥̃𝑎, 𝑦𝑎) and (𝑥̃𝑡, 𝑦𝑡) and
𝜃 = atan((𝑦𝑎−𝑦𝑡)/(𝑥𝑎−𝑥𝑡)) is the slope of the line passing
by them. The position of the Tx takes into account the physical
position of the Tx with respect to the array midpoint and
the motion of the vehicle between the transmission and the
reception. The PCA model is a system composed by 𝑁 Rxs at
distance 𝐷𝑟/2 and specified by the midpoint between (𝑥𝑎, 𝑦𝑎)
and (𝑥𝑡, 𝑦𝑡) and the orientation of the array:

𝜎̄ = (𝑥̄, 𝑦, 𝜗𝑟) = (((𝑥𝑎 + 𝑥𝑡)/2, (𝑦𝑎 + 𝑦𝑡)/2, 𝜗𝑟).

The PCA model, being obtained as an average, can be looked
at as a non bijective operation, meaning that many different
bistatic model having the same PCA can be identified. Among
these, we aim to find a new model 𝜎̃𝑟, 𝜎̃𝑡, which will be
referred to as EPCA, such that the distance between the Tx
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and the Rx midpoint is equal to a prescribed distance 𝑃 and
the line passing by them is aligned with the array. We get:

𝜎̃𝑟 = (𝑥̃𝑎, 𝑦𝑎, 𝜗𝑟)= (𝑥̄− 𝑃/2 cos𝜗𝑟, 𝑦 − 𝑃/2 sin𝜗𝑟, 𝜗𝑟)

𝜎̃𝑡 = (𝑥̃𝑡, 𝑦𝑡, 𝜗𝑡) = (𝑥̄+ 𝑃/2 cos𝜗𝑟, 𝑦 + 𝑃/2 sin𝜗𝑟, 𝜗𝑡).

By doing so, the bistatic situation will be simply identified by
𝜎̃𝑟, the distance 𝑃 and the differential rotation 𝛾 = 𝜗𝑡 − 𝜗𝑟.
In fact, it holds:

𝜎̃𝑡 = (𝑥̃𝑎 + 𝑃 cos𝜗𝑟, 𝑦𝑟 + 𝑃 sin𝜗𝑟, 𝜗𝑟 + 𝛾).

The distances 𝑃 and 𝑃 can be thought of as the distance
between (𝑥𝑎, 𝑦𝑎) and (𝑥𝑡, 𝑦𝑡) with and without motion errors
respectively. If motion errors are relatively small with respect
to the PCA, i.e. 𝑃 ≈ 𝑃 , the validity of PCA also implies the
validity of EPCA. The illustrated concepts and approximations
are represented in Fig. 4.

B. Tx to Rx Rotation Estimation

When the observation from a single ping is considered,
the absolute position and rotation are arbitrary. Hence, it is
sensible to set 𝜎̃𝑟 = (0, 0, 0) and 𝜎̃𝑡 = (𝑃 , 0, 𝛾), where 𝛾 is
unknown and its estimation will be indicated as 𝛾+𝛽. Let us
introduce the reconstructed images by the backprojection and
pseudoinverse as a function of the angle estimation error 𝛽:

𝜌𝛽(𝑧𝑛) = 𝑇 †
𝛾+𝛽(𝑧𝑛, ⋅)𝑇𝛾(⋅, 𝑧𝑚) 𝜌(𝑧𝑚)

𝜌𝛽(𝑧𝑛) = 𝑇−1
𝛾+𝛽(𝑧𝑛, ⋅)𝑇𝛾(⋅, 𝑧𝑚) 𝜌(𝑧𝑚)

where 𝑇𝛾 is the column matrix of the real observation matrixes
𝐴𝑙,𝛾𝐺𝑙,𝛾 , 𝑙 = 1, . . . , 𝑁 , while 𝑇𝛾+𝛽 is the EPCA operator
with respect to the estimated angle 𝛾 + 𝛽. 𝜌𝛽(𝑧𝑛) does not
exhibit remarkable variations as 𝛽 varies, whereas 𝜌𝛽(𝑧𝑛) is
strongly affected. In more detail, when 𝛽 ≈ 0, the distribution
of the energy on the reconstructed image tends to be uniform
on the observed visible scene, i.e. the pseudoinverse operation
compensates for the radiation patterns. When the estimated
orientation is not matched, the pseudoinverse operation en-
hances parts of the visible scene in a way which does not
fit the backprojection. A heuristic procedure for estimating 𝛽
consists in setting a suitable error function

𝜀(𝛽) = 𝑓(𝜌𝛽(𝑧𝑛), 𝜌𝛽(𝑧𝑛)) (5)

and find its minimum. The chosen error function has crucial
importance. An exhaustive analysis of the estimation accuracy
is out of the scope of this paper. Fig. 5 shows an example
obtained in simulation. The setup is the same as the one
described in Section II, hence 𝑁 = 32, the midrange is 37.5 m
with a range interval of 2 m, 𝑃 = 10 cm, 𝛾 = 0.025 rad, 𝑥𝑡−
𝑥̃𝑡 = 𝑦𝑡−𝑦𝑡 = 1.25 cm and 𝑥𝑟−𝑥̃𝑟 = 𝑦𝑟−𝑦𝑟 = −1.25 cm. An
estimation accuracy of about 5−3 rad ≃ 1/4 degree has been
obtained by considering a simple 𝐿2-norm of the difference
between 𝜌𝛽(𝑧𝑛) and 𝜌𝛽(𝑧𝑛) on a signal consisting of sand
ripples with an additional phantom object in the center of the
scene. Furthermore, the considered error function results to
be convex in the interval of interest. The accuracy increases
up to 1−3 rad ≃ 1/20 degree in case a scene with a random

Fig. 5. Estimation of the relative orientation between transmission and
reception: the pseudoinverse image (right) is compared to the backprojected
one (left) at various hypothetical angle 𝛽 + 𝛾 (top to bottom). The error
function (bottom) features a minimum close to the actual relative rotation.

reflectivity 𝜌(𝑧𝑛) is considered, as the reflectivity randomness
guarantees a uniform energy distribution making the 𝐿2-norm
work better. A norm weighted by local energy could be used
to increase the accuracy on generic non uniform reflectivity.

C. Ping to Ping Displacement Estimation

Let us first introduce some notations. We set

𝜌(𝑝)(𝑧𝑛) = (𝑇 (𝑝))−1(𝑧𝑛, ⋅)𝑇𝛾(⋅, 𝑧𝑚) 𝜌(𝑧𝑚)

representing the recovered reflectivity at ping 𝑝, and the
orthogonal projector on the subspace identified by the EPCA
of ping 𝑝

𝑄(𝑝) = (𝑇 (𝑝))−1𝑇 (𝑝).

According to EPCA, two consecutive pings 𝑝 and 𝑞 are
completely represented by 𝜎̃

(𝑝)
𝑟 and 𝜎̃

(𝑞)
𝑟 and the transmitters

relative rotations 𝛾(𝑝) and 𝛾(𝑞), which are assumed to be
already estimated. The ping 𝑞 can be specified with respect
to ping 𝑝 by

𝜎̃(𝑞)
𝑟 = (𝑥̃(𝑝)𝑎 + 𝑈 cos𝜗(𝑝)

𝑟 + 𝜇, 𝑦(𝑝)𝑎 + 𝑈 sin𝜗(𝑝)
𝑟 + 𝜈, 𝜗𝑟 + 𝜉)

where 𝑈 = 𝐿(𝑁 − 𝐾) is the distance between (𝑥̃
(𝑝)
𝑎 , 𝑦

(𝑝)
𝑎 )

(𝑥̃
(𝑞)
𝑎 , 𝑦

(𝑞)
𝑎 ) in absence of motion errors and 𝐾 is the number

of superimposed array elements like in DPCA.
In order to estimate the 𝜇, 𝜈 and 𝜉, we propose to consider

the projection on the intersection of subspaces identified by
orthogonal projectors 𝑄(𝑝) and 𝑄(𝑞):

𝜓 = lim
𝑖→∞

(𝑄(𝑞)𝑄(𝑝))𝑖𝜌 = lim
𝑖→∞

(𝑄(𝑝)𝑄(𝑞))𝑖𝜌

which can be approximated from either 𝜌(𝑝) or 𝜌(𝑞):

𝜓(𝑝) ≃ lim
𝑖→∞

(𝑄(𝑝)𝑄(𝑞))𝑖𝜌(𝑝)

𝜓(𝑞) ≃ lim
𝑖→∞

(𝑄(𝑞)𝑄(𝑝))𝑖𝜌(𝑞).
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Since the displacement between 𝑝 and 𝑞 is unknown, we define
following shift and rotate operator

𝑄(𝑞) = 𝑆𝜇̃,𝜈,𝜉[𝑄
(𝑝)]

by which we can compute the projections on the intersection
space as a function of the hypothetical displacement 𝜇̃, 𝜈, 𝜉:

𝜓
(𝑝)

𝜇̃,𝜈,𝜉
= lim

𝑖→∞
(𝑄(𝑝)𝑆𝜇̃,𝜈,𝜉[𝑄

(𝑝)])𝑖𝜌(𝑝)

𝜓
(𝑞)

𝜇̃,𝜈,𝜉
= lim

𝑖→∞
(𝑆𝜇̃,𝜈,𝜉[𝑄

(𝑝)]𝑄(𝑝))𝑖𝜌(𝑞)

In general, for non-null 𝜌(𝑝) and 𝜌(𝑞) we have

𝜓
(𝑝)

𝜇̃,𝜈,𝜉
= 𝜓

(𝑞)

𝜇̃,𝜈,𝜉
⇔ (𝜇, 𝜈, 𝜉) = (𝜇̃, 𝜈, 𝜉).

In practice they will not be equal because of approximation
errors. However, 𝜓

(𝑝)

𝜇̃,𝜈,𝜉
and 𝜓

(𝑞)

𝜇̃,𝜈,𝜉
can be employed for

building an error function. It has been experimentally observed
that an error function such as the 𝐿2-norm of the projection
absolute value difference, i.e.

𝜁(𝜇̃, 𝜈, 𝜉) =
∥∥∥
∣∣𝜓(𝑝)

𝜇̃,𝜈,𝜉

∣∣− ∣∣𝜓(𝑞)

𝜇̃,𝜈,𝜉

∣∣
∥∥∥
2

(6)

is convex in the interval of interest of (𝜇̃, 𝜈, 𝜉) but does
not feature a minimum in the neighbourhood (𝜇, 𝜈, 𝜉) with
sufficient accuracy. Conversely, the 𝐿2-norm of the projections
difference (without discarding the phase information), i.e.

𝜂(𝜇̃, 𝜈, 𝜉) =
∥∥∥𝜓(𝑝)

𝜇̃,𝜈,𝜉
− 𝜓

(𝑞)

𝜇̃,𝜈,𝜉

∥∥∥
2

(7)

allows for an estimation of the minimum point with a much
higher accuracy, but its behaviour is not convex in the opti-
mization space. Hence, by means of an optimization switching
from objective function 𝜁 to objective function 𝜂 when the
latter is locally convex, the relative displacement can be
accurately identified.

The results of a simulation are shown in Fig. 6. The number
of overlapping array elements is 𝐾 = 2 and the number of
elements is 𝑁 = 32. This situation could not be tackled
by other techniques in literature, which need a larger 𝐾.
For the sake of illustration, we plotted the function 𝜁 and
𝜂 along one-dimensional subspaces. The intervals have been
chosen in order to highlight that 𝜂 is more accurate but
exhibits some oscillations and local minima. The accuracy
which can obtained, being a small fraction of the wavelength,
is compliant to SAS requirements.

The computational burden of this proposed approach is
large because of the iterations involved in the orthogonal
projectors, in the intersection subspace calculations and in the
optimization. A multiresolution approach could be developed
to reduce the computational cost when the optimization is still
far from the minimum point. Moreover, it could be performed
just on specific subsampled grid of the whole scene, such
as at specific range on small range interval. Finally, it can
work with a much smaller ratio 𝐾/𝑁 with respect to existing
techniques and it does not rely on the navigation to ensure
that the redundant array elements from 𝑝 to 𝑞 are correctly
superimposed.
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Fig. 6. Error functions estimating the ping to ping displacement in terms
of horizontal vertical and rotation from top to bottom. A function discarding
the phase information is employed for a preliminary estimation (left), then a
function including phase is employed for a finer search (right).

IV. CONCLUSION

A novel motion compensation technique for SAS not relying
on fine navigation prior information has been introduced. The
proposed approach is based on the comparison between the
projections on intersection subspace of different observations.
The model requires also an estimation of the relative rotation
between the transmission and the reception, which has been
performed by means of an heuristic procedure.
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Spectral Library Clustering Using a Bayesian
Information Criterion

Jonathan Piper and John Duselis
Dstl Porton Down, United Kingdom

Abstract—Unsupervised classification of spectral libraries pro-
vides groups of spectra which may be of use in material detection
or identification processes for hyperspectral imagery. It can
also be used to discover associations between materials’ spectra
that can help analysts to interpret spectral data. We use the
assumption of a Gaussian Mixture Model, combined with a
Bayesian Information Criterion (BIC) for determination of the
number of mixture components, to model a spectral library
and assign its members to clusters. This process provides a
natural method to include spectra within multiple classes where
this is appropriate. The process is demonstrated for a library
of mineral spectra. Results are compared with the minerals’
geological classifications and with the results of other published
clustering processes.

I. INTRODUCTION

Hyperspectral imaging is an increasingly important remote
sensing technique, used in a range of applications such as
mineral exploration, precision agriculture and environmental
monitoring. In many of these applications, the sensor is used to
identify particular substances of interest (for example, minerals
or plant species) by comparison of remote obeservations with
known spectra stored in a library. [1]

In this paper we apply established techniques for unsu-
pervised clustering to data held in a spectral library, for the
purpose of discovering informative relationships between those
spectra. The groups of spectra formed in this way may be
useful for a range of applications. For example, using the
Adaptive Coherence/Cosine Estimator algorithm [2] with a
multi-dimensional target subspace, defined by spectra from
a cluster, creates a detector for a class of related materials
rather than a single specific spectrum. This could be used
to detect substances whose exact composition is variable, or
objects whose spectral reflectance varies due to effects such as
weathering or contamination. As another example, in Multiple
Endmember Spectral Mixture Analysis [3], it is possible
to reduce the computational effort required for identifying
appropriate mixture models by grouping endmembers into
clusters with similar characteristics. [4]

It is possible to define clusters of spectra manually, or
produce clusters from user-defined starting points using a
supervised classification method. However, these approaches
have several disadvantages: they would usually require a
trained analyst with detailed knowledge of the subject matter
(for example, a geologist in the context of mineral mapping);
it may be hard to determine the true origin of a spectrum if
the accompanying metadata is poor; and it may be intractable
to use manual processes for a very large library. Therefore an

unsupervised clustering process may be preferred. A signifi-
cant additional benefit is that an unsupervised process could
be used to discover previously unknown relationships between
library members.

In order to fully describe the relationships between spectra,
it may be appropriate to place spectra in more than one group.
For example, chemical compounds may display spectral fea-
tures corresponding to more than one ion, bond, or functional
group. Objects may consist of mechanical mixtures of different
compounds, each contributing different spectral features. An
example is shown in Figure 1, which shows spectra for the
minerals illite and montmorillonite as well as for a mixture
of the two. In this case it would be appropriate to place the
mixed spectra in both the illite and montmorillonite groups.
Our technique differs from previous work on clustering of
spectral libraries in that it allows for this kind of multiple
membership (unlike [5]) whilst also attempting to determine a
number of clusters that most appropriately fits the data (unlike
[6]).

The paper begins with background information on spectral
libraries, clustering techniques and the Bayesian Information
Criterion. The subsequent section describes the results of
applying the proposed technique to a library of mineral
spectra, and a comparison of those results with the geological
classification of those minerals.

II. BACKGROUND

A. Spectral library clustering - prior work

There have been several previous attempts to apply unsu-
pervised clustering to spectral libraries. The authors of [5], [7]
build a classifier by obtaining clusters from random subsets of
the libraries in order to train and test. They use the Calinski-
Harabasz criterion for determing the number of clusters via
k-means, which tries to maximize the inter-cluster variance
while minimizing the intra-cluster variance.

The authors of [6] use k-means clustering of spectra in
combination with a unique compound distance measurement.
The clustering results are then used in a process for identifying
materials in spectral imagery. They do not determine the
optimal number of clusters. Rather, they assume that grouping
spectra into a smaller number of larger clusters reveals the
large-scale structure in the dataset, whereas smaller, more-
numerous clusters reveal the detailed, small-scale structure.

The authors of [8] have the specific goal of estimating
the organic matter content of soil using reflectance spectra,
and find that by using different models for different clusters
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Fig. 1. Short-wave infrared reflectance spectra of montmorillonite (red), illite
(blue) and a mixture of the two (green), plotted with continuum removal. Note
the feature at approx. 2.35𝜇m, common to illite and mixture spectra.

of spectra their estimates can be improved. Their clustering
process determines an optimum number of clusters using three
distinct measures for clustering quality (“fuzzy performance
index”,”modified partition entropy” and “clustering indepen-
dence index”) but they do not use the BIC.

B. Unsupervised learning to determine the correct model

A full explanation of unsupervised learning is beyond the
scope of this article, but a brief summary of the methods used
in our approach is provided below. A comprehensive treatment
of the subject can be found in [9].

1) Spectral Libraries: The spectra used for comparison
with those obtained from an image are stored within spectral
libraries. Such a library usually provides a single reflectance
spectrum for each of the many materials it contains. Each
spectrum is a vector whose elements indicate the proportion
of light reflected from a surface at a particular wavelength.
The range and number of spectra within a library depends on
its intended purpose, but a comprehensive library for use in
remote sensing may contain tens of thousands of signatures.

Formally, let ℎ be a modelled spectrum (an “observation”)
of dimensionality 𝑝. A library consists of 𝑛 observations
across the same dimensionality comprising a data matrix 𝐻
of dimensions 𝑝× 𝑛:

𝐻 = [ℎ1, . . . , ℎ𝑛] (1)

2) PCA: The dimensionality of spectral vectors can be
large, and may exceed the number of observations available.
Dimensionality reduction is achieved by Principal Component
Analysis (PCA). The original data matrix, 𝐻 of 𝑛 × 𝑝
dimensions will be reduced to include only the components
necessary to account for a specified proportion of the variance.
Specifically, let X be a matrix of size 𝑛 × 𝑙 with 1 < 𝑙 < 𝑝
that uses the first 𝑙 principal components to transform:

𝐻𝐿 = 𝐻𝑋 (2)

3) Clustering Technique: Our technique uses a Gaussian
Mixture Model which allows formalization that is conducive
to unsupervised learning [10] [11]. This assumes that the
observations come from a multivariate probability distribution
with mutliple components, each of which has a Gaussian
distribution (we use the terms “cluster” and “component”
interchangeably). Briefly, and taking directly from [12] while
customizing some notation, a GMM 𝜆 is:

P(𝐻𝐿(𝑗)∣𝜆) =
𝑀∑
𝑖=1

𝑤𝑖𝑔(𝐻𝐿(𝑗)∣𝜇𝑖,Σ𝑖) (3)

𝜆 = {𝜔𝑖, 𝜇𝑖,Σ𝑖}, 𝑖 = 1, . . . , 𝑘 (4)

Here 𝐻𝐿(𝑗) is an observation from the library (𝑗=1, . . . , 𝑛).
𝑔(𝐻𝐿(𝑗)∣𝜇𝑖,Σ𝑖), 𝑖 = 1, . . . , 𝑘, are the component Gaussian
densities with mean 𝜇𝑖 and covariance matrix Σ𝑖. Each compo-
nent is weighted by a factor 𝑤𝑖. The Σ𝑖 can be constrained in
a number of ways to improve estimation of the covariance pa-
rameters with the limited data available. We use four different
approaches. In three the parameters are estimated individually
for each component: “spherical”, in which covariances are
zero and all variances equal; “diagonal”, in which covariances
are zero but variances can be unequal; and “full”, in which
variances and covariances can take any value. We also employ
the “tied” covariance matrix type: a full covariance matrix that
is the same for each component.

GMMs were determined using Expectation Maximization
methods in the normal way. Using the resulting models, the
likelihood of observations belonging to particular components
can be estimated. Each observation can be assigned to the
single cluster for which the probability is highest, or it can
be assigned to any cluster for which the probability passes
a defined threshold. [9] In the following, the former case
is referred to as “single-membership”, the latter as “multiple
membership.”

It is important to consider whether a multivariate Gaus-
sian distribution is an appropriate model for a cluster of
spectra in a library. The Gaussian model underpinned the
analysis of hyperspectral target detectors for many years,
although it is known that real data usually deviate from it.
[2] There is evidence that multivariate t-distributions provide
a better model for hyperspectral image data. [13] However,
[2] suggests that a Gaussian random vector is sufficient to
account for the ”intrinsic spectral variability” of a material,
and that the use of more generalized elliptically contoured
distributions is necessary specifically to account for ”environ-
mental effects associated with the illuminated pixel area”. This
implies that the Gaussian model may be appropriate when
considering library, as opposed to image, data. Regardless of
these considerations, the multivariate Gaussian is a simple and
well-understood model that provides for correlation between
different wavebands of a spectrum, which is why it was chosen
for use in this work.

4) Bayesian Information Criterion: The number of com-
ponents, k, is one of the inputs to the GMM process, but
since we are employing unsupervised learning we have no
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TABLE I
NUMBER OF GROUND-TRUTH CLASSES AT EACH LEVEL OF THE

HIERARCHY

Type Group Mineral

17 117 214

prior knowledge of the correct k. A number of measures
have been proposed to quantify how well a particular GMM
fits the data. These include the Akaike Information Criterion,
Bayesian Information Criterion and Calinski-Hrabasz (review
[14] for a survey). These measures are employed by clustering
for a range of values of k, and then choosing the model whose
score indicates the best fit. We used the Bayesian Information
Criterion (BIC) for reasons described by the authors of [15]
and evaluated it for 𝑘 = 2, . . . ,𝑚, with 𝑚 being large.
Formalizing:

For a particular model 𝜆𝑗 , its BIC can be shown to be

𝐵𝐼𝐶𝑗 = −2 ⋅ 𝑙𝑛(𝑀𝑗) + 𝑘 ⋅ 𝑙𝑛(𝑛) (5)

Where 𝑀𝑗 is the maximized likelihood function for that
model, 𝑘 is the model dimensionality, and 𝑛 is the sample
size (number of observations). Choosing the optimal model is
satisfying the argument:

𝜆 = 𝑚𝑖𝑛(𝐵𝐼𝐶1, ..., 𝐵𝐼𝐶𝑚) (6)

In the case of models whose BICs show insignificant differ-
ences, such as model 𝑗 implying 𝐵𝐼𝐶𝑗 − 𝐵𝐼𝐶𝑚𝑖𝑛 < 2, as
determined by parameters in [16], the lower dimensionality
model was chosen.

III. EXPERIMENTATION

A. Data and Environment

The process was tested using mineral spectra from the
U.S. Geological Survey Digital Spectral Library, splib06a. [17]
These data were chosen because the accompanying metadata
includes labels that can be used as truth data to assess the
classifier. Additionally, some of the same data were used
in [5], allowing for comparison of results. Some spectra
were excluded due to incomplete coverage of the required
waveband or a lack of metadata. The resulting dataset included
455 spectra covering the 0.4-2.5𝜇m spectral range with 420
wavebands. The metadata include a “mineral type”, a “group”
and a mineral name, together forming a hierarchy of labels. As
an illustration, consider Figure 1 in which the minerals shown
all belong to the Phyllosilicate group, but each have different
mineral types. Table I indicates the number of labels present
at each tier of the hieararchy. The “mineral type” and “group”
tiers correspond approximately to the “sub-class” and “group”
of [5].

In their raw form the data are not suitable for use with
the BIC because the observation space is of a similar size
to the feature space. Therefore dimensionality reduction was
implemented using PCA. [18]

All tests were run on a Windows 8 platform, with Intel R⃝
Xeon R⃝ E7-4890 CPU at 2.8GHz and 15GB of RAM. The

Fig. 2. Histogram of cluster numbers determined through BIC for 500
different initializations of the clustering process (c.f. Table I)

process was implemented using Python(x,y) 2.7 and mod-
elling was accomplished using the scikit-learn module. [19]
Parameters passed to the routine included the spectral data;
the proportion of the variance to retain after dimensionality
reduction, set at 0.99, yielding 9 principal components; and
a range of cluster numbers to consider, 𝑘 = [2, 75]. The
exemplar data presented took 143 seconds to execute.

B. Results and Discussion

First we consider whether the process has produced the
correct number of clusters. Although we begin from the
assumption that our data form clusters described by the truth
classes, we have no prior expectation regarding which level
of the truth class hierarchy will show the clearest delineation
between classes, and therefore which set of truth classes we
would expect our results to match with. Figure 2 shows
the numbers of clusters generated for each of the different
covariance parametrisations, for 500 initializations of the clus-
tering process. It is apparent that the numbers are substantially
different from those for the “Group” and “Mineral” tiers of
the truth clusters (Table I), but that the numbers are somewhat
comparable between the “Type”’ tier and the “Spherical” and
“Diagonal” covariance forms. This could be considered to
indicate that the most “natural” clusters for the data occur at
this scale; however, further analysis is required to determine if
this is actually the case. Note that since the “Tied” covariance
form only produced a single cluster, it is generally excluded
from further analysis.

There are various possible methods for assessing the accu-
racy of a clustering process. For the sake of comparison, we
present some results from the methods adopted in [5]. Two
main performance measures were used in that case: a “Purity
Index” (PI) which depends on the extent to which a cluster’s
members belong to only a single ground-truth cluster, and a
method based on confusion matrices.

The PI is a number between 0 and 1 which describes the pu-
rity of a cluster (1 being perfectly pure). The average PI across
all clusters has been evaluated for our various different input
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TABLE II
AVERAGE PURITY INDEX FOR ALL CLUSTERS PRODUCED FOR A SPECIFIC

SET OF INPUT PARAMETERS

Covariance type and
multiple membership

Type Group Mineral

Spherical, single 0.53 0.44 0.33

Diagonal, single 0.57 0.53 0.42

Full, single 0.38 0.42 0.47

Spherical, multiple 0.41 0.46 0.31

Diagonal, multiple 0.57 0.48 0.44

Full, multiple 0.33 0.34 0.47

parameters, and the results are shown in Table II. It can be
seen that single-membership generally results in higher purity
than allowing multiple membership, which is unsurprising. It
can also be seen that where the number of clusters is larger,
the purity is higher. This too is unsurprising, since when the
observations are forced into too small a number of clusters, it
is expected that the clusters would become more diverse and
therefore less pure. The values here are somewhat lower than
those presented in [5], which generally fall in the range 0.6-
1.0. This can be explained by noting that in [5] the number
of observations is quite large compared with the number of
clusters; indeed, in the example presented, the majority of
clusters contain only one observation. Therefore, it is to be
expected that this purity measure would be much higher.
Where each observation is its own cluster the purity measure
would be perfect; however, under these circumstances, the
clustering results lose all power to demonstrate relationships
between the observations.

The other analysis method employed in [5] uses confusion
matrices to assess the accuracy of assigning spectra from a test
set to the clusters generated by their algorithm using a measure
called silhouette width. Its results therefore depend not just on
the quality of the clusters, but also on the effectiveness of this
assignment process. Since we have not specified a process by
which our clusters will be exploited, this is not an appropriate
test for us to perform.

An alternative method to quantify the accuracy of clustering
uses the so-called Jaccard Index (JI) [20]:

𝐽𝐼 =
𝑇𝑃𝑠

𝑇𝑃𝑠+ 𝐹𝑃𝑠+ 𝐹𝑁𝑠
(7)

In the above, TPs (true positives) is the number of observations
that have been correctly assigned to a cluster; FPs (false
positives) is the number of observations assigned to a cluster
that should not have been; and FNs (false negatives) is the
number of observations that were not assigned to the cluster,
but should have been.

The JI can be used to assess the overall quality of the
clustering produced by our process using a similar approach
to that used in [5]: a cluster is labelled with the name of the
truth cluster to which it most closely corresponds, based on JI.
It is then possible to identify numbers of true positives, false
positives and false negatives for each cluster. These can be
added individually (so that, for example, the total number of

TABLE III
OVERALL JACCARD INDEX OF CLUSTERING RESULTS

Covariance type and
multiple membership

Type Group Mineral

Spherical, single 0.12 0.21 0.22

Diagonal, single 0.21 0.28 0.22

Full, single 0.25 0.25 0.19

Spherical, multiple 0.10 0.15 0.16

Diagonal, multiple 0.15 0.18 0.14

Full, multiple 0.20 0.18 0.13

Fig. 3. Example cluster, obtained assuming diagonal covariance matrix and
single cluster membership. This cluster achieves a JI of 0.85 compared with
the “Olivine” group.

true positives is the sum of true positives for each individual
cluster) and used with (7) to compute a JI for the entire
clustering. Results for this are presented in Table III. These
values fall in the range 0. . . 1, with 1 indicating a perfect result.

It can be seen that all scores are substantially less than 1.
This can partly be attributed to the fact that in most cases the
number of classes generated by our algorithm is substantially
less than the number of truth classes (compare table I and
Figure 2). Thus, many of our clusters include members from
outside the most similar truth class; they include a large
number of false positives.

Some good scores are achieved for individual clusters, an
example of which is included as Figure 3. Such cases tend to
be associated with very pure clusters that match a relatively
small truth cluster.

Some other trends can be noted. Clusters with multiple
membership tend to have lower scores. Analysis of tables
of JI for a particular clustering suggest that several factors
contribute: some clusters that score highly in the single-
membership case show a significant reduction in score for
the multiple membership case, presumably because of re-
duced purity and therefore an increased number of false
positives. According to the overall JI the diagonal covariance
parametrisation produces the best results, and the spherical
parametrisation the worst. This is somewhat surprising, since
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Fig. 4. Subset of spectra from the Pyroxene Group, demonstrating spectral
diversity.

the spherical version usually produces numbers of clusters
closer to the numbers of truth clusters, which might have been
assumed to improve the quality of the result.

The average JI is best for the middle (“Group”) tier of
the truth cluster hierarchy. This could be an indication of the
scale at which our data cluster most naturally, but there may
be other explanations. Low scores for the lower (“Mineral”)
tier could be associated with high numbers of false positives.
At this level the number of truth classes greatly exceeds the
number generated by the algorithm, so few classes will be
a pure representation of a truth class. Low scores for the
upper (“Type”) tier may be due to a dearth of pure ground-
truth clusters, which tend to be associated with high-scoring
individual clusters. The Group tier may represent a happy
medium between these two effects. It should also be noted,
though, that for individual clustering results there is little
consistency between the best-scoring set of truth clusters.

Finally, consideration should be given to the appropriateness
of the truth clusters. Figure 4 shows a subset of the members
of one such cluster, the Pyroxene Group. It can be seen
that these spectra exhibit considerable diversity, even though
they have been categorised as being related in mineralogical
terms. It is questionable whether it is reasonable to expect an
unsupervised (or even a supervised) classification algorithm
to associate these spectra together given the range of features
that they exhibit.

IV. FUTURE WORK

In future various improvements to the clustering process
should be tested: other criteria for determining the optimal
cluster number should be considered (in addition to BIC);
different distance measures should be tested for the clustering
process; and more consideration should be given to setting the
probability threshold used when assigning spectra to multiple
clusters.

Of equal importance to developing the clustering algorithm
is developing methods for testing it. More work on analysing

clustering quality is needed, as is a set of truth classes known
to accurately reflect relationships between spectra.
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Abstract—In this work, we are interested in detecting ma-
noeuvring objects in high noise background using an active
sensor with a uniform linear array (ULA) receiver and propose a
joint pulse integration and trajectory estimation algorithm. This
algorithm allows us to detect low SNR objects by integrating
multiple pulse returns while taking into account the possibility
of object manoeuvres. In the proposed algorithm, the detection is
performed by a Neyman-Pearson test, i.e., a likelihood ratio test.
The likelihood function used in this test accommodates the radar
ambiguity function evaluated in accordance with object related
parameters such as location, velocity and reflection coefficient.
The trajectory estimation is performed by Bayesian recursive
filtering based on the state model of the location and velocity
parameters. The reflection coefficient is estimated by a maximum
likelihood (ML) estimator. These estimates are used in pulse
integration, leading to coherent integration during a coherent
processing interval (CPI) and non-coherent integration across
consecutive CPIs. We also compare the proposed algorithm with
conventional techniques.

I. INTRODUCTION

Detection of manoeuvring objects in a relatively high
noise background is a challenging task and a highly desired
capability in wide area surveillance applications. In these
applications, active sensor systems, for example radar systems,
are often used. Detection in active sensing involves transmit-
ting modulated pulse trains towards the surveillance region,
and, testing the hypothesis that the received signal contains
reflected versions of the transmitted waveforms against the
noise only signal hypothesis. The received signal varies with
object related parameters such as range (equivalently, time
of flight), velocity (equivalently, doppler shift) and effective
reflection coefficient. The data for testing object existence
consists of samples obtained after correlating (or, matched
filtering) this signal with expected waveforms corresponding to
selected values of these parameters [1, Chp.1]. Equivalently,
the range-bearing and doppler space is uniformly separated
into bins.

For low SNR objects, the reflected pulse energy is on
a level very similar to the noise background. This makes
detection difficult because a single measurement set (i.e.,
the data set for a single emitted pulse) is likely to fail in
providing sufficient evidence of object existence. For this
reason, multiple measurements (i.e., data sets for multiple
pulse returns) need to be considered by summing up the
reflected pulse energy across them, which is often referred to
as pulse integration. In principle, prolonging the integration

time increases the chances that a low SNR object can be
detected. Conventional pulse integration such as coherent
integration and non-coherent integration (see, e.g, [1, Chp.6]),
however, perform integration for the same bins without taking
into account the possibility of object movements across them.
This leads to failure in collecting all the evidence contained in
the received signals over time when the object is manoeuvring.
An alternative is to use matched filters that are tuned to various
trajectories [2], however, the number of filters required easily
becomes excessive with increasing integration time.

It is possible to perform long time integration, on the other
hand, by estimating the object trajectory and selecting data
samples for pulse integration accordingly. This corresponds to
adaptive synthesis of matched filters tuned to trajectories, in a
sense. Trajectory estimation based on the data used for pulse
integration is often referred to as track-before-detect (see, for
example [3], [4]). These algorithms often use the modulus of
the complex data sampled with pulse-width period and assume
that the statistics of the reflection coefficient is known. It is
desirable to estimate this quantity, however, this requires more
samples than one can collect at this sampling rate within
a coherent processing interval (CPI) [5]. Moreover, in [6],
it is argued that taking the phase of the complex reflection
coefficient into account improves the detection performance.
An algorithm which uses both the modulus and the phase of
the data, i.e., the complex data, collected with a sampling rate
much higher than the aforementioned rate is proposed in [7].
This scheme performs long time integration by simultaneously
estimating the reflection coefficient and range of the reflector
position along a bearing line.

In this work, we consider a uniform linear array (ULA)
receiver and propose a joint pulse integration and trajectory
estimation algorithm, which uses complex data sampled with
pulse-width period. The data captures spatio-temporal infor-
mation and is stacked as a cube of range, bearing and doppler
bins. The reflection coefficient within a CPI is estimated using
a maximum likelihood approach. This quantity is used in the
likelihood for trajectory estimation as well as pulse integra-
tion. The ULA structure allows us to estimate the reflection
coefficient with favourable accuracy using the limited amount
of data available in a CPI. As a result, coherent processing
takes place within a CPI followed by non-coherent integration
across consecutive CPIs. This approach results in an integrated
value close to the best achievable using true trajectory.
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Fig. 1. Illustration of the problem scenario with a ULA (red dots) centered
at the origin of the Cartesian plane and a low SNR object at [𝑥, 𝑦]𝑇 with
velocity [𝑥̇, 𝑦̇]𝑇 .

Section II of this article gives details of the scenario
considered and the problem definition. In Section III, we
introduce the proposed algorithm which involves trajectory
estimation, and, derive the maximum likelihood estimator
for the reflection coefficient that is required for tracking. In
Section IV, we demonstrate the proposed algorithm in an
example scenario and conclude in Section V.

II. PROBLEM STATEMENT

We consider a transmitter that emits 𝑁 pulses followed by
silent periods towards a surveillance region. These pulses are
reflected back by objects in this region. We assume that the
reflectors remain coherent in this time interval, also known
as a coherent processing interval (CPI). A ULA receiver co-
located with the transmitter receives the reflected versions
of the transmitted waveforms with additive noise. This re-
ceiver consists of 𝐿 elements spaced with 𝑑 distance. The
reflections are characterised by the reflector kinematic state
𝑋 = [𝑥, 𝑦, 𝑥̇, 𝑦̇]𝑇 , where [𝑥, 𝑦]𝑇 is the location in 2D Cartesian
coordinates, [𝑥̇, 𝑦̇]𝑇 is velocity, and (.)𝑇 denotes transpose.
This scenario is illustrated in Fig. 1.

A. Signal model

For a reflector with kinematic parameters 𝑋 , the corre-
sponding signal is characterised by a spatial steering vector
𝑠𝑠(𝜃) and a temporal vector 𝑠𝑡(𝑟, 𝜔𝑑), where (𝜃, 𝑟) is the polar
coordinates of the point [𝑥, 𝑦]𝑇 in Cartesian coordinates, i.e.,

𝜃 = tan−1

(
𝑦

𝑥

)
, 𝑟 =

√
𝑥2 + 𝑦2.

𝜔𝑑 is the doppler angular frequency given by

𝜔𝑑 =
4𝜋

𝜆𝑐

(
𝑥̇ cos(𝜃) + 𝑦̇ sin(𝜃)

)
,

where 𝜆𝑐 is the carrier wavelength.
The spatial steering vector is specified by the geometry of

the ULA

𝑠𝑠(𝜃) =[1, exp

(
−𝑗𝜔𝑐 𝑑

𝑐
sin (𝜃)

)
,

. . . , exp

(
−𝑗𝜔𝑐 (𝐿− 1)

𝑑

𝑐
sin (𝜃)

)
]𝑇 , (1)

where 𝑑 is the internal element spacing, 𝐿 is the number
of elements in the array, 𝜔𝑐 = 2𝜋𝑓𝑐 is the carrier angular
frequency, and 𝑐 is the speed of light.

The temporal vector 𝑠𝑡(𝑟, 𝜔𝑑) is given by

𝑠𝑡(𝑟, 𝜔𝑑) = [exp

(
−𝑗𝜔𝑐 2𝑟

𝑐

)
, exp

(
−𝑗𝜔𝑐 2𝑟

𝑐

)
exp (𝑗𝜔𝑑𝑇 ),

. . . , exp

(
−𝑗𝜔𝑐 2𝑟

𝑐

)
exp

(
𝑗𝜔𝑑(𝑁 − 1)𝑇

)
]𝑇 , (2)

where 𝑇 is pulse repetition interval (PRI), i.e., the time
period between the 𝑁 pulses. In the forward signal model for
the ULA, the spatial and temporal vectors are combined as

𝑠(𝜃, 𝑟, 𝜔𝑑) = 𝑠𝑠(𝜃)⊗ 𝑠𝑡(𝑟, 𝜔𝑑), (3)

where ⊗ denotes the Kronecker product operator.
The reflections in the received signal of the ULA are

searched by matched filtering, which computes the correlation
of the transmitted waveform with the received signal. The filter
output is sampled in fast time which uniformly divides the
range space into range bins of width Δ𝑟. Doppler space is
also discretised with Δ𝜔𝑑 steps as well as the bearing space
which is sampled with steps Δ𝜃. As a result, the data vector
in a CPI under the hypothesis that a reflector exists in the
𝑖 = [𝑖1, 𝑖2, 𝑖3]th bearing-range-doppler bin with an unknown
reflection coefficient 𝐴 is found as

𝑍(𝑖) = 𝐴𝑠(𝑖1Δ𝜃, 𝑖2Δ𝑟, 𝑖3Δ𝜔𝑑) + 𝑛, (4)

where 𝑠(.) is given by (3), 𝑛 ∼ 𝒞𝒩 (.;0, 𝜎2I) is additive white
complex Gaussian noise vector, and 𝐴 is an unknown complex
constant. The data vector 𝑍𝑘(𝑖) at the 𝑘𝑡ℎ CPI is hence

𝑍𝑘(𝑖) =

⎧
⎨
⎩

𝐴𝑘𝑠𝑘(𝑖1Δ𝜃, 𝑖2Δ𝑟, 𝑖3Δ𝜔𝑑)
+ 𝑛𝑘(𝑖1, 𝑖2, 𝑖3)

, 𝐻1 holds,

𝑛𝑘(𝑖1, 𝑖2, 𝑖3) , 𝐻0 holds,
(5)

where 𝐻1 is the hypothesis that a reflector exists in the 𝑖𝑡ℎ

bin, 𝐻0 is the null hypothesis, and, 𝑘 = 1, . . . ,𝐾 indexes
integration over 𝐾 CPIs.

B. Problem definition

Our goal is to decide on the existence of an object moving
along a trajectory 𝑋1:𝐾 . We use the Neyman-Pearson test [8,
Chp.3] which is a likelihood ratio test, for this purpose. The
input to the test is the set of complex measurement vectors
{𝑍𝑘(𝑖𝑘)}𝑘=1:𝐾 , where 𝑖𝑘 = [𝑖𝑘,1, 𝑖𝑘,2, 𝑖𝑘,3] corresponds to the
bearing-range-doppler bin associated with (𝜃𝑘, 𝑟𝑘, 𝜔𝑑𝑘) of 𝑋𝑘.

The likelihood ratio test for an object with the trajectory
𝑋1:𝐾 is then given by

𝐿(𝑍1:𝐾(𝑖1:𝐾)∣𝑋1:𝐾 , 𝐴1:𝐾)
𝐻1

≷
𝐻0

𝒯𝐾 (6)

where the ratio 𝐿 of the likelihood for the object existence hy-
pothesis and the likelihood for the noise only signal hypothesis
factorises over time as

𝐿(𝑍1:𝐾(𝑖1:𝐾)∣𝑋1:𝐾 , 𝐴1:𝐾) =

𝐾∏
𝑘=1

𝐿𝑘(𝑍𝑘(𝑖𝑘)∣𝑋𝑘, 𝐴𝑘)

=

𝐾∏
𝑘=1

𝑙(𝑍𝑘(𝑖𝑘)∣𝑋𝑘, 𝐴𝑘, 𝐻1)

𝑙(𝑍𝑘(𝑖𝑘)∣𝐻0)
,(7)

where 𝐿𝑘 denoting the likelihood ratio at the 𝑘𝑡ℎ CPI. The nu-
merator and denominator in (7) –considering (5)– are found as

𝑙(𝑍𝑘(𝑖𝑘)∣𝑋𝑘, 𝐴𝑘, 𝐻1)

=

(
1

𝜋 det (𝜎2I)

)
exp

(
−∣𝑍𝑘(𝑖𝑘)−𝐴𝑘𝑠𝑘(𝜃𝑘, 𝑟𝑘, 𝜔𝑑𝑘)∣2

𝜎2I

)
,

(8)
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𝑙(𝑍𝑘(𝑖𝑘)∣𝐻0) =

(
1

𝜋 det (𝜎2I)

)
exp

(
−∣𝑍𝑘(𝑖𝑘)∣2

𝜎2I

)
, (9)

where 𝜎2I is the noise covariance. An explicit expression
for the instantaneous likelihood ratio in (7) is obtained after
substituting from (8) and (9) as follows,

𝐿𝑘(𝑍𝑘(𝑖𝑘)∣𝑋𝑘, 𝐴𝑘)

= exp

(
−∣𝑍𝑘(𝑖𝑘)−𝐴𝑘𝑠𝑘(𝜃𝑘, 𝑟𝑘, 𝜔𝑑𝑘)∣2 + ∣𝑍𝑘(𝑖𝑘)∣2

𝜎2I

)
.

(10)

The problem we consider is simultaneous estimation of
𝑋1:𝐾 and evaluation of the likelihood ratio test in (6) by
evaluating (7)–(10) for 𝑘 = 1, . . . ,𝐾. Note that, this also
involves estimation of the reflection coefficient 𝐴1:𝐾 and
specification of the test threshold 𝒯𝐾 , as well. Estimation of
all of these parameters, specification of a constant false alarm
rate (CFAR) threshold and evaluation of the test are detailed
in Section III.

III. JOINT PULSE INTEGRATION AND TRAJECTORY

ESTIMATION

A. Trajectory estimation using coherent returns

Let us consider object trajectory (i.e., the kinematic param-
eters) estimation using coherent returns. For estimating the
kinematic parameters 𝑋1:𝐾 , we use a Markov state space
model and perform Bayesian recursive filtering given by the
following prediction and update recursions:

𝑝(𝑋𝑘∣𝑍1:𝑘−1) =

∫
𝑝(𝑋𝑘∣𝑋𝑘−1)𝑝(𝑋𝑘−1∣𝑍1:𝑘−1)𝑑𝑋𝑘−1(11)

𝑝(𝑋𝑘∣𝑍1:𝑘) ∝ 𝑝(𝑍𝑘∣𝑋𝑘, 𝐴𝑘)𝑝(𝑋𝑘∣𝑍1:𝑘−1),

where 𝑝(𝑋𝑘∣𝑍1:𝑘) is the posterior probability density function
of the object state, 𝑝(𝑍𝑘∣𝑋𝑘, 𝐴𝑘) is the measurement likeli-
hood, and, 𝑝(𝑋𝑘∣𝑋𝑘−1) is the Markov transition density of
the object state 𝑋𝑘.

The measurement likelihood is given by

𝑝(𝑍𝑘∣𝑋𝑘, 𝐴𝑘) = 𝑙(𝑍𝑘(𝑖𝑘)∣𝑋𝑘, 𝐴𝑘)
∏

𝑗 ∕=𝑖𝑘
𝑙(𝑍𝑘(𝑗)∣𝐻0)

∝ 𝐿𝑘(𝑍𝑘(𝑖𝑘)∣𝑋𝑘, 𝐴𝑘), (12)

where the second line follows after dividing both parts of
the first equality by the product of the noise-only hypothesis
likelihood for all range-bearing-doppler bins. Therefore, we
use the following update for filtering

𝑝(𝑋𝑘∣𝑍1:𝑘) ∝ 𝐿𝑘(𝑍𝑘(𝑖𝑘)∣𝑋𝑘, 𝐴𝑘)𝑝(𝑋𝑘∣𝑍1:𝑘−1). (13)

The object dynamic model is selected as a random acceler-
ation model, i.e.,

𝑋𝑘 = 𝐹𝑋𝑘−1 + 𝑏𝑘−1, 𝐹 ≜

⎡
⎢⎢⎣

1 0 Δ 0
0 1 0 Δ
0 0 1 0
0 0 0 1

⎤
⎥⎥⎦ (14)

where 𝑏𝑘−1 is process noise (modelling manoeuvres), which
is zero-mean Gaussian with a known covariance Σ, and Δ is

the time interval at each sate between two consecutive CPIs.
Hence, 𝑝(𝑋𝑘∣𝑋𝑘−1) = 𝒩 (𝑋𝑘;𝐹𝑋𝑘−1,Σ).

We use a sequential Monte Carlo (SMC) realisation of
Bayesian recursive filtering known as the particle filter [9].
Particle filters propagate weighted samples of probability
densities in order to represent them. In particular, we use
the bootstrap filtering approach: Given a set of particles
{𝑋(𝑗)

𝑘−1, 𝜁
(𝑗)
𝑘−1}𝑀𝑗=1 representing the posterior in (13) at time

𝑘−1, we obtain particles for the prediction density in (11) by
sampling from the Markov transition, and obtain 𝑀 particles
{𝑋(𝑗)

𝑘 , 𝜁
(𝑗)
𝑘−1}𝑀𝑗=1 with 𝑋

(𝑗)
𝑘 ∼ 𝑝(.∣𝑋(𝑗)

𝑘−1).

Then, the posterior at 𝑘 is represented by 𝑋
(𝑗)
𝑘 s with weights

updated using the likelihood ratio given in (10), i.e.,

𝜁
(𝑗)
𝑘 =

𝜁
(𝑗)
𝑘∑𝑀
𝑖=1 𝜁

𝑖
𝑘

, (15)

𝜁𝑖𝑘 ∝ 𝜁
(𝑗)
𝑘−1𝐿𝑘(𝑍𝑘(𝑖

(𝑗)
𝑘 )∣𝑋(𝑗)

𝑘 , 𝐴
(𝑗)
𝑘 ).

Given the posterior weighted particles, the estimated state
at the 𝑘𝑡ℎ CPI based on the measurements 𝑍1:𝑘 is given by

𝑋̂𝑘 ≜
𝑀∑
𝑗=1

𝜁
(𝑗)
𝑘 𝑋

(𝑗)
𝑘 . (16)

We check the weighted particles for degeneracy after nor-
malising the weights (see, e.g., [9]). The degeneracy test 𝑁𝑒𝑓𝑓

is conducted by

𝑁𝑒𝑓𝑓 =
1

∑𝑀
𝑖=1 𝜁

(𝑗)
𝑘

2 < ℬ, (17)

where ℬ is the minimum number of effective particles allowed.
We perform re-sampling (with replacement) whenever the
condition in (17) is met.

B. Maximum likelihood estimator for the reflection coefficient

Let us consider the estimation of 𝐴
(𝑗)
𝑘 for evaluating the

likelihood of the object existence hypothesis. Given the object
state 𝑋

(𝑗)
𝑘 , we use a maximum likelihood (ML) estimation

approach by solving

𝐴
(𝑗)
𝑘 = arg max

𝐴
(𝑗)
𝑘

log 𝑙(𝑍𝑘(𝑖
(𝑗)
𝑘 )∣𝑋(𝑗)

𝑘 , 𝐴
(𝑗)
𝑘 , 𝐻1), (18)

where the likelihood above is given by (8) and 𝐴
(𝑗)
𝑘 denotes

the ML estimation of 𝐴
(𝑗)
𝑘 .

For the sake of simplicity in notation, we denote the 𝑖
(𝑗)
𝑘 th

data vector 𝑍𝑘(𝑖
(𝑗)
𝑘 ) by 𝑍𝑘 in this section. After taking the

natural logarithm of (8), we obtain

log 𝑙(𝑍𝑘∣𝑋(𝑗)
𝑘 , 𝐴

(𝑗)
𝑘 , 𝐻1) =

− 𝑍𝐻𝑘 (𝜎2I)−1𝑍𝑘 + 2ℜ
(
𝐴

(𝑗)
𝑘

∗
s𝑘(𝜃

(𝑗)
𝑘 , 𝑟

(𝑗)
𝑘 , 𝜔

(𝑗)
𝑑𝑘

)𝐻(𝜎2I)−1𝑍𝑘

)

− ∣𝐴(𝑗)
𝑘 ∣2s𝑘(𝜃(𝑗)𝑘 , 𝑟

(𝑗)
𝑘 , 𝜔

(𝑗)
𝑑𝑘

)𝐻(𝜎2I)−1s𝑘(𝜃
(𝑗)
𝑘 , 𝑟

(𝑗)
𝑘 , 𝜔

(𝑗)
𝑑𝑘

).
(19)

where (.)∗ denotes complex conjugation, (.)𝐻 is the Hermi-
tian transpose, and, ℜ(.) takes the real part of its complex
argument. The partial derivative of (19) with respect to 𝐴

(𝑗)
𝑘

is given by
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∂ log 𝑙(𝑍𝑘∣𝑋(𝑗)
𝑘 , 𝐴

(𝑗)
𝑘 , 𝐻1)

∂𝐴
(𝑗)
𝑘

= 2s𝑘(𝜃
(𝑗)
𝑘 , 𝑟

(𝑗)
𝑘 , 𝜔

(𝑗)
𝑑𝑘

)𝐻(𝜎2I)−1𝑍𝑘

− 2𝐴
(𝑗)
𝑘 s𝑘(𝜃

(𝑗)
𝑘 , 𝑟

(𝑗)
𝑘 , 𝜔

(𝑗)
𝑑𝑘

)𝐻(𝜎2I)−1s𝑘(𝜃
(𝑗)
𝑘 , 𝑟

(𝑗)
𝑘 , 𝜔

(𝑗)
𝑑𝑘

).
(20)

The ML solution in (18) is found by setting (20) to zero, i.e.,

∂ log 𝑙(𝑍𝑘∣𝑋(𝑗)
𝑘 , 𝐴

(𝑗)
𝑘 , 𝐻1)

∂𝐴
(𝑗)
𝑘

= 0

which is satisfied at

𝐴
(𝑗)
𝑘 =

𝑠𝑘(𝜃
(𝑗)
𝑘 , 𝑟

(𝑗)
𝑘 , 𝜔

(𝑗)
𝑑𝑘

)𝐻(𝜎2I)−1𝑍𝑘

𝑠𝑘(𝜃
(𝑗)
𝑘 , 𝑟

(𝑗)
𝑘 , 𝜔

(𝑗)
𝑑𝑘

)𝐻(𝜎2I)−1𝑠𝑘(𝜃
(𝑗)
𝑘 , 𝑟

(𝑗)
𝑘 , 𝜔

(𝑗)
𝑑𝑘

)
,

(21)
where 𝑠𝑘(𝜃

(𝑗)
𝑘 , 𝑟

(𝑗)
𝑘 , 𝜔

(𝑗)
𝑑𝑘

) ∈ ℂ
𝐿𝑁×1 is the noise free spatio-

temporal vector found by evaluating (3) at 𝑋
(𝑗)
𝑘 , 𝜎2I ∈

ℝ
𝐿𝑁×𝐿𝑁 is the noise covariance, 𝑍𝑘 ∈ ℂ

𝐿𝑁×1 corresponds
to the measurements in the 𝑘𝑡ℎ CPI from the bearing-range-
doppler bin of 𝑋

(𝑗)
𝑘 (i.e., 𝑖

(𝑗)
𝑘 ), and 𝐴

(𝑗)
𝑘 ∈ ℂ

1×1 is the
estimated reflection coefficient.

Next, we substitute the ML estimate given in (21) together
with 𝑋

(𝑗)
𝑘 in (8) and (15) so as to update the weights of the

particles. Here, the term in the numerator of (21) provides
coherent integration of 𝐿×𝑁 measurement samples.

C. Long time integration for detection

Now let us consider long time integration in order to decide
on the object existence. The integration described above can
integrate reflection coefficient from 𝑘 = 1 to 𝐾 and also take
into account the estimated object state 𝑋̂1:𝐾 . We substitute
the estimate of the kinematic parameters 𝑋̂𝑘 found by using
the SMC recursions and (16) in (21). This results with the ML
estimate of the reflection coefficient 𝐴𝑘 at 𝑋̂𝑘, i.e.,

𝐴𝑘 =
𝑠𝑘(𝜃𝑘, 𝑟𝑘, 𝜔̂𝑑𝑘)𝐻(𝜎2I)−1𝑍𝑘

𝑠𝑘(𝜃𝑘, 𝑟𝑘, 𝜔̂𝑑𝑘)𝐻(𝜎2I)−1𝑠𝑘(𝜃𝑘, 𝑟𝑘, 𝜔̂𝑑𝑘)
. (22)

After obtaining 𝑋̂𝑘 and 𝐴𝑘 for 𝑘 = 1, . . . ,𝐾, we substi-
tute these values in (the natural logarithm of) (10) and the
likelihood ratio test in (6). The detection test is performed by

log𝐿(𝑍1:𝐾 ∣𝑋̂1:𝐾 , 𝐴1:𝐾)
𝐻1

≷
𝐻0

log 𝒯𝑘 (23)

Doing so provides coherent integration of 𝐿 × 𝑁 samples
within a CPI, and, non-coherent integration across CPIs by
taking into account 𝑋̂1:𝑘. Here, log 𝒯𝑘 is a CFAR threshold
for the log-likelihood ratio at the 𝑘𝑡ℎ step.

D. Constant false alarm rate threshold

The CFAR detection threshold 𝒯𝑘 can be calculated as a
function of the selected probability of false alarm 𝑃𝑓𝑎. First,
the likelihood of the noise only signal hypothesis in (9) is
considered, which can be written as

𝑝(𝑍𝑘∣𝐻0) =
1

𝜋𝑘𝜎2
exp

(
−∣𝑍𝑘∣

2

𝑘𝜎2

)
, (24)

where 𝑍𝑘 is the 𝑘𝑡ℎ measurement. Second, the 𝑃𝑓𝑎 of a
threshold test is given by the integration of 𝑝(𝑍𝑘∣𝐻0) when
𝑍𝑘 is over a threshold 𝒯𝑘. In other words,

𝑃𝑓𝑎 =

∫ +∞

𝒯𝑘

𝑝(𝑍𝑘∣𝐻0)𝑑𝑍𝑘 =
1

𝜋𝜎
√
𝑘

∫ +∞

𝒯𝑘√
𝑘𝜎2

exp
(
−∣𝑡∣2

)
𝑑𝑡

=
1

2𝜎
√
𝜋𝑘

erfc

( 𝒯𝑘√
𝑘𝜎2

)
, (25)

where erfc(.) is the complementary error function (see, e.g.,
[1, Chp.6]). The detection threshold 𝒯𝑘 at the 𝑘𝑡ℎ step of
integration is calculated by

𝒯𝑘 =
√
𝑘𝜎2erfc

(
2𝜎
√
𝜋𝑘𝑃𝑓𝑎

)−1

, (26)

where erfc(.)−1 is the inverse complimentary error function.
Given a false alarm rate, we now have an expression for the
threshold value of the likelihood ratio test in (23).

IV. EXAMPLE

In this section, we demonstrate the proposed detection
approach through an example. We consider a scenario in
which a single pulsed radar transmitter emits 𝑁 = 20
linear frequency modulated (i.e., chirp) waveforms dur-
ing a CPI. A single object with initial sate 𝑋0 =
[1000m, 1000m, 60m/s, 10m/s]𝑇 moves along an unknown
trajectory across consecutive CPIs in accordance with the
manoeuvring object dynamic model using (14). A co-located
ULA receiver receives reflected versions of the transmitted
pulses with the signal model in (5). Table I shows the
parameters of the transmitted pulses used in this scenario.
Based on these parameters, the bearing resolution can be
found as Δ𝜃 = 5.1∘ using Δ𝜃 = 2 sin−1

(
0.891
𝐿

)
(see, e.g.,

[10]) and the range resolution is found using the formula
Δ𝑟 = 𝑐/2𝐵 as 150m. This is illustrated in Fig. 2, where the
blue and red dashed lines indicate the bearing resolution and
the range resolution boundaries, respectively. Furthermore, the
velocity resolution Δ𝑉 given by 𝜆𝑐

2𝑁𝑇 is found as 7.5m/s (or,
equivalently the doppler resolution is Δ𝜔 = 4𝜋𝑓𝑐

Δ𝑉
𝑐 𝑇 which

evaluates as 0.314deg/s).
We apply the proposed algorithm for testing object existence

on range-bearing and velocity bins with 𝑀 = 600 particles
initially selected as a 30×20 element uniform grid within the

TABLE I
TRANSMITTED SIGNAL PARAMETERS

Parameter Value
Carrier frequency 𝑓𝑐 10GHz

Bandwidth 𝐵 1MHz
Pulse repetition interval 𝑇 100us

Coherent processing interval (CPI) Δ 0.1s
Number of pulses during a CPI 𝑁 20

Number of elements on ULA 𝐿 20
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Fig. 2. Example scenario: A -2dB object follows a trajectory (red line)
across range-bearing bins (separated by dashed lines). The proposed algorithm
simultaneously estimates the trajectory (blue line) and performs a likelihood
ratio test for detection.
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Fig. 3. RMSE of the trajectory estimate obtained by using the proposed
algorithm in a typical experiment with a -2dB SNR manoeuvring object.

bin under test. We also use the proposed algorithm for long
time integration spanning 10s with a CPI interval of 0.1s. The
reflection coefficient is generated from a complex Gaussian
density leading to an expected SNR of −2dB.

In this example, when the bin under test contains an object,
the particles converge to the underlying state, the integrated
value rises above the CFAR threshold, and the algorithm
detects the object. When there is no object, the particles lead to
a low likelihood value for object existence. A typical estimated
trajectory is given in Fig. 2 (blue crossed line). The estimated
trajectory is reasonably close to the true trajectory (red line).
The root mean square error (RMSE) of this estimate is given
in Fig. 3, which indicates a reasonably low value after only a
few steps (equivalently, CPIs).

Now, let us consider pulse integration and detection using
the proposed method. We generate 100 measurement sets for
the scenario described (Fig. 2) and compare the long time-
integration value obtained using the proposed algorithm with
the best integration achievable if the true trajectory of the
object was known. Fig. 4 illustrates the average long-time
integration value (solid blue line) with ±1 standard deviation
bounds (dash dotted lines). The average integrated energy
reaches a value of 56.5 at 𝑡 = 10s which is very close
to the best achievable result using the true object trajectory
(dashed red line). Next, we consider the CFAR threshold (solid
magenta line) calculated using (26) for 𝑃𝑓𝑎 = 10−8. It is
seen that in all simulations, the proposed algorithm yields an
integration value that exceeds the CFAR threshold and reports
object detection. Conventional integration methods, i.e., co-
herent (black line) and non-coherent (green line) integration
fail to exceed the CFAR threshold and detect the object, in all
experiments.

Next, we consider probability of the detection 𝑃𝑑 as a
function of time. We calculate this probability for the proposed
algorithm empirically and depict in Fig. 5 in comparison with
integration using the true object trajectory. The 𝑃𝑑 for the
proposed approach (solid blue line) increases over time, as
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Fig. 4. Long time-integration with the proposed algorithm: The integrated
value (solid blue line) versus time ( dash-dotted lines indicate ±1 standard
deviation 𝜎 bounds), the best achievable integration using the true trajectory
(dashed red line) and the CFAR threshold (solid magenta line). Conventional
non-coherent (green line) and coherent (black line) integration fail to exceed
the detection threshold. The results are averaged over 100 MC simulations.
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Fig. 5. Probability of detection (𝑃𝑑) versus time in 100 MC simulations:
The proposed long time integration algorithm (solid blue line and ±𝜎 bounds
rendered with blue dashed-lines), the best achievable 𝑃𝑑 with integration using
the complete knowledge of the true trajectory (red dashed line), non-coherent
integration (green), and coherent integration (black).

more returns from the object is integrated. Note that the rate
of increase is very similar to the 𝑃𝑑 using true trajectory
(red dashed line). It exceeds 0.5 after 𝑡 = 3.5s and reaches
almost 1 by 𝑡 = 7s. Conventional non-coherent and coherent
integrations yield zero 𝑃𝑑, in this scenario.

V. CONCLUSION

In this work, we proposed a joint pulse integration and tra-
jectory estimation algorithm for detecting low SNR manoeu-
vring targets. This algorithm allows us to estimate the reflected
pulse energy for each possible state and then add them using
coherent integration during a CPI. We also use non-coherent
integration across consecutive CPIs. This integration approach
results in an integrated value close to the best achievable if
we had full knowledge of the true trajectory. Future work
includes further experimentation for the characterisation of the
algorithm under different SNR working conditions.
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A Modified Spectral Line Camera for Low Cost 
Anomaly Detection 
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Abstract— Spectral cameras are a valuable tool for anomaly 

detection because the spectral information provides more 
opportunities than a monochrome or color camera to distinguish 
targets from the background. We are currently working on the 
adaptation of a spectral line camera for outdoor use and for 
anomaly detection. This requires consideration of spectral 
calibration, lighting variation and adaptation of detection 
algorithms. When effective, this may provide a low coast 
alternative for full spectral detection. 

Keywords—Spectral imaging, Anomaly detection 
I.  INTRODUCTION 

Anomaly detection is an essential aspect of situational 
awareness and military actions. To prepare timely action it is 
important to leave sufficient time for classification and 
identification so anomaly detection should take place as early 
as possible when the anomaly is at a large distance and difficult 
to distinguish from the background. Spectral cameras are 
valuable for anomaly detection and often used for this purpose 
[1-6]. While a monochrome detector provides one value for 
each pixel in the image (intensity) and a color camera provides 
two additional values (to characterize color) a multi-spectral 
camera provides more than three values, typically with the help 
of color filters while a so called hyperspectral camera provides 
a large number of values for each pixel. The latter is achieved 
by separating the wavelengths with a prism or grating and 
detecting the intensity at each wavelength separately. 

The additional information provided by a spectral camera is 
helpful for detection. Two objects with the same color may still 
be distinguished by considering the spectrum so that a spectral 
camera may not only be useful for detection but also for 
classification an identification. Also, the near-infrared can be 
included in a single camera. Furthermore, when an object is 
(much) smaller than the pixel size so that its signal is mixed 
with that of the background, the spectral information may help 
to detect it [1]. This makes the spectral camera especially 
suitable for anomaly detection. A range of algorithms is 
available to distinguish anomalies from the background [2-4] 
and research is also done for economic algorithms for example 
for unmanned vehicles [5,6]. Algorithms may depend on 
atmospheric disturbance or background [1] or on the type of 
application that the detector is used for [6]. 

Unfortunately, spectral cameras are costly, largely because 
two spatial and one spectral dimension have to be separated. A 
low cost alternative is formed by the line camera which images 
only a single line from the scenery. Spectral line cameras are 
typically used for industrial assembly line applications. 
However, they may be adapted for outdoor detection. A full 
spectral image may be obtained by scanning the camera across 
the scenery but a line camera may also be used to monitor 
specific line shaped areas such as the horizon where indeed 
many distant anomalies a situated. 

In a previous publication we took the first steps in 
assembling the spectral line camera [7]. At present we extend 
this by improving techniques for wavelength calibration, 
focusing and adaptation to lighting conditions so that 
application under non standardized outdoor conditions 
becomes possible. With enhanced acquisition and analysis our 
final aim is to enhance capabilities of distinguishing objects 
from the background to eventually outperform a comparable 
color camera. 

 
Figure 1: Schematic of a spectral imaging setup. Scenery is 
imaged to the entrance slit, spectrally separated and 
recorded by a CCD 

II. METHODS 

The operation of a spectral line camera is illustrated in 
figure 1. First part is the imaging lens which images the 
scenery onto the entrance slit of the so called spectral imager. 
The slit selects a line from the image. The imager itself is 
typically a tube with optics that images the entrance slit to the 
exit plane while simultaneously using a dispersive element 
such as a prism or grating to separate the wavelengths in the 
direction perpendicular to the line. The exit plane is a little 
beyond the end of the tube so that it can be projected onto the 
CCD-chip of a camera to record the image. The columns 
within the image correspond to the location on the imaged line 
while the rows within that column correspond to the 
wavelength that is being detected. 

For our project we use the SpectroCam V10 spectral imagers 
supplied by SpectraPartners (400-1000 nm) combined with the 
WATEX 902h2 supreme camera (sensitivity 400 nm (50%) – 
1000 nm (5%)). This low light monochrome camera was 
selected because only the intensity of each part of the spectral 
image should be detected. The camera can be attached to the 
spectral imager so that the spectral image is projected directly 
onto the CCD. For now we use a separate lens to image the 
scenery unto the entrance slit of the imager. A separate camera 
is attached to the assembly so that we can monitor which part 
of the scenery is being imaged. For the moment we are using a 

978-1-5090-0326-6/16/$31.00 ©2016 IEEE 
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basic webcam for this purpose. The images of both cameras 
are captured and transferred to a PC for processing (currently 
with MATLAB). 

Focusing the spectral camera is non-trivial because it images a 
small part of the scenery and the image is not easily 
recognizable. For indoor imaging a white board is placed a 
few meters away from the camera. A large dark sheet is placed 
in the center so that the dark and light part are visible in the 
spectral image. The imaging lens is positioned to increase 
sharpness. Next a dark vertical strip is moved horizontally 
until it becomes visible in the image. A vertical line is drawn 
that marks one side of the image. The same is done from the 
other side. Finally the strip is moved vertically on one side of 
the image until it becomes visible. A mark is drawn on the 
outside to indicate the height of the acquired line image. This 
is repeated on the other side (which should give almost the 
same height). These four lines indicate which part of scenery 
is imaged. Objects can be placed there for study and to further 
improve focusing. 

 

 
Figure 2: Spectral Calibration. Top: Series of images taken 
through narrow band interference filters (40 nm FWHM). For 
400-600 nm a second series was taken at higher intensity. 
Visible spectrum shown for comparison. Bottom: Ratio of 
second and first order peak height and pixel number vs 
wavelength (blue) or double wavelength (second order: red) 

III. RESULTS 

Figure 1 shows our results for spectral calibration. A set of 
interference filters is placed one by one in front of the spectral 
imager and the image is recorded. No imaging lens is needed 
for this as long as the correct amount of light falls into the 
camera. As can be seen the images show a horizontal band at 
the specific wavelength. An picture of the visible spectrum is 
included for comparison. These images were also used for 
spectral focusing of the setup. The distance between imager 
and camera is modified to decrease recorded bandwidth. When 
the width is minimal the setup is spectrally in focus. Below 600 
nm the intensity of the bands strongly decreased. Therefore we 
recorded a second set of images a higher light intensity for 

better analysis. Below 600 nm also a second band appears in 
the image. This is of second order passband of the dispersive 
grid and appears at double the actual wavelength and also with 
double the width. E.g. signal of 500 nm also appears at the 
location of 1000 nm. From this we can see that the imager may 
record signals from 300 nm up to 1200 nm (better than 
specified) provided that the camera is sufficiently sensitive at 
these wavelengths. 

Figure 3: Spectral image. Top: webcam image (left) 
with slanted green and red line and T-shaped makers 
indicating the area that is acquired and (right) the 
actual spectral image plotted in gray scale (white is high 
intensity). Bottom: cross-sections at various regions in 
the image (left) and at wavelengths (right) 

In the right window of figure 2 we quantified the spectral 
results. It shows a graph of the pixel number of the center of 
the recorded band vs the wavelength of the filter. This was 
obtained by fitting the spectra by hand with Gaussian bands. 
Also the results of the second order bands are included (at 
double the wavelength of the filter). The width of these bands 
was also double. The results follow a straight line although 
differences around 10 nm do appear. A linear fit is used for 
calibration of wavelength. This was checked during a further 
experiments by regularly placing filters in front of the camera. 
Based on that a small quadratic correction in the order of 10 
nm was later included to improve the calibration [not shown]. 
The spectra of the interference filters can also be used to 
remove the second order contributions from recorded spectra. 
By comparing the heights of the spectra with two band we can 
determine the second order contribution that light between 400 
and 500 nm produces in the 800-1000 nm region. This ratio is 
shown as a function of wavelength. Above 500 nm the 
contribution is small but below 450 nm is its more than 100%. 
Thus the second order contribution can be estimated for any 
recorded spectrum and subtracted. 

A typical spectral image result is shown in figure 3. The 
target in this case is formed by a slanted green and red line 
printed on a white paper sheet. The top left image is recorded 
with the webcam. The two T-shaped markers have been added 
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to indicate the line area that is acquired by the spectral camera. 
Two black lines were also drawn on the background. These 
lines also appear in the spectral image on the left and right side. 
Of the two slanted lines in the webcam image only a narrow 
cross-section appears in the spectral image. The red line is dark 
in the blue part of the spectrum. The green line appears dark 
throughout the visible. The bottom panels in figure 3 show 
various spatial cross-sections (horizontal) taken from long to 
short wavelengths. The narrow lines can be used for spatial 
focusing: The distance between imaging lens and imager is 
modified until to reduce their width in the image. When the 
width is minimal the setup is spatially focused. The cross-
section results indicate that at some wavelengths most of the 
light is absorbed but other areas also appear dark where only a 
small part of light is absorbed. 

 

Figure 4: Spectral analysis of the image in figure 3. Top: 
spectra of the red and green band and three (white) 
background bands and transmission (band / background 
intensity) of red and green band. Right: transmission image 
(see text) 

For a quantitative assessment we consider the spectra of the 
various ‘objects’ in the image of figure 3. For this we extracted 
the spectrum of the red- and green band (columns: 112-116 and 
162-173 respectively) from the image and three white 
background spectra in between the two bands and on both 
sides. The resulting spectra are shown in figure 4. The three 
white spectra are very similar indicating a homogeneous 
background. The intensity is highest in the visible region (400-
700 nm, although the blue side (400-500 nm) is quite weak) 
and the near infrared. This intensity spectrum is a combination 
of the spectrum of the light source, reflection by the 
background, transmission of the imager and sensitivity of the 
camera. The red band has lower intensity in the 500-600 nm 
region (blue-green). The green band has low intensity in all 
regions except the near infrared (> 800 nm) but mainly absorbs 
above 600 nm (red) which makes it indeed a dark green color. 

The color is characterized not so much by the intensity at 
each wavelength but more the differences with the background. 
This is also how the human eye distinguished color. For this 
reason we also show the transmission spectra which are 
obtained by dividing the intensity of a band by the (averaged) 
spectrum of the white background. Also we can prepare a 
transmission image by dividing the spectral image in figure 3 
by the background spectrum. This is shown at the bottom of 
figure 4 and does indeed provide more information than the 
original spectral image, especially in the low intensity regions 
(< 500 nm and > 1100 nm). 

 

Figure 5: Resolution test. Left: Spectral image of a target 
with six green lines 0.1-0.8 mm in the center. Left: Spatial 
cross-sections from long to short wavelength. 

Since we propose to use the camera mainly for resolution 
enhancement (to enable detection of small distant anomalies) 
we did a test of resolution performance. For this purpose we 
used six printed green lines on white paper varying in width 
from 0.1 to 0.8 mm placed at a distance of 5 m from the 
camera. This recording was also done inside with lighting 
condition adjusted for optimal results. While our camera is 
equipped with automatic exposure time adjustment, this does 
not work satisfactory because a camera intended for public use 
typically accepts saturation in part of the image while we need 
linear response throughout. Thus light intensity should be 
reduced until the entire image is unsaturated. 

The resulting spectral image is shown in figure 5. The 
paper has two black lines on either side and four more black 
lines were drawn on the surrounding white board. These six 
black lines are clearly visible and dark at all wavelengths. The 
green lines are also clearly distinguished although the 
narrowest line has low contrast. Thus the obtained resolution is 
better than 0.1x10-3/5 = 2x10-5 rad = 0.02 mrad and we should 
be able to further improve this. The distance between the 
outermost green lines was 95 mm, thus a pixel corresponds 
approximately to 1 mm so that all lines are of sub-pixel size. 

Figure 5 also shows cross sections at various wavelengths 
(from long to short). In the widest line the absorption can be 
strong. At some wavelengths 50% of the light is absorbed. The 
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lines in the spectral image cannot become narrower since they 
are already of sub-pixel size. Instead, we can see in the cross-
sections that the contrast decreases. In the narrowest line the 
intensity dip is no more than a few percent. Nevertheless it can 
still be distinguished even with the naked eye. 

Figure 6: Outside resolution experiment. Resolution target 
(see figure 5) placed outside at 10 m from the camera. 
Panels as in figure 3 (webcam image, spectral image, 
spectral- and spatial cross-sections. 

So far we have only considered cases that were done in the 
laboratory with carefully adjusted lighting conditions. 
However, we have equipped the imager with an adjustable iris 
so that it can also be used under variable lighting conditions. 
As a final test, we took the camera outside and placed the 
aforementioned resolution target at 10 m distance. The results 
are shown in figure 6. The focusing was unfortunately affected 
by moving the camera as can be seen by some blurring of the 
spectral image. Also we found that the camera still picks up 
stray light even though we already included shielding between 
imaging lens and imager. This becomes dominant when the iris 
diameter is strongly reduced and further stray light shielding 
will have to be introduced. 

Nevertheless spectral image and the spatial cross-sections 
illustrate that the camera still manages to detect at least 5 of the 
six green lines in the resolution target. Also, the spectral cross-
sections are interesting. Compared to inside lighting it extends 
considerably further, both to the short- and long wavelength 
regions indicating that the camera can indeed be applied for 
study at this wide range of wavelengths. The distance of 10 m 
may appear short compared to the intended purpose of 
detecting anomalies near the horizon. However an extension to 
larger distances and infinity should not be a major problem. 

IV. DISCUSSION 

In this paper we investigated the possibility of adapting a 
spectral line camera for outdoor anomaly detection. We 

considered wavelength calibrating and characterize second 
order contributions. Next we considered acquisition of a target 
with colored lines. The background spectra are non-constant 
but drop off towards the blue and (infra)red end of the 
spectrum. While this appears natural to the eye we obtain a 
better detection by calculating the ratio of each spectrum to that 
of the background and presenting this on gray scale. The 
spectra of the target lines agreed with the colors while more 
characteristics can be obtained from the infrared region. 

We characterized spatial resolution that can be obtained so 
far and found that we could easily distinguish an 0.1 mm target 
line at a distance of 5 m (0.02 mrad resolution). These target 
lines were significantly smaller than the pixel size. A further 
test could be to distinguish more than one target line (with 
different color) within a pixel. As a final test we also 
performed a resolution test outside to evaluate performance at 
higher light conditions. While the camera still suffers from 
stray light which needs to be remedied it still was able to 
achieve the same high resolution. 

At present our camera still requires technical development, 
as described above, to fully use its potential. The achievements 
cannot yet be compared to those published for 2D spectral 
cameras [2, 5, 6]. As anomalies we have only been able to 
characterize lines against a homogeneous background. 
Although we were able to acquire and analyze outdoor images 
we have not yet been able to do this with natural scenery. A 
typical scene that we wish to explore is the detections of 
vessels near the horizon at sea or on flat land. However, with 
the required improvements the spectral line camera will 
become be suitable for the desired anomaly detection purpose 
and may provide an economic alternative for 2D specatral 
imagers. 
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Abstract—Micro-motion is one of the most important features 
for radar target recognition. Firstly, the bistatic micro-Doppler 
models corresponding to the bistatic scattering centers of the 
precession targets are derived. Then, The dynamic simulation 
method of the bistatic echo of the precession target is presented 
using the bistatic scattering coefficients obtained via 
electromagnetic calculations, and the bistatic scattering 
coefficients of the blunt-nosed biconical model are calculated 
using the multilevel fast multipole method. Finally, the theoretic 
analysis is verified by comparing the time-frequency distribution 
of the bistatic echo sequences with the theoretical bistatic micro-
Doppler. This research is helpful for utilizing the bistatic micro-
Doppler for feature extraction and recognition of spatial micro-
motion targets. 

Keywords—bistatic radar; micro-motion; micro-Doppler; time-
frequency analysis 

I.  INTRODUCTION  

Micro-motion is one of the most important features for 
radar target recognition. V.C. Chen studied the radar target 
micro-motion and micro-Doppler phenomenon, and played an 
important role in the micro-Doppler effect analysis and micro-
motion feature extraction [1]. Spatial targets maintain stability 
by rapid spinning and a precession occurs if the spinning is 
disturbed by an external interference. Ma Liang established the 
monostatic micro-Doppler mathematical model of precession 
warhead target based on sliding-type scattering center and 
verified it by dynamic measurement experiment in anechoic 
chamber, which described the micro-Doppler characteristic of 
the precession target more accurately [2]. 

In recent years, bistatic micro-Doppler characteristics 
analysis, feature extraction and recognition of micro-motion 
targets have gained worldwide attention. Ref.[3] analyzes the 
difference and connection between the bistatic and monostatic 
micro-Doppler briefly. The literature [4] discusses bistatic 
micro-Doppler of vibration target and expanded the study 
scope of micro-Doppler. Ref.[5] utilizes the mono-/bi-static 
micro-Doppler simultaneously for estimating the real radius of 
spinning target based on T/R-R bistatic radar configuration. In 
the literature [6], the bistatic micro-Doppler of the multistatic 
observation of the human target is obtained by the netted radar 
experimental system, which fully proves that the multistatic 

observation is beneficial to improve the performance of target 
recognition.  

The monostatic micro-Doppler characteristic analysis and 
feature extraction of spatial micro-motional targets have been 
studied comprehensively [1], while bistatic micro-Doppler 
characteristic analysis is not enough, especially experimental 
data is little. In this sense, the bistatic micro-Doppler of spatial 
targets with precession micro-motion is studied and their 
characteristics are analyzed through dynamic simulation with 
the electromagnetic calculation data. 

The remainder of this paper is organized as follows: 
Section 2 introduces the bistatic micro-Doppler model of the 
precession cone-shaped target, which is based on the bistatic 
sliding scattering center. Section 3 simulates the bistatic echo 
of precession target with electromagnetic calculation data and 
the time-frequency distribution validates the proposed model. 
Section 4 concludes this paper. 

II. BISTATIC MICRO-DOPPLER MODEL OF PRECESSION 

TARGET 

o

E

A

B

D

C

 

Fig. 1. Precession blunt-nosed biconical model 

A blunt-nosed biconical model is shown in Fig.1. O is 
centroid and 3O is the vertex. The cone radius above is 1r  and 
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the second cone radius is 2r . 3| |OO  is the distance between the 

centroid and vertex, 1| |OO is the distance between the centroid 

and the center of first cone bottom and 2| |OO  is the distance 
between the centroid and the center of second cone bottom. 
The precession angle frequency is ω  and the precession angle 
is defined asθ . z-axis is along the precession axis, and x-axis, 
y-axis and z-axis meet the right-hand law. The azimuth and 
pitching angles of incident vector i  are defined as iβ and iα , 

and the scattering direction s  as sβ and sα . 

According to the geometrical diffraction theory [7], five 
bistatic scattering centers of the blunt-nosed biconical model 
are located at the intersection of the vertex, cone-cylinder edge 
and bottom edge and the plane that is constructed by the 
symmetry axis and the bisector of the bistatic angle, and they 
are labeled as A,B,C,D,E. These bistatic scattering centers 
changes with the target moving and bistatic geometric 
configuration. Especially, for the fixed bistatic radar, these 
bistatic scattering centers will slide on the edge continuously 
with the target precession. This motion is no longer a simple 
sinusoidal law and the bistatic micro-Doppler model is derived 
as follows. 

Assuming the angle between the projection of the 
symmetry axis and the x-axis in the xoy plane is 0φ at 0t = , 

and then the angle iθ  between the incident vector and the 
symmetry axis can be expressed as 

( )0cos cos cos sin sin cosi i i tθ θ α θ α ω φ= + +             (1) 

The angle sθ  between the scattering vector and the 
symmetry axis can be expressed as 

( )s 0cos cos cos sin sin coss s stθ θ α θ α ω φ β= + + −          (2) 

The bistatic angle ψ  satisfies 

( )cos( ) sin sin cos cos cosi s i s i sψ α α β β α α= − +             (3) 

According to the spatial geometry, the azimuth angle of the 
LOS of the receiver in the local ordinates [8], can be 
approximated by the following expression 

i s
s

i

cos cos cos
cos

sin sin s

ψ θ θϕ
θ θ

−
≈                        (4) 

The bistatic scattering coefficients are decided by the 
angles ( iθ , sθ , sϕ ). 

The bisector vector of the biststic angle can be expressed as 

[ ]
[ ]

sin cos sin cos sin sin sin sin cos cos

2 1 cos cos sin sin cos( )

i i s s i i s s i s

i s i s i s

α β α β α β α β α α
α α α α β β

+ + +
=

+ + −
os


                           (5) 

Let the angle between os


and z-axis isα , and the angle 

between the projection of os


in the xoy  plane and the x-axis 

is 1φ , then  

[ ]1 1

1

1

sin cos sin sin cos                   

sin cos sin cos 2cos( / 2)sin cos

sin sin sin sin 2cos( / 2)sin sin
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T
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i s

α φ α φ α
α β α β ψ α φ
α β α β ψ α φ
α α ψ α

 =


+ =


+ =
 + =

os


   (6) 

According to the bistatic range and differential, the bistatic 
micro-Doppler of the scattering center E can be expressed as 
follows. 

0
E 3 0

0

( ) | | sin [ (sin cos sin cos )sin( )

(sin sin sin sin ) cos( )]

i i s s

i i s s

f
f t OO t

c
t

ω θ α β α β ω φ

α β α β ω φ

= − + +

+ + +
 

(7) 

where 0f  is the carrier frequency and c is the light speed. 

And the bistatic micro-Doppler model of the scattering 
centers A and C can be expressed as 

0
, 1 0

1 0

0

0

( ) sin [| | (sin cos sin cos )sin( )

| | (sin sin sin sin )cos( )

(cos cos )(sin cos sin cos )cos sin( )
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OO t
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+ 2
0

2
0

0
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where

1

2
0 12cos( / 2) 1 [sin sin cos( ) cos cos ]

r
k

tψ α θ ω φ φ α θ
= ±

− + − +
. 

By substituting (6) into (7)(8), the bistatic micro-Doppler 
can be expressed as  

0
3 0 1( ) 2 | | cos sin sin sin( )

2E

f
f t OO t

c

ψω α θ ω φ φ= − + −  (9) 

( )

( )
0

, 0 1

2
1 1

( ) 2 cos sin sin sin
2

| | ( ) 1 ( )

A C

f
f t t

c

OO r t t

ψω θ α ω φ φ= − + −

− ± Δ − Δ
  (10) 

where 0 1( ) sin sin cos( ) cos cost tα θ ω φ φ α θΔ = + − + . 
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Similarly, the bistatic micro-Doppler model of the 
scattering centers B and D can be expressed as 

( )

( )
0

, 0 1

2
2 2

2
( ) cos sin sin cos

2

( ) 1 ( )

B D

f
f t t

c

OO r t t

ψω α θ ω φ φ= + −

− Δ − Δ
   (11) 

According to the bistatic micro-Doppler expression of each 
scattering center, it can be found that the bistatic micro-
Doppler is more complex compared with the monostatic case, 
which is induced by the incident vector and scattering vector. 
The bistatic micro-Doppler of the scattering center on the cone 
vertex is a sinusoidal, while the others are no longer sinusoidals. 
The bistatic micro-Dopplers are consistent with the monostatic 
micro-Dopplers observed on the bisector of bistatic angle [2], 
while the amplitude ratio is ( )cos 2ψ . Less parameter appears 
in the bistatic micro-Doppler model in (9)(10)(11) via 
simplification, and it should be beneficial to feature extraction. 

III. DYNAMIC SIMULATION AND ANALYSIS 

 
Fig. 2. blunt-nosed biconical model 

A conductive blunt-nosed biconical model is constructed 
using FEKO software to verify the previously described 
analysis using the parameters shown in Fig.2. And the 
electromagnetic calculation parameters are listed in Table 1. A 
three-dimensional complex matrix M N L× ×D  (M is the number 
in the incident direction, N and L represent the numbers in the 
scattering direction) is obtained with the multilevel fast 
multipole method. Here, M=901，N=901，L=901. 

TABLE I.  ELECTROMAGNETIC CALCULATION PARAMETERS 

Parameter Unit Value 

Frequency GHz 8 
Incident elevation deg 0~180 
Scattering elevation deg 0~180 
Scattering azimuth deg 0~180 
Angle interval deg 0.2 

The simulation parameters are as follows: 10θ = ° , 

0 / 2φ π=  and πω = rad/sec. The pulse repetition frequency is 
400 Hz, and the observation time is 2 second. In the simulation 
scene, these angles ( iθ , sθ and sϕ ) change with the target’s 

procession and are calculated via (1)(2)(4)in series. Then, the 
bistatic scattering coefficients that correspond to ( iθ , sθ and sϕ ) 
are extracted from the data matrix. Taking the classic short 
time Fourier transform (STFT) on them, the time-frequency 
distribution can be obtained as shown in Fig.3. And the 
dynamic simulation flow chart is described as follows. 

 

Set the parameters of 
precession motion 

Set the locations of T/R 
and R Stations 

Calculate the angles 
( iθ , sθ , sϕ ) 

Obtain the scattering 
coefficients matrix M N L× ×D

Obtain the bistatic scattering 
coefficients with ( iθ , sθ , sϕ ) 

Set the structure and material 
parameters of the target 

Take STFT on the bistatic echo sequence 

Time Up? 
No

Yes 

 
Fig. 3. Figure 1 Flow chart of the dynamic simulation 

Fig.4 shows the time-frequency distribution with different 
parameters, and the dashed lines represent bistatic micro-
Doppler calculated via (9)(10)(11). The traces of the peak 
values in the time-frequency images are consistent with the 
theoretical curves, which validates the bistatic micro-Doppler 
model. It also can be found that the bistatic scattering centers 
can be observed only on condition that both the incident and 
scattering fields can cover them. Bistatic scattering centers A, 
B and E can be observed in Fig.(a), while only scattering center 
A and B can be seen in Fig.4(b). Twice scintillation effects 
appear in Fig.4 (c) and (d) due to specular scattering. With the 
same incident direction, the bistatic micro-Doppler observed in 
different scattering directions are quite different, as shown in 
Fig.4 (a)(b)(c) and Fig.4 (d)(e)(f). Anyway, the simulation 
results show that the bistatic micro-Doppler usually can not 
completely reflect all the target scattering center, but the target 
feature can also be extracted with a priori information. What’s 
more, more comprehensive information can be obtained by 
multistatic observations, and multiple-aspect fusion can get 
more conducive to the characteristics of target recognition. 

 

(a) ( , , , ) (45 ,0 ,20 ,0 )i i s sα β α β =      
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(b) ( , , , ) (45 ,0 ,100 ,0 )i i s sα β α β =      

 

(c) ( , , , ) (45 ,0 ,120 ,0 )i i s sα β α β =      

 

(d) ( , , , ) (135 ,0 ,40 ,45 )i i s sα β α β =      

 

(e) ( , , , ) (135 ,0 ,80 , 45 )i i s sα β α β =      

 

(f) ( , , , ) (135 ,0 ,140 , 45 )i i s sα β α β =      

Fig. 4. Time-frequency distribution of precession blunt-nosed biconical 
model 

IV. CONCLUSIONS 

This paper deduced the bistatic micro-Doppler mode of 
precession target, which is validated by dynamic simulation via 
the bistatic scattering coefficients calculated by FEKO 
software. Although the bistatic micro-Doppler model can be 
simplified as the monostatic case, the complexity of bistatic 
geometry configurations leads to large differences in observed 
target characteristics, which bring new challenges in utilizing 
the bistatic micro-Doppler for feature extraction and 
recognition. Only part of the scattering centers can be observed 
with one observation aspect from the dynamic simulation, 
whereas the entirety of all scattering centers can be observed 
by multi-aspect observation. Future studies will consider a 
method for simultaneous extraction of the target size and 
precession angle via multiple receivers. 
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Abstract—Estimating complex spectra is a widespread opera-
tion in signal processing and in some applications a high dynamic
range, which requires low sidelobe levels, is essential. For data
with uniform sample spacing, weightings are commonly applied
to Fourier transforms to suppress sidelobes, increasing dynamic
range at the cost of some loss of spectral resolution. However, if
a significant proportion of the samples lack data, conventional
weightings suffer from high sidelobe levels. While a wide range of
linear and non-linear techniques has been proposed to tackle this
problem, they are not suitable in applications, such as Synthetic
Aperture Radar (SAR), which require a high dynamic range.
We propose criteria that allow optimal weights to be computed
for any pattern of sample times. The resulting weighted Fourier
transform has advantages of inexpensive computation, easily
understood characteristics arising from its linearity, a position-
independent impulse response and importantly the transform
is phase preserving. Potential applications include wideband
radar, where spectral gaps are needed for coexistence with
other systems; multifunction radar, where imaging is interrupted
by other tasks; and bistatic radar, where the spectrum of a
transmitter of opportunity may be incomplete. In the context of
SAR, high dynamic range, phase preserving spectral estimation
supports post-processing such as interferometry and coherent
change detection.

I. INTRODUCTION

We consider the problem of estimating a high dynamic
range, complex spectrum from an incomplete set of equally-
spaced samples. The signals of interest are sums of complex
sinusoids of unknown frequency: it is important that the
spectral sidelobes of the strongest signals do not mask the
weaker signals. Spectral estimation has a number of signal
processing applications, but we were motivated in particular
by Synthetic Aperture Radar (SAR) imaging, where dynamic
ranges in excess of 60 dB are desirable. In radar applications,
missing samples may represent times at which the radar did not
operate or frequencies where no useful signal was received.
In this paper, we will generally discuss transforming “time
series” to the “frequency domain”, but obviously the physical
meaning of the domains has no mathematical significance.

One simple estimation technique (the “unweighted trans-
form”) replaces missing samples with zeros, then Fourier
transforms. However, when more than a small number of
samples are missing the resulting spectra are severely degraded
by sidelobes. [1] considered interpolation to estimate the
missing samples and [2] apodisation of the result to reduce
sidelobes. However, such techniques are more effective at

improving image appearance than in accurately reconstructing
the regions degraded by sidelobes.

Compressive sensing techniques appear to address this
problem and have been investigated (e.g. [3]). Non-parametric
techniques, derived from adaptive beamforming have also been
applied [4]. These techniques can improve the appearance of
images, but they are non-linear: they may improve recon-
struction accuracy for strong signals, but their treatment of
small signals is difficult to analyse and they will have limited
dynamic range.

For complete time series, optimal weightings for Fourier
transforms have been studied extensively [5], but the tech-
niques typically used in their design do not seem to have
obvious generalisations to the missing sample case. It is natural
to consider ad hoc generalisations of these weightings, for
example applying a standard weighting across the entire data
set or across each continuous section (Fig. 1). Such approaches
typically split the mainlobe or give high sidelobe levels and
generally perform poorly compared with either the unweighted
transform or using only the longest section of continuous data.

Standard weightings have linear phase as a result of their
symmetry, and with simple linear phase correction become
“phase preserving”. In the typical case where missing samples
are distributed asymmetrically, phase preservation requires
special consideration.

With incomplete time series, “Maximum Energy Window-
ing” selects weighting to maximise the energy in the mainlobe
response: [6] investigated this but concluded that it was not
effective for general patterns of missing samples. We follow
a similar idea, but recognise that unconstrained optimisation
can give weightings that suffer from problems such as very
high noise-gain, mainlobe-splitting and uncontrolled phase
variations. We propose constraints that allow effective weights
to be found as the solution of a tractable optimisation problem.
In the remainder of this paper we explain the choice of
objective function and constraints, present results for some
example sampling patterns, and describe potential applications
of the techniques and the extensions that these would require.

II. ANALYSIS

A. Data model

Consider a complex-valued signal 𝑠(𝑡) sampled at a mono-
tonically increasing sequence of times 𝑡𝑗 (1 ≤ 𝑗 ≤ 𝑁 ). We
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(d) Split Hamming response - note the split mainlobe

Fig. 1. Example of ad hoc weightings and transform response with 4 missing samples. Weighted and unweighted responses shown in black and grey
respectively.

assume only that the input signal is band-limited, that is, its
spectrum is zero beyond a known, finite limit.

B. Band-pass filters

We propose a spectral estimator implemented as a bank
of band-pass filters. The centre frequencies of these filters
could be chosen arbitrarily, but in general practice they will
be equally spaced. Each band-pass filter is implemented by
mixing the signal down to zero-frequency then applying the
same low-pass filter. This implementation is effectively a
weighted Discrete Fourier Transform (DFT). For suitable sets
of sample times, this can be efficiently implemented with a
Fast Fourier Transform (FFT). The output for the filter centred
at frequency 𝐹 is

𝑁∑
𝑗=1

𝑤𝑗𝑠(𝑡𝑗)𝑒
−2𝜋𝑖𝐹 (𝑡𝑗−𝑇 ) (1)

where 𝑇 is the centre time, chosen to control the filter’s phase
as explained in II-E, and 𝑤𝑗 are the filter weights. To simplify
presentation, summation limits (always 1 to 𝑁 ) are omitted in
the remainder of this paper.

C. Sidelobe suppression

For the filter centred at 𝐹 , the response to a complex
sinusoid of frequency 𝑓 , phase 𝜙 is

𝑆𝐹 (𝑓) =
∑
𝑗

𝑤𝑗𝑒
2𝜋𝑖(𝑓−𝐹 )(𝑡𝑗−𝑇 )+𝑖𝜙. (2)

The power of the response, assuming 𝑤𝑖 real, is given by

∣𝑆𝐹 (𝑓)∣2 =
∑
𝑗,𝑘

𝑤𝑗𝑤𝑘𝑒
2𝜋𝑖(𝑓−𝐹 )(𝑡𝑗−𝑡𝑘). (3)

We define a pass-band (∣𝑓−𝐹 ∣ < Δ𝑓 ) and a stop-band (Δ𝑓 <
∣𝑓 − 𝐹 ∣ < Δ𝐹 ). To optimise the selectivity of the filter, we
make the pass-band narrow and select the weights to minimise

the stop-band power. As the signal is bandlimited, we can
assume that any unwanted signals lie in the stop-band and
have a uniform density over it.

Defining a real-symmetric square matrix A with elements

𝐴𝑗𝑘 = 2Δ𝐹 sinc 2Δ𝐹 (𝑡𝑗−𝑡𝑘) − 2Δ𝑓 sinc 2Δ𝑓(𝑡𝑗−𝑡𝑘) (4)

and using w to represent the vector of weights, the stop-band
power can be written as

∫ Δ𝐹

−Δ𝐹

∣𝑆𝐹 (𝑓)∣2 d𝑓 −
∫ Δ𝑓

−Δ𝑓

∣𝑆𝐹 (𝑓)∣2 d𝑓 = w𝑇Aw. (5)

To avoid the trivial minimum w = 0, we constrain the
coefficients to give constant gain for 𝑓 = 𝐹

𝑆𝐹 (𝐹 ) =
∑
𝑗

𝑤𝑗 = 1 (6)

which can conveniently be written as w𝑇1 = 1 where 1 is a
vector of ones. The constrained optimisation problem is then

minimise w𝑇Aw subject to w𝑇1 = 1, (7)

which is solved by w ∝ A−11.

D. Noise gain

In general, the weights that solve (7) are likely to have both
positive and negative values. For a weight vector w, the noise
gain for a white noise input is given by w𝑇w, the sum of the
squares of the weights. When A is poorly conditioned (some
of its eigenvalues are small) w is likely to have interspersed
positive and negative weights with large magnitude, giving a
high noise gain.

The noise gain can be controlled by adding a constraint of
the form

w𝑇w ≤ 𝐺2. (8)
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This new optimisation problem can be written in terms of
Lagrange multipliers 𝜆 and 𝜇 as

minimise w𝑇Aw + 𝜆(w𝑇1− 1) + 𝜇(w𝑇w −𝐺2). (9)

This has solution

w ∝ (A+ 𝜇I)−11 (10)

where 𝜇 is chosen to ensure that constraint (8) is satisfied.
This change regularises the optimisation problem, making poor
conditioning of A tolerable.

E. Phase preservation

Consider an input sinusoid of frequency 𝑓 and phase 0.
Ideally the response

𝑆𝐹 (𝑓) =
∑
𝑗

𝑤𝑗𝑒
2𝜋𝑖(𝑓−𝐹 )(𝑡𝑗−𝑇 ) (11)

should have the same phase. The phase is given by

𝜙𝐹 (𝑓) = Im log𝑆𝐹 (𝑓) (12)

which ideally would be zero, independent of 𝐹 . Except in the
case with symmetric sampling, this is not possible, but we can
constrain the choice of weights to limit the phase variation.

Consider the derivatives of 𝑆𝐹 (𝑓) and 𝜙𝐹 (𝑓) at 𝑓 = 𝐹 .
Writing 𝜎𝑚 =

∑
𝑗 𝑤𝑗𝑡

𝑚
𝑗 , we have

𝑆𝐹 (𝐹 ) = 𝜎0

𝑆′
𝐹 (𝐹 ) = (2𝜋𝑖) (𝜎1 − 𝜎0𝑇 )
𝑆′′
𝐹 (𝐹 ) = (2𝜋𝑖)2

(
𝜎2 + 𝜎0𝑇

2 − 2𝜎1𝑇
)

𝑆′′′
𝐹 (𝐹 ) = (2𝜋𝑖)3

(
𝜎3 − 𝜎0𝑇 3 + 3𝜎1𝑇

2 − 3𝜎2𝑇
)

(13)

𝜙𝐹 (𝐹 ) = 0

𝜙′𝐹 (𝐹 ) = 2𝜋
(
𝜎1

𝜎0
− 𝑇

)

𝜙′′𝐹 (𝐹 ) = 0

𝜙′′′𝐹 (𝐹 ) = (2𝜋)3
(
− 2𝜎3

1

𝜎3
0
+ 3𝜎2𝜎1

𝜎2
0
− 𝜎3

𝜎0

)
. (14)

The first phase derivative 𝜙′𝐹 (𝐹 ) can be zeroed by using a
constraint 𝑇 = 𝜎1

𝜎0
. In addition we apply a constraint on the

third derivative ∣∣∣− 2𝜎3
1

𝜎3
0
+ 3𝜎2𝜎1

𝜎2
0
− 𝜎3

𝜎0

∣∣∣ ≤ Δ. (15)

In this expression, the 𝜎 terms are all dependent on the
weights, complicating the optimisation. However, this con-
straint can be simplified using the other equality constraints
already mentioned and introducing a further constraint and a
variable 𝐾, proportional to the curvature of the peak,

𝜎0 = 1, 𝜎1 = 𝑇, 𝜎2 = 𝐾 + 𝑇 2 (16)

allowing the constraint (15) to be written as
∣∣3𝐾𝑇 + 𝑇 3 − 𝜎3

∣∣ ≤ Δ. (17)

There are two obvious ways in which we might select
values for 𝑇 and 𝐾: either by finding the values that minimise
the objective function or by treating them as parameters that

we use to tune the resulting response. No problems have
been observed in taking 𝑇 to minimise the objective function.
However, since 𝐾 controls the curvature of the peak of the
response, we have found that it is valuable to adjust it in
conjunction with the pass-band limit Δ𝑓 to trade resolution for
sidelobe level; selecting 𝐾 to minimise the objective function
tends to give narrow peaks with high first sidelobes.

F. Optimisation problem

Collecting the constraints together, the problem becomes

minimise w𝑇Aw with respect to w, 𝑇

subject to
∑
𝑗 𝑤

2
𝑗 ≤ 𝐺2

∑
𝑗 𝑤𝑗 = 1∑
𝑗 𝑤𝑗𝑡𝑗 = 𝑇∑

𝑗 𝑤𝑗𝑡
2
𝑗 = 𝐾 + 𝑇 2

∣∣∣3𝐾𝑇 + 𝑇 3 −∑𝑗 𝑤𝑗𝑡
3
𝑗

∣∣∣ ≤ Δ. (18)

We will now outline a method of solution with Δ = 0.
Write B = A + 𝜇I, define a matrix T𝑗𝑚 = 𝑡𝑚𝑗 , put the 4
constraints linear in w in vector form as w𝑇T = f(𝑇 ) and
introduce a length 4 vector of Lagrange multipliers Λ. The
augmented objective function is

1

2
w𝑇Bw + (w𝑇T− f(𝑇 ))Λ (19)

Differentiating (19) with respect to w and zeroing gives

Bw +TΛ = 0 and hence w = −B−1TΛ (20)

Differentiating (19) with respect to 𝑇 and zeroing gives
f ′(𝑇 )Λ = 0 while substituting for w in the constraint gives

Λ𝑇T𝑇B−1T = f(𝑇 ). (21)

These can be solved to obtain 𝑇 and Λ, and hence w.
The solution process is iterated with different values 𝜇 as
needed to satisfy the noise-gain constraint, w𝑇w ≤ 𝐺2.
As the constraints are cubic in 𝑇 there can be up to 3
real solutions: obviously the one corresponding to the global
minimum is selected. It is interesting to note that in the
symmetrically-sampled case there will be a local minimum
with symmetric weights but there may also be a pair of mirror-
image weightings. The symmetric weighting may not be the
global minimum.

III. RESULTS

A. Parameter choice

A number of parameters of the optimisation remain to be
specified: Δ𝑓 and Δ𝐹 defining the lower and upper limits of
the filter stop-band, and 𝐺, 𝐾 and Δ constraining the noise
gain, the peak width and the cubic phase respectively. We will
not attempt rigorous analysis of these, but make a number
of observations. The lower stop-band limit Δ𝑓 has a natural
size given approximately by the resolution of the unweighted
response or some multiple of it: varying it while controlling the
peak curvature with 𝐾 can be effective at trading resolution for
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TABLE I
PARAMETERS FOR EXAMPLES

𝑁 Δ𝐹 Δ𝑓 𝐾 𝐺 (dB) Δ

Full 64 0.50 0.025 0.174 1.2 0.0

Composites 46 0.45 0.031 0.120 2.9 0.0

Notched 60 0.50 0.031 0.060 3.0 0.0

Banded 56 0.50 0.042 0.050 3.5 0.0

Extended 224 0.50 0.013 0.080 2.9 0.0

sidelobe level. The upper stop-band limit Δ𝐹 needs to be wide
enough to pass the signals of interest and so it cannot be seen
as a free parameter to be varied to optimise the performance:
nevertheless it is interesting to note that reducing its value
can significantly improve the response. The noise gain 𝐺
allows a trade off between noise amplification and sidelobe
level, with modest increases in noise amplification sometimes
giving significant decreases in sidelobe level. We have not
fully explored the benefits in relaxing the phase constraint Δ.

B. Examples

To illustrate an initial exploration, we show (Fig. 2) a num-
ber of artificial examples with missing samples and parameters
chosen to show the potential of the technique. We have not
attempted a detailed optimisation of the parameters or tried to
systematically quantify performance. We use the unweighted
transform as a performance reference (we are not aware of
any alternative that performs better) and consider the following
examples:

1) Full: with 64 equally-spaced samples
2) Composites: as Full, omitting prime-numbered samples
3) Notched: as Full, omitting samples 25-28
4) Banded: as Full, omitting samples 17-20, 49-50, 57-58
5) Extended: as Banded, stretched four times (256 samples

omitting samples 65-80, 193-200, 225-232).
The first four examples, using a small number of sample
points, illustrate both resolution and sidelobe level in a single
graph. The last demonstrates that sidelobes can be controlled
with larger data sets. The parameters for each example are
given in Table I. The noise gain specified is measured relative
to that of the unweighted transform.

IV. APPLICATIONS AND EXTENSIONS

We have described estimation of the spectrum of a time
series, using a weighted Fourier transform. Clearly, a similar
analysis applies to the inverse operation, estimation of a time
series from a set of frequency samples. The technique might
be used in radar systems which have missing frequencies due
to interference, jamming or regulatory requirements that limit
use of the frequency band. The missing frequencies might
be specified in advance or identified automatically during
operation. A multifunction radar might interleave operations,
for example imaging and tracking, giving a time series with
missing samples. Some bistatic radars rely on transmitters of
opportunity, including communication transmitters, which can
have spectra with nulls.

We have applied the technique in SAR image formation
using airborne radar data with simulated frequency notches,
showing that this allows the formation of high dynamic range
images, free of unexpected artefacts. Further, as the techniques
are linear and phase preserving, we have demonstrated that the
resultant images are suitable for further processing, in partic-
ular, Coherent Change Detection (CCD). CCD is particularly
useful for the detection of tracks on soft surfaces. These soft
surfaces generally act as weak, distributed radar reflectors;
high dynamic range images are therefore essential.

In SAR applications, it is common to use Taylor or similar
weightings [7] which control sidelobes in two regions, near
and far, with higher sidelobes allowed in the near region. The
techniques described here could be extended to achieve this,
by constraining the power in the near region and minimising
the power in the far region. For SAR applications with time-
varying interference, it would be useful to estimate two-
dimensional spectra with arbitrary patterns of missing samples.
In principle, the techniques described here have a natural
extension to higher dimensions, but the number of samples
involved will increase.

With a large number of samples 𝑁 , the cost of constructing
the matrix A and solving the related linear systems is at least
𝑂(𝑁2). This cost can be reduced by constructing the matrix
in a suitably factorised form.

In some applications the signal has a natural sampling, for
example, estimating a range profile using a stepped frequency
radar. In other cases, it is natural to think of the signal as a
continuous function, sampled above the Nyquist rate: details
of precise sample time should not matter. However, this is
not directly matched to the missing sample model described
in this paper and it would be useful to establish a rigorous
connection between them.

V. CONCLUSION

We have demonstrated a practical scheme that, for arbitrary
sampling patterns, selects optimal weights for FFT spectral
estimation. For many sampling patterns it is possible to trade
resolution for sidelobe level, giving useful combinations of
resolution and dynamic range allowing suitable weightings to
be determined for many signal processing applications.

The promising results obtained suggest it would be valuable
to extend this work in the following ways:

1) Understand how the parameters affects performance and
how their choice can be optimised and automated.

2) Make a formal connection between the technique and
continuous signal theory, to apply it more effectively in
cases that are not an exact fit to the current data model.

3) Reduce the computational complexity with 𝑁 samples
from 𝑂(𝑁2), supporting its use with real-time identifi-
cation of missing samples.
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Fig. 2. Weighting (missing samples marked on 𝑥-axis) and response (weighted and unweighted shown in black and grey respectively)
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Abstract—The necessity for maintaining surveillance in air-
borne environments is ever growing. Criminals and terrorists
are finding new and elaborate means of attack, and small UAVs
such as quadcopters and hexacopters could be a possible threat.
Their small size and agile movement will make them difficult to
detect. This work aims to determine whether or not these small
UAVs can be detected at short range using radar, and if so, track
them over time using a suitable filter such as a Bernoulli filter.

Index Terms—Bernoulli, filter, radar, UAV, quadcopter, hexa-
copter, tracking

I. INTRODUCTION

Over the last five to ten years, there have been many new
developments in the field of small UAVs, namely quadcopters
and hexacopters [1]. Many of these units are readily available
to hobbyists and amateur pilots from many electronics stores
on the high street [2], [3]. With their small size and agile
movement, these small UAVs could pose a major threat to
defence and security [4]. A number of high-profile news stories
have highlighted this potential threat, such as the spying on
French landmarks, the inciting of a riot at a football match
in Serbia, and the UAV that crashed into seating at the US
Open tennis in New York in 2015 [5]–[7]. The major issue
surrounding these small UAVs is their detectability using a
reliable sensor. All of these threats could have been avoided,
had the small UAVs been detected and tracked at an early
stage, and countermeasures set in motion.

Radar tracking works best with a low density of targets,
and each target moves with a predictable dynamical model.
A number of environmental factors can have an effect on the
accuracy of tracking, such as the weather conditions and the
terrain that surrounds the target. These tracking methods may
encounter various problems when either a very large number
of detections are gained, or a limited number from a small
target for example. These small targets may be difficult to
distinguish from the clutter around them.

This paper will introduce one method of detecting and
tracking a small UAV over time, using a radar developed by
Leonardo, and a Bernoulli Gaussian Sum filter [8]. Section
II will give a background to the small UAVs in question,
including how detectable they should be to radar. Section III
will discuss the test that was set up in order to gain real data
sets for use in the tracking algorithm. Section IV introduces

the Bernoulli filter and it’s implementation, with the results
shown in Section V.

II. SMALL UAVS/QUADCOPTERS

The defence sector currently have an interest in detecting
these small UAVs, and developing safe countermeasures to
bring them down if they pose a threat [9]. As the UAVs are
almost invisible to the naked eye at distances further than
300 metres, a suitable sensor such as radar will be required
to detect them at further ranges. Their detectability is based
on the theory of Radar Cross Section [10]. If all of the
radar energy focused on the target was reflected evenly in
all directions, the RCS would be equal to the target’s cross-
sectional area with respect to the radar. In this application
however, some of the energy will be absorbed by the UAV’s
structure, and the reflected energy will not distribute evenly
in all directions. The value of RCS will vary for a target,
depending on factors such as the material it is made from,
and its orientation with respect to the radar. The structure of
a target can also amplify radar returns in particular detections
if a signal bounces multiple times within the structure before
being deflected away. Right angles are particularly good at
doing this.

As an initial assessment of how detectable this type of
UAV is, a widely-available quadcopter was placed inside a
large anechoic chamber at Leonardo in Edinburgh, UK. The
quadcopter that was used is the DJI Phantom II [11]. It
is widely available in many electronics stores. The output
RCS plot for this UAV is shown in Fig. 1. The structure of
the quadcopter can be seen, with strong reflections coming
from the front of the object as expected. In order to build
up this RCS plot, the quadcopter was placed on top of a
polystyrene plinth and rotated through 360∘ in increments of
0.25∘. At each increment, a burst of RF energy is directed
towards the UAV and the strength of the returned signal is
measured. This intensity in dB is then plotted, with hotter
colours indicating stronger returns. The testing was performed
across a frequency range between 6 GHz and 18 GHz to give
coverage in both the X-band and Ku-band. The RCS varying
with the target’s orientation to the radar, and the RCS varying
with the transmission frequency can be seen in Fig. 2 and Fig.
3 respectively.
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Fig. 1. RCS plot for DJI Phantom II Quadcopter. The RCS at each point on
the plot has been frequency-averaged between 6 GHz and 18 GHz to give the
result. The colour scale is given in dBsm. [12].

Fig. 2. RCS varying with target orientation. The green vertical lines show -
45∘ and +45∘. Again the resultant RCS has been frequency-averaged between
6 GHz and 18 GHz. [12].

It was found that the peak RCS value gained during this
test was -24.6dBsm. Using this value in a form of the radar
range equation,

4

√
𝑃𝑡𝜏𝐺2𝜎𝜆2

4𝜋3𝑘𝑇𝑠𝐿(𝑆𝑁𝑅)
(1)

where 𝑃𝑡 is the peak transmit power in Watts, 𝜏 is the pulse
duration, 𝐺 is the radar’s gain, 𝜎 is the RCS of the target, 𝜆 is
the radar’s operating wavelength, 𝑘 is the Boltzmann constant,
𝑇𝑠 is the system noise temperature and 𝐿 is the overall system
loss in decibels, it is possible to determine the maximum range
that the UAV should be detectable at. This was calculated to be
approximately 1.2 kilometres using a specification of a variant
of the PicoSAR radar which is designed and manufactured by
Leonardo. More information about this radar will be given in
Section III.

III. TRIAL SETUP

In order to test the theory, a ground trial was set up to see if
these small UAVs would be detectable using AEXAR, an ex-
perimental variant of the Leonardo PicoSAR radar [13]. It has

Fig. 3. RCS varying with radar transmission frequency. The turntable is kept
static at 0∘ and the transmission frequency is varied to give the result. [12].

Fig. 4. DJI Inspire I Quadcopter [14].

Fig. 5. DJI S900 Hexacopter [15].

a larger array antenna than the standard radar, and transmits
more power, making it more likely to detect smaller targets,
especially at shorter ranges. The quadcopter and hexacopter
used as a part of this trial are not the same as the one used
in the anechoic chamber experiment, so the RCS result and
the maximum range calculation can only be inferred as an
estimate. The UAVs used can be seen in Figures 4 and 5. The
data collected during this trial has then been used to develop
the tracking method described later in Section IV.

The trial was performed on the 20th of August 2015, at East
Fortune Airfield in East Lothian, GB. The radar was located
inside the back of a van, which was positioned at the West
end of the runway. The UAVs and their pilot were located 1
kilometre away at the other end of the runway. The radar was
kept in its fixed position mode with a scan pattern between
-6∘ and +6∘. In order to gain a reading for the background
noise and clutter in the surveillance region, a null test was
performed. The UAVs were initially flown in a linear motion
towards and away from the radar, in order to gain a maximum
Doppler shift and to detect the target outside of the main beam
clutter region. After completing these tests, the UAVs were
flown in a much more random pattern inside the surveillance
region, including circular paths and tight agile turns. A number
of different radar waveforms were used, including changes to
the Pulse Repetition Frequency and Chirp Bandwidth of the
transmitted signal.

IV. BERNOULLI FILTERING

The Bernoulli filter, also known as a joint target-detection
and tracking (JoTT) filter [16], can be seen to be the optimal
Bayes filter for a single dynamic target that can randomly
appear and disappear from the surveillance region in question.
The key to this type of filtering is the inclusion of the existence
binary random variable. The Bernoulli Random Finite Set
formulation is different to that of traditional approaches, in
that the state is treated as its own set, rather than a vector.
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Further work has been carried out in the area of Bernoulli
filtering, such as the use of data from multiple sensors to
gain a more accurate track on a single target [17] and the
development of a multi-Bernoulli filter to track multiple targets
at the same time [18].

The model used in this simulation is that of the detector
output measurements for point targets [8]. It is assumed that
at each time step, the target in question will generate one
single detection and all other detections at that time will be
assumed to be false alarms. The number of false alarms will
be assumed to be modelled by the Poisson distribution.

A. Filter Equations

1) Prediction: With the inclusion of the probability of
existence variable, it must also be predicted and updated at
each time step. The prediction equation can be shown to be,

𝑞𝑘∣𝑘−1 = 𝑝𝑏(1− 𝑞𝑘−1∣𝑘−1) + 𝑝𝑠𝑞𝑘−1∣𝑘−1 (2)

where 𝑝𝑏 is the probability of target birth, and 𝑝𝑠 is the
probability of target survival. This equation effectively states
that a predicted target could come from a new birth, such
as a target entering the surveillance region, or from a target
surviving from the previous time step. When implementing
this kind of filter, it will be assumed that there will be a linear
Gaussian transition, likelihood and birth model, with both the
probability of detection and the probability of survival being
constant. The birth model 𝑏𝑘∣𝑘−1(𝑥) is expressed as a single
Gaussian of the form

𝑤𝑏,𝑘𝒩 (𝑥;𝑚𝑏,𝑘, 𝑄𝑏,𝑘) (3)

where, 𝑤𝑏,𝑘 represents the birth weights, 𝑚𝑏,𝑘 represents the
birth mean positions and 𝑄𝑏,𝑘 represents the birth position
covariance. The prediction equations will follow those of a
basic Kalman filter. The predicted spatial PDF can also be
expressed as a Gaussian sum of the form,

𝑠𝑘∣𝑘−1(𝑥) =

𝑁𝑘∣𝑘−1∑
𝑖=1

𝑤
(𝑖)
𝑘∣𝑘−1𝒩 (𝑥;𝑚

(𝑖)
𝑘∣𝑘−1, 𝑃

(𝑖)
𝑘∣𝑘−1) (4)

where 𝑤(𝑖)
𝑘∣𝑘−1 are the predicted weights, 𝑚(𝑖)

𝑘∣𝑘−1 are the

predicted means and 𝑃 (𝑖)
𝑘∣𝑘−1 are the predicted covariances. The

sum of the weights must be equal to 1.
2) Update: The update equations for this type of Bernoulli

filter make use of those found in the update stage of a basic
Kalman filter. The equation used for updating the probability
of existence is,

𝑞𝑘∣𝑘 =
1−Δ𝑘

1− 𝑞𝑘∣𝑘−1Δ𝑘
𝑞𝑘∣𝑘−1 (5)

where,

Δ𝑘 = 𝑝𝐷

[
1−

∑
𝑧∈𝑍𝑘

𝑁𝑘−1∑
𝑖=1

𝑤
(𝑖)
𝑘−1𝑞

(𝑖)
𝑘 (𝑧)

𝜆𝑐𝑐(𝑧)

]
(6)

𝑐(𝑧) is the density of the Poisson clutter process and 𝜆𝑐 is the
clutter rate.

The update equation for the spatial PDF is,

𝑠𝑘∣𝑘(𝑥) =
(1− 𝑝𝐷)
1−Δ𝑘

𝑠𝑘∣𝑘−1(𝑥) +
𝑝𝐷

1−Δ𝑘
×

∑
𝑧∈𝑍𝑘

𝑁𝑘∣𝑘−1∑
𝑖=1

𝑤
(𝑖)
𝑘∣𝑘−1𝑞

(𝑖)
𝑘 (𝑧)

𝜆𝑐𝑐(𝑧)
𝒩 (𝑥;𝑚

(𝑖)
𝑘∣𝑘, 𝑃

(𝑖)
𝑘∣𝑘) (7)

where,
𝑞
(𝑖)
𝑘 (𝑧) = 𝒩 (𝑧; 𝜂

(𝑖)
𝑘∣𝑘−1, 𝑆

(𝑖)
𝑘∣𝑘−1),

𝜂
(𝑖)
𝑘∣𝑘−1 = 𝐽𝑚

(𝑖)
𝑘∣𝑘−1,

𝑆
(𝑖)
𝑘∣𝑘−1 = 𝐽𝑃

(𝑖)
𝑘∣𝑘−1𝐽

𝑇 +𝑅𝑘,

𝑚
(𝑖)
𝑘∣𝑘 = 𝑚

(𝑖)
𝑘∣𝑘−1 +𝐾

(𝑖)
𝑘 (𝑧 − 𝜂(𝑖)𝑘∣𝑘−1),

𝑃
(𝑖)
𝑘∣𝑘 = 𝑃

(𝑖)
𝑘∣𝑘−1 +𝐾

(𝑖)
𝑘 𝐽𝑃

(𝑖)
𝑘∣𝑘−1,

𝐾
(𝑖)
𝑘 = 𝑃

(𝑖)
𝑘∣𝑘−1𝐽

𝑇 [𝑆
(𝑖)
𝑘∣𝑘−1]

−1,

and 𝐽 is a Jacobian matrix.

B. Practical Implementation

The probability of detection 𝑝𝐷 was set to 0.99 and the
probability of target birth 𝑝𝑏 to 0.1. A large number of false
alarms were being generated by trees swaying in the wind,
and from vehicles moving around at the sides of the runway.
The clutter rate 𝜆𝑐 has been set at 5 per scan. Due to the
radar’s position being stationary during the course of the trial,
conventional methods of reducing the angular uncertainty such
as were not available. The radar was operating at its higher
bandwidth and digitiser rate, meaning that more samples were
being taken in range, and therefore reducing the uncertainty
in this dimension. Both of these uncertainties have been built
into the model.

After the model has been declared and set up, the radar
measurements are read in. For each detection gained, such as
the one highlighted in Fig. 6, the radar will generate a target
report that contains relevant information such as the target’s
position with respect to the radar. Data from each of these
reports can be read in as a measurement 𝑧, which is stored in
𝑍𝑘, where 𝑘 is the time step. As the radar platform is kept
stationary, it will be assumed that it is located at (0, 0, 0) in
the XYZ Cartesian space. Each measurement 𝑧 will have the
form,

[𝑟, 𝑟̇, 𝜙, 𝜃]′

where 𝑟 is the range, 𝑟̇ is the range rate, 𝜙 is the azimuthal
angle and 𝜃 is the elevation angle. The state vector 𝑋 will
contain 6 elements and be defined as,

[𝑥, 𝑥̇, 𝑦, 𝑦̇, 𝑧, 𝑧̇]′

where 𝑥, 𝑦, 𝑧 are the positions and 𝑥̇, 𝑦̇, 𝑧̇ are the velocities
with respect to each axis. One Gaussian birth term will be
used at each time-step and will have a large initial covariance
in order to deal with the high number of false alarms. In this
scenario, no measurements are initially available at the first
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time-step, so the initial probability of existence will be set at
a value of 0.98.

The update stage has been built with the inclusion of the
Extended Kalman filter equations to account for any non-
linearities. Standard elimination and pruning schemes have
been included to reduce the number of Gaussian components.
The merging function uses the Hellinger distance [19] to
determine whether Gaussians are located close enough to each
other.

Algorithm 1 Prediction stage

given {𝑤(𝑖)
𝑘−1,𝑚

(𝑖)
𝑘−1, 𝑃

(𝑖)
𝑘−1}𝑁𝑘−1

𝑖=1

𝑞𝑘−1∣𝑘−1 = 𝑞𝑘∣𝑘−1

𝑞𝑘∣𝑘−1 = 𝑝𝑏(1− 𝑞𝑘−1∣𝑘−1) + (1− 𝑝𝐷)𝑞𝑘−1∣𝑘−1

procedure PREDICTION FOR BIRTH TARGETS

𝑖 = 0
for 𝑗 = 1, . . . , 𝑁𝛾,𝑘 do
𝑖 = 𝑖+ 1

𝑤
(𝑖)
𝑘∣𝑘−1 =

𝑤
(𝑗)
𝛾,𝑘𝑝𝑏(1−𝑞𝑘−1∣𝑘−1)

𝑞𝑘∣𝑘−1

𝑚
(𝑖)
𝑘∣𝑘−1 = 𝑚

(𝑗)
𝛾,𝑘

𝑃
(𝑖)
𝑘∣𝑘−1 = 𝑃

(𝑗)
𝛾,𝑘

end for
end procedure
procedure PREDICTION FOR EXISTING TARGETS

for 𝑗 = 1, . . . , 𝑁𝑘−1 do
𝑖 = 𝑖+ 1
𝑤

(𝑖)
𝑘∣𝑘−1 =

(1−𝑝𝐷)𝑞𝑘−1∣𝑘−1

𝑞𝑘∣𝑘−1
𝑤

(𝑗)
𝑘−1

𝑚
(𝑖)
𝑘∣𝑘−1 = 𝐹𝑘−1𝑚

(𝑗)
𝑘−1

𝑃
(𝑖)
𝑘∣𝑘−1 = 𝐹𝑘−1𝑃

(𝑗)
𝑘−1𝐹

𝑇
𝑘−1 +𝑄𝑘−1

end for
𝑁𝑘∣𝑘−1 = 𝑖

end procedure

V. RESULTS

As can be seen in Fig. 6, the small UAV is successfully
detected by the radar. It appears as the bright flash to the right
of the main beam clutter region. In Fig. 7 and Fig. 8, the +
symbols represent the detections that have been recorded by
the radar, and the o symbols represent the estimates that have
been given out from the filter. It can be seen in Fig. 8 that
the Bernoulli filter provides very accurate track on the target
in the Y-axis. This variation in Y-coordinate correlates with
the flight path taken by the pilot on the day, directly towards
and away from the radar. The discontinuity that appears at
approximately time step 80 is due to the UAV decelerating
quickly to a hover. The filter coasts its estimates for a number
of time steps and then detects the UAV again successfully. In
both Fig. 7 and Fig. 8, there are a number of detections that do
not lie on the target track. These are generated due to clutter
such as trees swaying in the wind, and also targets that are not
of interest, such as farm vehicles working in a nearby field.

Algorithm 2 Update stage
procedure UPDATE

for 𝑗 = 1, . . . , 𝑁𝑘∣𝑘−1 do
𝑚

(𝑗)
𝑘 = 𝑚

(𝑗)
𝑘∣𝑘−1

𝑃
(𝑗)
𝑘 = 𝑃

(𝑗)
𝑘∣𝑘−1

end for
for 𝑧 ∈ 𝑍𝑘 do

for 𝑗 = 1, . . . , 𝑁𝑘∣𝑘−1 do
𝐾

(𝑗)
𝑘 = 𝑃

(𝑗)
𝑘∣𝑘−1𝐽

𝑇 (𝑆
(𝑗)
𝑘∣𝑘−1)

−1

𝑚
(ℓ𝑁𝑘∣𝑘−1+𝑗)

𝑘 = 𝑚
(𝑗)
𝑘∣𝑘−1 +𝐾

(𝑗)
𝑘 (𝑧 − 𝜂(𝑗)𝑘∣𝑘−1)

𝑃
(ℓ𝑁𝑘∣𝑘−1+𝑗)

𝑘 = 𝑃
(𝑗)
𝑘∣𝑘−1 −𝐾(𝑗)

𝑘 𝐽(𝑃
(𝑗)
𝑘∣𝑘−1)

𝑇

𝑤̂
(𝑗)
𝑘 = 𝑤

(𝑗)
𝑘∣𝑘−1𝒩 (𝑧; 𝜂

(𝑗)
𝑘∣𝑘−1, 𝑆

(𝑗)
𝑘∣𝑘−1)

end for
end for
if 𝑍𝑘 = ∅ then

Δ𝑘 = 𝑝𝐷
𝑞𝑘∣𝑘 = 1−Δ𝑘

1−𝑞𝑘∣𝑘−1Δ𝑘
𝑞𝑘∣𝑘−1

for 𝑗 = 1, . . . , 𝑁𝑘∣𝑘−1 do
𝑤

(𝑗)
𝑘 = (1−𝑝𝐷)

1−Δ𝑘
𝑤

(𝑗)
𝑘∣𝑘−1

end for
else

Δ𝑘 = 𝑝𝐷(1−
∑𝑁𝑘∣𝑘−1

𝑖=1 𝑤̂𝑘)
𝑞𝑘∣𝑘 = 1−Δ𝑘

1−𝑞𝑘∣𝑘−1Δ𝑘
𝑞𝑘∣𝑘−1

𝑛 = 𝑁𝑘∣𝑘−1

for 𝑗 = 1, . . . , 𝑁𝑘∣𝑘−1 do
𝑤

(𝑗)
𝑘 = (1−𝑝𝐷)

1−Δ𝑘
𝑤

(𝑗)
𝑘∣𝑘−1

end for
for 𝑧 ∈ 𝑍𝑘 do

for 𝑗 = 1, . . . , 𝑁𝑘∣𝑘−1 do
𝑛 = 𝑛+ 1
𝑤

(𝑛)
𝑘 = 𝑝𝐷

1−Δ𝑘
𝑤̂

(ℓ𝑁𝑘∣𝑘−1+𝑗)

𝑘

end for
end for

end if
𝑁𝑘 = ℓ𝑁𝑘∣𝑘−1 +𝑁𝑘∣𝑘−1

end procedure

output {𝑤(𝑖)
𝑘 ,𝑚

(𝑖)
𝑘 , 𝑃

(𝑖)
𝑘 }𝑁𝑘

𝑖=1

VI. CONCLUSIONS

The Bernoulli Gaussian Sum filter has successfully given
sensible estimates of the UAVs position and tracked it over
time. The filter has dealt with the false alarms that are present
at close range.
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Fig. 6. Detection highlighted on range/Doppler map [12].
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Fig. 7. X coordinates of detections and estimates plotted over time. [12].
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ABSTRACT
The linear mixture model (LMM) assumes a hyperspectral pixel
spectrum to be a linear combination of endmember spectra cor-
rupted by additive noise. This model is widely used for spectral
unmixing mainly because of its simplicity. However, the LMM
can be inappropriate in presence of nonlinear effects, endmember
variability or outliers. This paper presents a comparison between re-
cent robust hyperspectral unmixing algorithms. The mixture models
are first introduced followed by the description of their associated
unmixing algorithms. The algorithms are then analyzed when
considering a real image acquired over the region of Porton Down
in England. The results discuss the behavior of each algorithm to
unmix these data and compare their ability to detect the natural or
man-made outliers in the scene. The obtained results highlight the
potential of the studied mixture models to overcome the current
limitations of the LMM.

Index Terms— Hyperspectral imagery, robust unmixing,
Bayesian estimation, optimization, MCMC, anomaly detection and
analysis

I. INTRODUCTION

Spectral unmixing (SU) of hyperspectral images (HSI) has been
the subject of intensive interest over the last two decades. It consists
of distinguishing the materials (endmembers) and quantifying their
proportions (abundances) in each pixel of an observed image.
The linear mixture model (LMM) is the widely used model for
SU mainly because of its simplicity. However, this model can
be inappropriate for some hyperspectral scenarios, namely in the
presence of a nonlinearity (NL) such as multiple scattering [1], [2],
endmember variability (EV) [3]–[5], or outliers (rarely represented
materials, faulty detector,...). These effects emphasize the need for
robust HS unmixing strategies able to deal with these mismodelling
effects [6]–[8].

This paper compares three recent mixture models accounting
for the presence of residual components (RC) or outliers. The
three models assume that the observed pixels result from a convex
combination of the endmembers of the scene, corrupted by an
additive term modeling deviations from the classical LMM. This
residual term has different characteristics depending on the studied
phenomenon. For instance, [6] considers a spatially-sparse positive
RC suitable for the capture of nonlinearity effects, [7] proposes a
spatial-spectral correlated support (i.e., the set of spatial/spectral
locations where anomalies occur) for the RC and [8] presents
a spatial-spectral smooth RC to better approximate endmember
variability and/or nonlinearity. The properties of these models will
be further discussed in Section II.

Estimating the abundances and the RC associated with these
mixture models is an ill-posed problem that requires the intro-
duction of prior knowledge regarding these parameters. From a

This work was supported by the EPSRC Grants EP/J015180/1,
EP/N003446/1, and EP/K015338/1

Bayesian perspective, this goal can be achieved by assigning them
appropriate prior distributions. From an optimization perspective,
the prior knowledge can be seen as additional regularization terms.
The two approaches (i.e., Bayesian and optimization formulations)
will be further discussed in the paper when describing the three
models. Indeed, the authors of [6] consider a coordinate descent
algorithm (CDA) to minimize a regularized similarity measure.
Two distance measures have been considered corresponding to
the squared Euclidean distance (SED), and the Kullback-Leibler
divergence (KLD). The regularization terms include the positivity
of the RC and the spatial sparsity of the energies of the RC
by considering an ℓ21 mixed norm. This norm is known as a
collaborative regularization since it uses the information of the
residuals in all the spectral bands to promote spatial group-sparsity.
The authors of [7] adopt a Bayesian approach and define an
anomaly prior model to capture the spatial/spectral structure of
the potential RC. They then use a Markov chain Monte-Carlo
(MCMC) method to approximate appropriate Bayesian estimators
(i.e., minimum mean squares estimator (MMSE) and maximum
a posteriori (MAP) estimator) [9]. The Bayesian model considers
a Gaussian likelihood (related to the noise statistics) while as-
suming band-dependent noise variance. The model also enforces
a spatial-spectral correlation on the RC support by considering a
3D Markov random fields model [5], [10]. In [8], the authors adopt
a Bayesian approach while they approximate the MAP estimator
by maximizing the resulting posterior distribution using a CDA. As
in [7], [11], [12], the Bayesian model considers centered Gaussian
noise with band-dependent variance. This model enforces a spectral
smoothness on the RC by considering Gaussian process [13] and
spatial correlation between the RC energies by using a gamma
Markov random fields prior [14], [15]. The studied models and
estimation algorithms are analyzed using a hyperspectral image
acquired over Porton Down in England. The results obtained are
very promising and show the potential of the studied mixture
models to overcome the limitations of the LMM.

The paper is structured as follows. Section II introduces the
considered mixture models to deal with the RC. The optimization
formulation, the hierarchical Bayesian models and the estimation
algorithms associated with each model are described in Section III.
Section IV shows results obtained using a real hyperspectral image.
Conclusions and future work are finally reported in Section V.

II. MIXTURE MODELS

The robust formulations considered are based on a residual
component analysis model [16] that is expressed as the sum of
a linear model and a residual term. The general observation model
for the (𝐿× 1) pixel spectrum 𝒚𝑛 is given by

𝒚𝑛 =

𝑅∑
𝑟=1

𝑎𝑟,𝑛𝒎𝑟 + 𝝓𝑛 + 𝒆𝑛

= 𝑴𝒂𝑛 + 𝝓𝑛 + 𝒆𝑛, (1)
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where 𝒂𝑛 = (𝑎1,𝑛, ⋅ ⋅ ⋅ , 𝑎𝑅,𝑛)
𝑇 is the (𝑅× 1) vector of abun-

dances associated with the 𝑛th pixel, 𝑅 is the number of endmem-
bers, 𝒆𝑛 is an additive noise, 𝐿 is the number of spectral bands,
𝑴 = (𝒎1, ⋅ ⋅ ⋅ ,𝒎𝑅) is the endmember matrix that is assumed
known (either picked out from a spectral library if available, or
extracted using an endmember extraction algorithm) and 𝝓𝑛 is a
residual term that might have different characteristics depending
on the studied effect. Due to physical constraints, the abundance
vector 𝒂𝑛 satisfies the following positivity and sum-to-one (PSTO)
constraints

𝑎𝑟,𝑛 ≥ 0, ∀𝑟 ∈ {1, . . . , 𝑅} and
𝑅∑

𝑟=1

𝑎𝑟,𝑛 = 1. (2)

Eq. (1) shows a general model that can be adapted to account for
different robust mixture models. In this paper, we consider three
variants: (i) the robust nonnegative matrix factorization (RNMF)
proposed in [6], (ii) the robust Bayesian linear unmixing (RBLU)
proposed in [7], and (iii) the residual component analysis with
mismodelling effects (RCA-ME) proposed in [8]. Table I presents
the main outlier and noise prior statistical properties assumed by
each method and the next sections describe in more details their
properties.

Table I. Characteristics of the robust models. “Spar.” stands for
sparsity, “pos.” for positivity, “val.” for values and “correl.” for
correlation.

Residuals
Statistics

Pos. Spatial Spectral

RNMF ✓ Spar. energies None
-SED
-KLD

RBLU X
Correl. and Correl. 𝒩 (0,Σ)

spar. support support

ME X Correl. energies Correl. val. 𝒩 (0,Σ)

II-A. RNMF
The RNMF model is given by [6]

𝒚RNMF
𝑛 =

𝑅∑
𝑟=1

𝑎𝑟,𝑛𝒎𝑟 + 𝒓𝑛 (3)

where 𝒓𝑛, ∀𝑛 denote positive residuals that are due to the presence
of nonlinear effects such as the bilinear models of [17]–[19] and
the polynomial model of [20]. Therefore, this positivity assumption
is physically well-motivated for multi-layered models (e.g., scenes
where significant multiple reflections can occur). In addition, the
RNMF model assumes that the nonlinear spectra are spatially
sparse, i.e., the majority of the pixels follows the LMM while only
some pixels include an additional residual term. Note, however,
that the RNMF does not assume any spectral structure for the
residuals. The RNMF estimates the parameter of interest using
two measures of similarity between the observed spectrum 𝒚ℓ,𝑛

and the spectrum 𝒚RNMF
ℓ,𝑛 . The first one is the SED, given by∑

ℓ,𝑛

(
𝒚ℓ,𝑛 − 𝒚RNMF

ℓ,𝑛

)2
, and the second one is the KLD, given by∑

ℓ,𝑛

(
𝒚RNMF
ℓ,𝑛 log

𝒚RNMF
ℓ,𝑛

𝒚ℓ,𝑛
−𝒚RNMF

ℓ,𝑛 + 𝒚ℓ,𝑛

)
. Finally, RNMF is an

unsupervised algorithm that estimates both the endmembers, the
abundances and the residuals. However, for comparison purposes,
this paper considers the supervised case (known endmember matrix
𝑴 ) and only estimates the remaining parameters. This can be
easily implemented by skipping the endmember update step of the
iterative estimation process (see [6] for details on the algorithm
implementation).

II-B. RBLU

The RBLU model follows (1) while considering additive cen-
tered Gaussian noise with a diagonal covariance matrix Σ =

diag
(
𝝈2

)
as follows 𝒆𝑛 ∼ 𝒩 (0,Σ), where 𝝈2 =

(
𝜎2
1 , ⋅ ⋅ ⋅ , 𝜎2

𝐿

)𝑇
is an (𝐿× 1) vector containing the noise variances. In addition, the
outliers 𝝓𝑛 = 𝒛𝑛⊙𝒙𝑛, ∀𝑛 are represented by a term-wise product
⊙ between the support variable 𝒛𝑛 (which is an 𝐿 × 1 vector of
0s and 1s) and the vector of values 𝒙𝑛. Note that the outliers are
assumed to share a correlated support 𝒁 = [𝒛1, ⋅ ⋅ ⋅ , 𝒛𝑁 ], i.e., the
spatial and spectral neighbors of a corrupted pixel (with outliers in
a given spectral band) are more likely to contain corruption. The
outlier structure is modeled via a 3D Ising model and generalizes
the model studied in [21] which assumed the support sets of
outliers to have a fixed structure. However, the values of these
corruptions contained in 𝑿 = [𝒙1, ⋅ ⋅ ⋅ ,𝒙𝑁 ] are independent
which enables flexibility in this model to capture different physical
phenomena such as local spectral and/or spatial variations (e.g.,
intrinsic material spectral variability, illumination changes, scarcely
represented endmembers,...). Note also that RBLU enforces spectral
and spatial sparsity among the corrupted pixels. Finally, and as
previously described, this paper considers the supervised case and
RBLU will be used to estimate the parameters of interest while
considering a known endmember matrix 𝑴 .

II-C. RCA-ME

In a similar fashion to RBLU, the RCA-ME model considers
additive centered Gaussian noise with a diagonal covariance matrix
Σ = diag

(
𝝈2

)
. To represent different physical phenomena such

as nonlinearity and/or endmember variability, the outliers 𝝓𝑛 =
𝒅𝑛, ∀𝑛 are assumed to present some spectral smoothness. Indeed,
for bilinear and polynomial based nonlinearity models, the outliers
result from a (nonlinear) combination of endmembers that are
generally smooth (when the endmembers themselves are smooth).
In addition, it has been shown in [8] that endmember variability
can also be approximated by assuming spectrally smooth residuals.
Note that RCA-ME also assumes the energies of the outliers to
be spatially correlated. Note finally that RCA-ME accounts for
spatial illumination variability by relaxing the abundance sum-
to-one constraint, however, for a comparison purpose, this paper
assumes the absence of this variability and maintains the abundance
sum-to-one constraint.

III. UNMIXING ALGORITHMS

This section presents the optimization formulation, the hierar-
chical Bayesian models and the estimation algorithms associated
with each model.

III-A. Optimization problem for RNMF

Considering a known endmember matrix 𝑴 , the RNMF esti-
mates the unknown parameters by solving the following problem

min
𝑨,𝑹

𝒞RNMF (𝑨,𝑹) = 𝐷(𝒀 ∣𝑴𝑨+𝑹) + 𝜆∣∣𝑹∣∣2,1 (4)

s.t. the positivity of 𝑨 and 𝑹 and to the sum-to-one constraint on
𝑨, where 𝑨 = [𝒂1, ⋅ ⋅ ⋅ ,𝒂𝑁 ], 𝑹 = [𝒓1, ⋅ ⋅ ⋅ , 𝒓𝑁 ], 𝐷(𝑥∣𝑦) is the
distance measure between 𝑥 and 𝑦 and ∣∣𝑹∣∣2,1 =

∑𝑁
𝑛=1

√
𝒓⊤𝑛 𝒓𝑛

is a mixed norm that imposes spatial sparsity on the energies of
𝑹. This problem is solved using a coordinate descent algorithm
(CDA) that sequentially updates the two matrices 𝑹 and 𝑨. More
precisely, while fixing 𝑨, RNMF updates 𝑹 using a majorization-
minimization algorithm. Then, fixing 𝑹, RNMF updates 𝑨 using
a non-negative gradient descent algorithm. The resulting iterative
algorithm was found experimentally to decrease the value of the
objective function at each iteration [6].
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III-B. Bayesian model for RBLU

Using Bayes rule, the noise statistics (likelihood) and the
prior knowledge about the parameter of interest Θ1 =(
𝑨,Σ,𝑿,𝒁, 𝑠2,𝜷

)
lead to the following posterior distribution

𝑓 (Θ1∣𝒀 ) ∝ 𝑓(𝒀 ∣Θ1)𝑓 (𝑨) 𝑓 (Σ) 𝑓
(
𝑿∣𝑠2) 𝑓 (𝒁∣𝜷) 𝑓 (

𝑠2
)
𝑓 (𝜷) ,

(5)
where 𝑠2 and 𝜷 are two hyperparameters related to the value of the
outliers, and to the correlation of the outlier supports, respectively.
RBLU uses a stochastic optimization mechanism to adjust the
parameters 𝜷 of the Markov random field associated with the
support 𝒁. The remaining parameters are sampled according to
the target posterior distribution (5) using an MCMC algorithm. The
generated samples are then used to approximate the minimum mean
square estimator (MMSE) or the maximum a-posteriori (MAP)
estimator of the parameters. The obtained algorithm benefits from
the good convergence properties of the MCMC approach [9] while
it suffers from a high computational cost.

III-C. Bayesian model for RCA-ME

Similarly to RBLU, the CDA-ME adopts a Bayesian approach
leading to the following posterior

𝑓 (Θ2∣𝒀 ) ∝ 𝑓(𝒀 ∣Θ2)𝑓 (𝑨) 𝑓 (Σ) 𝑓 (𝑫∣𝝐) 𝑓 (𝝐,𝒘) , (6)

where Θ2 = (𝑨,Σ,𝑫, 𝝐,𝒘), 𝝐 and 𝒘 are two hyperparameters
introducing the spatial correlation of the outlier energies (see [8]
for more details). CDA-ME approximates the MAP estimator of Θ
by sequentially updating the different parameters. In each step, the
posterior distribution is maximized w.r.t. one parameter, the other
being fixed. Thus, the algorithm iteratively updates each parameter
by maximizing its conditional distribution either by an analytical
solution (as for 𝝐, 𝒘, 𝑫, Σ) or by using the fast SUNSAL
algorithm [22] (as for 𝑨). According to proposition 2.7.1 in [23],
the limit points of the sequence generated by CDA are stationary
points of (6), since the maximum of that function w.r.t. Θ along
each coordinate is unique.

IV. RESULTS

This section evaluates the performance of the robust algorithms
described above when applied to a real hyperspectral data set. All
simulations have been implemented using MATLAB R2015a on
a computer with Intel(R) Core(TM) i7-4790 CPU@3.60GHz and
32GB RAM.

IV-A. Data description

The real image used in this section was acquired in July 2014 by
Defence Science and Technology Laboratory (DSTL) over Porton
Down (U.K.). The dataset contains 𝐿 = 140 spectral bands
recorded from the visible to near infrared (415 to 990 nm) with
a spatial resolution of about 0.2 metres. The unmixing algorithms
have been applied to a scene of size 400 × 200 pixels which is
composed of 𝑅 = 5 components: grass, tree, soil 1, road, and soil
2, and other man-made outliers as shown in Fig. 1 (see green and
white spots). This image is interesting since it potentially includes
nonlinearity effect between the tree and soil, endmember variability
for the grass area and man-made sparse outliers, which makes
it suitable for the assessment of the algorithms presented in this
paper. The endmember associated with the 𝑅 = 5 components
have been manually selected by choosing the purest pixels in each
component’s region.

Fig. 1. An example of the hyperspectral image data used in the
analysis

IV-B. Comparison between the algorithms
The abundances of the real image have been estimated by the

robust algorithms and the LMM based SUNSAL algorithm [22].
After using SED and KLD similarity measures for the RNMF
and 𝜆 ∈ [0.01𝜆0, 𝜆0, 2𝜆0], where 𝜆0 is the suggested value
in [6], we found that the best reconstruction error, given by

RE =
√

1
𝑁 𝐿

∑𝑁
𝑛=1 ∥𝒚̂𝑛 − 𝒚𝑛∥2), is obtained when considering

the KLD measure and 𝜆 = 0.01𝜆0. The following RNMF results
are related to this parameter configuration. Fig. 2 shows the
obtained abundance maps where a white (black) pixel indicates
a large (small) proportion of the corresponding materials. Overall,
the obtained abundances are in good agreement except RMNF that
show slightly different tree and grass abundances (which can be
explained by the high similarity between the tree and grass spectra).
Note that some of the man-made outliers are detected as a soil
abundances (see far right-hand side plots of Fig. 2).

Table II shows the obtained RE and spectral angle mapper,

SAM = 1
𝑁

∑𝑁
𝑛=1 arccos

(
𝒚̂𝑇
𝑛𝒚𝑛

∥𝒚𝑛∥ ∥𝒚̂𝑛∥

)
, between the observed

and reconstructed spectra with the considered algorithms. This
table shows that the robust algorithms provide smaller RE and
SAM than the LMM based SUNSAL algorithm. However, this is
achieved at a price of a higher computational cost especially for
the MCMC-based RBLU algorithm. An interesting property of the
robust algorithms is their ability to show outlier energy maps as
presented in Fig. 3 (left). The nonlinearity effect present between
the tree-soil is detected by all the algorithms. In contrast to RBLU
and CDA-ME, RNMF does not detect the shadow as an outlier
since it generally reduces the reflectance and can be seen as a
negative outlier, which is ignored in RNMF because of the outlier
positivity constraint. The three algorithms succeeded in capturing
the endmember variability effect affecting the grass with CDA-ME
detecting the larger region. It is also of interest to note that the
algorithms detect the man-made sparse outliers. Considering the
RE maps in Fig. 3 (right), it is clear that the RE of RNMF is
higher in shadowed regions while RBLU and CDA-ME present
low RE.

Fig. 4 shows some randomly selected outlier spectra obtained
with the three robust algorithms. These spectra show a similar
global shape while they highlight the properties of each algorithm.
Indeed, it can be seen that the RNMF algorithm focuses on the
nonlinearity effect (i.e., positive outliers) while it avoids negative
spectra that are mainly related to shadowing and endmember
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Fig. 2. Estimated abundance maps with different algorithms (all images have the same dynamic, i.e., between 0 and 1). From left to right:
grass, tree, soil 1, road, and soil 2.

variability effects. Moreover, it is interesting to note that RBLU
allows the absence of outliers (null spectra) which is an advantage
of imposing sparsity on the support of the outliers instead of their
values. Note finally that Fig. 4 also highlights the smooth spectral
property of CDA-ME.

Finally, Table III summarizes the pros and cons of each model.
A few comments should be made regarding the noise robustness
and the endmember columns. Both RBLU and CDA-ME consider
Gaussian noise with band dependent variances, thus, they are robust
to the spectral variation of the noise. SUNSAL and RNMF (with
SED) consider independent and identically distributed Gaussian
noise which is less robust to the spectral variation of the noise.
However, RNMF considers a general formulation that allows the
use of the KLD measure, which makes it suitable to process images
corrupted by non Gaussian noise. Note finally that both RNMF and
RBLU can estimate the endmembers, while SUNSAL and CDA-
ME assume a known endmember matrix 𝑴 . This property has
been reported in table III for completeness, but the reader should
be aware that the endmembers have been assumed known in this
paper.

V. CONCLUSIONS

This paper presented a comparison between three robust mixture
models and their associated unmixing algorithms. The three mixture
models are expressed as the sum of a linear model and a residual
term. The latter depended on the model considered and showed

Table II. Unmixing performance on a real images (400 × 200
pixels).

RE SAM Time
(×10−3) (×10−2) (min)

SUNSAL 9.32 3.34 0.03

RNMF 7.17 2.05 23.92

RBLU 4.28 2.32 1440

CDA-ME 3.87 2.21 6.98

Table III. Comparison of the robust algorithms. (+++) best results,
(-) fair results.

Effects Time RE Noise Endm.
SUNSAL LMM +++ - - -

RNMF LMM + NL + + ++ +

RBLU
LMM + NL

- ++ ++ +
EV + Shadow

CDAME
LMM + NL

++ +++ ++ -
EV + Shadow

different characteristics as reported in Table I. In contrast to RBLU
and CDA-ME that considered Gaussian statistics, RNMF adopted a
general formulation that allowed the use of two similarity measures.
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Fig. 3. (Left) square root of the energies of the residuals obtained
with ∣∣𝝓̂𝑛∣∣. (Right) reconstruction error between the reconstructed
pixel 𝒚̂𝑛 and the observed spectra 𝒚𝑛 obtained with RE𝑛 =
1√
𝐿
∣∣𝒚̂𝑛 − 𝒚𝑛∣∣.

Fig. 4. Example of outlier spectra for (left) RNMF, (middle) RBLU
and (right) CDAME.

Both RNMF and CDA-ME used a CDA to minimize their cost
functions, while RBLU considered a Markov chain Monte-Carlo
to approximate the Bayesian estimators. A comparison between
these strategies was achieved by analyzing of a real image contain-
ing different effects (such as nonlinearity, endmember variability,
outliers and shadow). The results obtained highlighted the benefit
of the robust models with respect to the classical linear model.
The pros and cons of each model were summarized in Table III,
to provide the reader with a useful tool to choose the suitable
model/algorithm for his case. Future work includes the use of these
models to detect the presence of outliers using hypothesis tests
[24]. Considering an efficient optimization algorithm to maximize
the RBLU posterior distribution is also an interesting issue which

deserves to be investigated.
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Abstract—This paper considers the design of robust filters
for radar pulse-Doppler processing when the interference
is a wide sense stationary random process. The Signal-to-
Interference-plus-Noise Ratio (SINR) at the filter output is
considered as the figure of merit to optimize under a multitude
of requirements accounting for Doppler filter sidelobes as well
as uncertainties both in the received useful signal component
and interference covariance matrix. The design is analytically
formulated as a constrained optimization problem whose
solvability is thoroughly studied. Specifically, a polynomial
time solution technique to get the optimal filter is proposed
exploiting the representation of non-negative trigonometric
polynomials via linear matrix inequalities, the spectral factor-
ization theorem, and the duality theory. Last but not least, a
detailed analysis of the optimum filter performance is provided
showing the trade-offs involved in the design and the gain
achievable over some already known counterparts.

I. INTRODUCTION & PROBLEM FORMULATION

Doppler processing represents the key tool to increase the
Signal-to-Clutter-power-Ratio (SCR) in coherent radar sys-
tems, when the antenna and waveform parameters are set [1].
Because of the different Doppler signatures associated with
targets, clutter, and noise, it is possible to mitigate the inter-
ference competing with the useful signal and detect targets
embedded in heavy clutter. Additionally, Doppler techniques
can also provide measurements of the target radial velocity
which is useful for threat assessment, target recognition, and
track initialization. Hence, it is not surprising that the design
of optimized Doppler processors has been a hot research
activity within the radar community since 60’s. In fact,
many studies have been directed toward the synthesis of
advanced and highly performing non-adaptive/adaptive fil-
ters fulfilling the more and more stressing radar performance
requirements [2], [3], [4], [5]. In a coherent pulsed radar, the
𝑁 -dimensional vector 𝒛 = [𝑧1, 𝑧2, . . . , 𝑧𝑁 ]𝑇 ∈ ℂ

𝑁 of the
slow-time observations, from the range-azimuth-elevation

cell under test, can be modelled as [1]

𝒛 = 𝛼𝒔(𝜈) + 𝒏,

where
∙ 𝒔(𝜈) = [𝑠1, . . . , 𝑠𝑁 ]𝑇 ∈ ℂ

𝑁 denotes the target steering
vector, with 𝑠𝑖 = exp(𝑗2𝜋(𝑖− 1)𝜈), 𝜈 = 𝑓𝑑𝑇 the
target normalized Doppler frequency, 𝑓𝑑 the target
Doppler frequency, and 𝑇 the Pulse Repetition Interval
(PRI);

∙ 𝛼 ∈ ℂ accounts for the terms involved into the radar
range equation;

∙ 𝒏 = [𝑛1, 𝑛2, . . . , 𝑛𝑁 ]𝑇 ∈ ℂ
𝑁 , modeled as a complex,

zero mean, circularly symmetric random vector with
covariance matrix 𝑹0 = 𝔼[𝒏𝒏†] ≻ 0, is the vector of
the disturbance samples1.

In a Doppler processor the data vector 𝒛 undergoes a specific
linear transformation [1, Chap. 14, 17], leading to the stati-
stic

∑𝑁
𝑛=1𝑤

∗
𝑛𝑧𝑛 = 𝒘†𝒛, where 𝒘 = [𝑤1, . . . , 𝑤𝑁 ]𝑇 ∈ ℂ

𝑁

represents the Doppler filter. A widely used figure of merit

1Notation. We adopt the notation of using boldface for vectors 𝒂 (lower
case), and matrices 𝑨 (upper case). The transpose and the conjugate
transpose operators are denoted by the symbols (⋅)𝑇 and (⋅)† respectively.
𝑰 and 0 denote respectively the identity matrix and the zero matrix (their
size is determined from the context); 𝒆𝑛 is the column vector with the 𝑛-th
column of 𝑰 . ℝ𝑁 , ℂ𝑁 , and ℍ𝑁 are respectively the sets of 𝑁 -dimensional
vectors of real numbers, complex numbers, and 𝑁×𝑁 Hermitian matrices.
For any 𝑨 ∈ ℍ𝑁 , 𝑨 ર 0 means that 𝑨 is a positive semidefinite matrix
(𝑨 ≻ 0 for positive definiteness). diag (⋅) is the column vector containing
the principal diagonal of the matrix argument, whereas 𝜆𝑚𝑎𝑥(⋅) and
𝜆𝑚𝑖𝑛(⋅) denote, respectively, the maximum and the minimum eigenvalue.
For 𝒙 ∈ ℂ𝑁 , the matrix Diag(𝒙) is the 𝑁×𝑁 diagonal matrix, whose 𝑖-th
diagonal element is 𝑥𝑖, for 𝑖 = 1, . . . , 𝑁 , whereas the symbol ∥𝒙∥ denotes
its Euclidian norm. ⊙ represents the Hadamard product. The spectral norm,
Frobenius norm, and the trace of 𝑿 are indicated respectively with ∥𝑿∥2,
∥𝑿∥𝐹 , and tr (𝑿). The imaginary unit is only represented by the letter
𝑗 (𝑖 serves as index). For any complex number 𝑥, we use ℜ(𝑥) and ℑ(𝑥)
to denote respectively the real and the imaginary parts of 𝑥; also, ∣𝑥∣ and
𝑥∗ represent the modulus and the conjugate of 𝑥. 𝔼 [⋅] denotes statistical
expectation. For any optimization Problem 𝒫 , 𝑣(𝒫) represents its optimal
value.
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to assess the performance of a Doppler filter 𝒘 is the Signal-
to-Interference-plus-Noise Ratio (SINR), given by

SINR(𝜈,𝑹0) = ∣𝛼∣2∣𝒘†𝒔(𝜈)∣2/𝒘†𝑹0𝒘,

where ∣𝛼∣2∣𝒘†𝒔(𝜈)∣2 and 𝒘†𝑹0𝒘 represent the useful and
the interference energy at the output of the filter, respec-
tively.

For known Doppler and interference covariance matrix,
the receiver maximizing the SINR is the Capon filter [6]
𝒘̄★ = 𝑹0

−1𝒔(𝜈). Nevertheless, in practical scenarios both
𝑹0 and 𝜈 are unknown and a possible way to cope with
this uncertainty is the use of a set of 𝐾 ≥ 𝑁 training
data vectors 𝒛(𝑖) ∈ ℂ

𝑁 , 𝑖 = 1, . . . ,𝐾, free of useful
signal component and sharing the same spectral character-
istics of 𝒏 (homogeneous environment). Hence, the sample
covariance matrix 𝑹̂ = 1

𝐾

∑𝐾
𝑖=1 𝒛(𝑖)𝒛(𝑖)

† is used in place
of 𝑹0 leading to the so called Sample Matrix Inversion
(SMI) filter [7] 𝒘̄★

SMI = 𝑹̂−1𝒔 (𝜈), where 𝜈 is a nominal
Doppler value usually chosen as the mean value of the target
Doppler uncertainty interval. However, the SMI algorithm
experiences severe SINR losses [4], when mismatches affect
either the steering vector 𝒔 (𝜈) or the disturbance covariance
matrix, for instance due to the presence of interfering targets
or clutter discretes in the sample covariance matrix or a
large Doppler uncertainty set. Several advanced filtering
techniques have been proposed during the years, to deal with
these non-idealities. Some interesting and technically sound
procedures can be found in[3], [4], [5], [8], [9], [10], [11],
and [12].

In this paper, to mitigate the deleterious effects of knowl-
edge inaccuracies about the actual target Doppler frequency
and disturbance covariance matrix, we focus on the synthesis
of a filter optimizing the worst-case (over Doppler and
disturbance covariance matrix mismatches) system perfor-
mance in terms of achievable SINR. In addition, to prevent
interference from outliers, i.e., targets belonging to the same
range cell of the target of interest but with different Doppler
frequencies, we force a constraint on the receive filter to
control its Doppler response within the sidelobe region.

Specifically, assuming 𝒘 ∕= 0, we deal with the following
max-min optimization problem

𝒫1

⎧
⎨
⎩

max
𝒘

min
𝑹,𝒔

∣𝒘†𝒔∣2
𝒘†𝑹𝒘

s.t. 𝑹 ∈ Ω
𝒔 ∈ 𝒮
𝒘 ∈ ℋ

(1)

where

1) Ω is a convex compact subset of positive definite
Toeplitz matrices, accounting for the uncertainty over
the disturbance covariance matrix.

2) 𝒮 =
{
𝒔 ∈ ℂ

𝑁 : 𝒔 = [1, 𝑒𝑗2𝜋𝜈 , . . . , 𝑒𝑗2𝜋(𝑁−1)]𝑇 , 𝜈
∈ [𝜈1, 𝜈2]} is the set of potential steering vectors 𝒔,
accounting for the uncertainty on the parameter 𝜈

which lies within Θ1 = [𝜈1, 𝜈2].

3) ℋ =

{
𝒘 ∈ ℂ

𝑁 : max
𝜈∈Θ2

∣𝒘†𝒔(𝜈)∣2 ≤ 𝜁 min
𝜈∈Θ1

∣𝒘†𝒔(𝜈)∣2
}

is the set of receive filters 𝒘 whose output level
in the sidelobe regions Θ2 = [𝜈3, 𝜈4], is lower than
or equal to 𝜁 times the minimum level in Θ1 (with
Θ1 ∩Θ2 = ∅).

The remainder part of the work is organized as fol-
lows. Section II focuses on the solution of the formulated
optimization problem. In Section III, the performance of
the new procedure is assessed considering some illustrative
examples. Finally, in Section IV, conclusions are drawn.

II. ROBUST DOPPLER FILTER DESIGN

In this section, an algorithm to find in polynomial time
an optimal solution to the considered robust design problem
is developed. A first step toward this goal is provided by the
following equivalent2 representation of Problem 𝒫1

𝒫2

⎧
⎨
⎩

max
𝒘

min
𝑹

1

𝒘†𝑹𝒘
s.t. 𝑹 ∈ Ω ,

∣𝒘†𝒔∣2 ≥ 1, ∀𝒔 ∈ 𝒮 ,
max
𝜈∈Θ2

∣𝒘†𝒔(𝜈)∣2 ≤ 𝜁 .

(2)

Problem 𝒫2 is still a non-convex optimization problem, since
its feasible set ∣𝒘†𝒔∣2 ≥ 1, ∀𝒔 ∈ 𝒮, is a non-convex set.
Nevertheless, exploiting the special structure of 𝒫2, it can be
shown that the following Proposition 2.1 holds true (whose
proof is given in [14])

Proposition 2.1: Let us define Problem 𝒫3

𝒫3

⎧
⎨
⎩

min
𝒄

max
𝑹

2ℜ{𝒄†𝒓}− 𝑐0𝑟0
s.t. 𝑐0 + 2ℜ

{∑𝑁−1
𝑘=1 𝑐𝑘𝑒

−𝑗2𝜋𝜈𝑘
}
≥ 0,

∀ 𝜈 ∈ [0, 1]

𝑐0 + 2ℜ
{∑𝑁−1

𝑘=1 𝑐𝑘𝑒
−𝑗2𝜋𝜈𝑘

}
≥ 1,

∀ 𝜈 ∈ [𝜈1, 𝜈2]

𝑐0 + 2ℜ
{∑𝑁−1

𝑘=1 𝑐𝑘𝑒
−𝑗2𝜋𝜈𝑘

}
≤ 𝜁,

∀ 𝜈 ∈ [𝜈3, 𝜈4]
𝑹 ∈ Ω ,

(3)
where 𝒄 ∈ ℂ

𝑁 and 𝒓 = [𝑟0, 𝑟1, . . . , 𝑟𝑁−1]
𝑇 ∈ ℂ

𝑁 is
the first column of the matrix 𝑹. Then, 𝑣(𝒫2) = 𝑣(𝒫3);
additionally, given an optimal solution 𝒄★ to 𝒫3, an optimal
solution 𝒘★ to 𝒫2 is the only vector satisfying

∣𝐻(𝑧)∣2 = 𝑐★0 + 2ℜ
{
𝑁−1∑
𝑘=1

𝑐★𝑘𝑧
−𝑘
}
∀ 𝑧 ∈ ℂ : ∣𝑧∣ = 1 ,

(4)

2Two optimization Problems 𝒫𝑖1 and 𝒫𝑖2 are claimed equivalent if they
share the same optimal value and, given a solution to one problem, it is
possible to obtain a solution to the other, and vice versa. Furthermore, By
“solvable”, we mean that the problem is feasible and bounded (below or
above, respectively for minimization and maximization problems), and the
optimal value is attained, see [13, p. 15].
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with 𝐻(𝑧) =
∑𝑁−1
𝑘=0 𝑤★𝑘+1𝑧

−𝑘, such that all the roots
of 𝐻(𝑧) lie within the unit circle ∣𝑧∣ ≤ 1. Furthermore,
given 𝒘★, an optimal solution 𝒄★ to 𝒫3 complies with
𝑐★𝑘 =

∑𝑁−1
𝑙=𝑘 𝑤★𝑙+1(𝑤

★
𝑙+1−𝑘)

∗
, 𝑘 = 0, 1, . . . , 𝑁 − 1.

An efficient procedure that can be used to find a vector
satisfying (4) is reported in [15]. Notice that Problem 𝒫3

is a convex optimization problem; however its feasible set
is defined through an infinite number of linear inequalities
significantly complicating the search for an optimal solution.
In order to circumvent this drawback, let us introduce the
following quantities:

1) 𝒇𝑚 = [1, 𝑒−𝑗𝑚
2𝜋

2𝑁−1 , . . . , 𝑒−𝑗(2𝑁−2)𝑚 2𝜋
2𝑁−1 ]𝑇 , 𝑚 = 0,

. . . , 2𝑁 − 2;
2) 𝒆1 = [1, 0, . . . , 0]𝑇 ∈ ℝ

𝑁 ;
3) 𝒅 = [𝑑0, 𝑑1, . . . , 𝑑2𝑁−2]

𝑇 , 𝑑𝑘 = cos [2𝜋𝑘/(2𝑁 − 1)−
(𝜋(𝜈1 + 𝜈2))] − cos [𝜋(𝜈2 − 𝜈1)];

4) 𝒅 = [𝑑0, 𝑑1, . . . , 𝑑2𝑁−2]
𝑇 , 𝑑𝑘 = cos [2𝜋𝑘/(2𝑁 − 1)−

(𝜋(𝜈3 + 𝜈4))]− cos [𝜋(𝜈4 − 𝜈3)].
Then, exploiting the SemiDefinite Program (SDP) represen-
tation of the trigonometric polynomials [15], Proposition 2.2
holds true (see [14])

Proposition 2.2: Problem 𝒫3 is equivalent to the convex
optimization Problem 𝒫4

𝒫4

⎧
⎨
⎩

min
𝒄,𝑿,{𝑿𝑖}4

𝑖=1

max
𝑹

2ℜ{𝒄†𝒓}− 𝑐0𝑟0
s.t. 𝒄 = 𝑭 †diag

(
𝑭𝑿𝑭 †

)
,

𝒄− 𝒆1 = 𝑭 †diag
(
𝑭𝑿1𝑭

†
)
+

+𝑭 †
(
𝒅⊙ diag

(
𝑭1𝑿2𝑭

†
1

))
,

𝜁𝒆1 − 𝒄 = 𝑭 †diag
(
𝑭𝑿3𝑭

†
)
+

+𝑭 †
(
𝒅⊙ diag

(
𝑭1𝑿4𝑭

†
1

))
,

𝑹 ∈ Ω,
𝑿 ર 0,𝑿𝑖 ર 0, 𝑖 = 1, . . . , 4,

(5)
where 𝑭 = [𝒇0,𝒇1, . . . ,𝒇𝑁−1] ∈ ℂ

(2𝑁−1)×𝑁 , and 𝑭1 =
[𝒇0,𝒇1, . . . ,𝒇𝑁−2] ∈ ℂ

(2𝑁−1)×(𝑁−1).
Summarizing, an optimal solution 𝒘★ to 𝒫1, can be

obtained in polynomial time through Algorithm 1.

Algorithm 1 :Robust Receive Filter Design

Require: Θ1, Θ2, 𝜁, Ω, 𝑁 .
Ensure: An optimal solution 𝒘★ to 𝒫1.

1: Solve the convex Problem 𝒫4 finding an optimal solu-
tion 𝒄★.

2: Exploit 𝒄★ to find 𝒘̄ satisfying (4).
3: output 𝒘★ = 𝒘̄.

As to the uncertainty set on the interference covariance
matrix, some suitable constraints have been proposed in
[16], which can be represented as

Ω1 =
{
𝑹 : 𝑹 = 𝜎2

𝑛𝑰 +𝑴 , 𝜆𝑚𝑎𝑥(𝑹)/𝜆𝑚𝑖𝑛(𝑹) ≤ 𝐾𝑚𝑎𝑥,

𝑴 ર 0 , 𝜎2
𝑛 ≥ 𝜎2

}
,

where 𝑴 accounts for colored interference and clutter,
whereas 𝜎2

𝑛 refers to the power of the white disturbance
term. The parameters 𝜎2 > 0 and 𝐾𝑚𝑎𝑥 > 1 represent
respectively a lower bound on the white disturbance power
and an upper bound on the condition number. Additional
meaningful requirements that can be accounted for at the
design stage to characterize 𝑹 are

Ω2 =

{
𝑹 : ∥𝑹− 𝑹̂0∥2𝐹 ≤ 𝜖2 ,

∫

𝐼𝐵

𝔼[∣𝒏†𝒔(𝜈)∣2]𝑑𝜈 ≤ 𝐸𝐵 ,

𝑃 − 𝜖𝑃 ≤ tr (𝑹) ≤ 𝑃 + 𝜖𝑃

}
,

where 𝑹̂0 is a Toeplitz estimate of the actual covariance
matrix, [17], 𝜖 accounts for the size of the trust region,
and 𝐸𝐵 > 0 rules the interference energy over the spectral
interval 𝐼𝐵 = {𝜈 : 𝜈 ∈ [𝜈𝑑 − 𝜖𝜈/2, 𝜈𝑑 + 𝜖𝜈/2]} (𝜈𝑑 is the
central frequency, whereas 𝜖𝜈 defines the width of 𝐼𝐵).
Finally, 𝑃 > 0 is the expected disturbance energy and
𝜖𝑃 > 0 controls the size of the associate trust interval. Thus,
accounting for the stationarity of the disturbance vector 𝒏,
a suitable model for Ω is
{
𝑹 : 𝑹∈ Ω , 𝑹 is a positive semi-definite Toeplitz matrix

}
,

(6)
with Ω = Ω1 ∩ Ω2. Before concluding this section it is
worth pointing out that Ω in (6) can be expressed in terms
of Linear Matrix Inequalities (LMIs). As a results, under
some mild technical conditions, 𝒫4 boils down to an SDP
problem.

III. PERFORMANCE ANALYSIS

In this section the performance analysis of the proposed
class of Doppler filters is developed with reference to a
radar transmitting a coherent burst of 𝑁 = 32 pulses. 𝐾 =
𝑁 homogeneous training data vectors 𝒛(1), . . . , 𝒛(𝐾) ∈
ℂ
𝑁 , modelled as independent and identically distributed

(i.i.d.) complex normal random vectors with zero-mean and
covariance matrix 𝑹0, are available at the receive side.
Hence, denoting by 𝑹̂ the resulting sample covariance
matrix, the design parameters involved in (6) are set as:
𝐾max = 𝜆max(𝑹̂)/𝜆min(𝑹̂), 𝜎2 = 1, 𝜖 =

√
0.025 tr (𝑪),

with 𝑪 = (1/𝑁) tr (𝑹̂† ⊗ 𝑹̂) [17], and 𝜖𝑃 = 0.15 × 𝑃 ,
with 𝑃 = max(𝜎2𝑁, tr (𝑹̂)). Furthermore, 𝐼𝐵 = Θ1 and
𝐸𝐵 = 1.1× 𝐸𝐵0, where

𝐸𝐵0 =

∫

𝐼𝐵

(
𝒔(𝜈)†𝑹̂𝒔(𝜈)

)
𝑑𝜈.

Besides, 𝑹̂0 is computed projecting 𝑹̂ over the closed
convex set (6) excluding the similarity constraint in Ω2.
Finally, unless otherwise stated, 𝜁 = −32 dB is forced in
the sidelobe constraint.

A bimodal clutter model is considered to describe the
presence of statistically independent ground and sea clutters
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in addition to the white noise; specifically [18],

𝑹0(𝑛,𝑚) = CNR𝑆𝜌
(𝑛−𝑚)2

𝑆 𝑒𝑗2𝜋(𝑛−𝑚)𝑓𝑆 +

CNR𝐺𝜌
∣𝑛−𝑚∣
𝐺 + 𝜎2

𝑛𝛿𝑛−𝑚,

(𝑚,𝑛) = {0, . . . , 𝑁−1}2, where 𝜎2
𝑛,dB = 2 dB is the white

noise power level, CNR𝑆,dB = 10 dB and CNR𝐺,dB = 25
dB denote the power for the sea and the ground clutter,
respectively; 𝜌𝑆 = 0.8 and 𝜌𝐺 = 0.95 are the one-lag
correlation coefficients for the sea and the ground clutter,
respectively; 𝑓𝑆 = 0.2 is the normalized Doppler frequency
of the sea clutter, whereas 𝛿𝑘 is the Kronecker delta function.

For comparison purposes, the performance of some coun-
terparts available in the open literature are also reported;
precisely

∙ 𝒘★
1 : the Capon filter [6] with 𝜈 the equal to the mean

Doppler value, say 𝜈;
∙ 𝒘★

2 : the SMI filter [7];
∙ 𝒘★

3 : the filter devised according to [2], assuming
as nominal direction 𝒂 = 𝒔(𝜈) and evaluating the
size of the trust region, say 𝜖3, through the proce-
dure illustrated in [4]: 1) draw out 𝐿 steering vec-
tors 𝒔(𝜈𝑙) with 𝜈𝑙 ∈ Θ1, 𝑙 = 1, . . . , 𝐿 (𝐿 =
100 equally-spaced frequency values); 2) set 𝜖3 =

min
(
max𝑙 {∥𝒔(𝜈𝑙)− 𝒂∥} ,√𝑁 − 10−1

)
;

∙ 𝒘★
4 : the filter obtained via the algorithm in [4], con-

sidering the covariance matrix uncertainty set 𝒰 ≡ Ω
and evaluating the parameters 𝑷 and 𝒔 character-
izing the ellipsoidal uncertainty region, through the
following procedure, [4]: 1) repeat steps 1 involved in
synthesis of filter 𝒘★

3 ; 2) define the ellipsoid center
as 𝒔 = (1/𝐿)

∑𝐿
𝑙=1 𝒔(𝜈𝑙); 3) let 𝒔𝑙 = 𝒔(𝜈𝑙) − 𝒔,

𝑙 = 1, . . . , 𝐿 and compute 𝑷 = (1/𝐿)
∑𝐿

𝑙=1 𝒔𝑙𝒔𝑙
†; 3)

evaluate 𝛼𝑃 = max𝑙
{
𝒔𝑙

†𝑷−1𝒔𝑙
}

and set 𝑷 = 𝑷 /𝛼𝑃 ;
∙ 𝒘★

5 : the filter devised through the algorithm in [3],
selecting the design parameters via the following proce-
dure, [4]: 1) repeat steps 1 and 2 involved in the design
of 𝒘★

4 ; 2) set as nominal direction either 𝒂1 = 𝒔(𝜈) or
𝒂2 = 𝒔 and evaluate the corresponding uncertainty size
as 𝜖𝑖5 = max𝑙

{∥𝒔(𝜈𝑙)− 𝒂𝑖∥}, 𝑖 = 1, 2; 3) select the
filter parameters (𝒂, 𝜖5) as the pair (𝒂𝑖, 𝜖𝑖5), 𝑖 = 1, 2,
that provides the best average performance.

Finally, the Doppler filter devised through the proposed
procedure is referred to as 𝒘★

6 .
The performance assessment of the aforementioned

Doppler filters is studied in terms of average SINR
value (over MC = 100 i.i.d. realizations of 𝐾 sec-
ondary data sets) achieved in correspondence of the
Doppler frequency 𝜈 ∈ [0, 1[, i.e., ˆSINR(𝜈) =
(1/MC)

∑MC
𝑚=1 ∣𝒘𝑚†𝒔(𝜈)∣2/𝒘𝑚†𝑹𝒘𝑚, where 𝒘𝑚 repre-

sents the Doppler filter devised according to a specific design
strategy for the 𝑚-th set of secondary data 𝑚 = 1, . . . ,𝑀𝐶.

In Figure 1, we illustrate the performance of the Doppler
filters 𝒘★

𝑖 , 𝑖 = 1, . . . , 6, when Θ1 = [𝜈 − 2/𝑁, 𝜈 + 2/𝑁 ]

and Θ2 = [0, 𝜈 − 3.5/𝑁 ]
∪
[𝜈 + 3.5/𝑁, 1] with 𝜈 = 10/𝑁 .

Specifically, Figure 1a reports ˆSINR(𝜈) whereas Figure 1b
displays the normalized (to the maximum value) average
Energy Transfer Function (ETF) versus 𝜈 of some Doppler
filters, i.e., the square modulus of their frequency response.
The sets Θ1 and Θ2 are shaded in light green and red,
respectively.

As expected, 𝒘★
1 achieves the highest SINR value in

correspondence of 𝜈 due to the exact knowledge of both
𝑹0 and the target Doppler frequency. Nevertheless, the
Capon filter is not able to provide reasonable SINR values
in the other Doppler frequencies of interest. Besides, its
adaptive version 𝒘★

2 experiences a significant SINR loss
also in correspondence of the nominal target frequency
𝜈, further highlighting the importance of robust filtering
design strategies. In this respect, inspection of Figure 1a
reveals that 𝒘★

6 exhibits a worst average SINR (within the
Doppler uncertainty set Θ1) higher than the counterparts,
with gains of about 1.64 dB, 4.73 dB, and 42 dB over 𝒘★

4 ,
𝒘★

5 , 𝒘★
3 , respectively. These gains stem from the description

accuracy of the uncertainty sets granted by the proposed
class of filters and confirm the effectiveness of the devised
framework. Otherwise stated, the ellipsoidal model may not
be able to faithfully reproduce 𝒮 leading to some SINR
losses. Furthermore, the filters 𝒘★

𝑖 , 𝑖 = 1, 2, 3, 4, 5, share
a poor behaviour in correspondence of the sidelobe region
Θ2 reflecting the fact their design strategy does not account
for any sidelobe constraint. This is indeed shown by Figure
1b, where the reported ETF curves highlight that, unlike
𝒘★

6 , 𝒘★
4 (that is the major competitor to 𝒘★

6 in terms of
achieved worst SINR value) exhibits very high sidelobes.
As a consequence, unlike 𝒘★

6 , the presence of outliers may
seriously impair the performance of 𝒘★

4 .

IV. CONCLUSIONS

Constrained design of radar Doppler filters has been con-
sidered assuming the output SINR as performance measure.
To account for possible mismatches between the design and
the operative conditions some specific uncertainty sets have
been associated with both the target Doppler frequency and
the interference covariance matrix. Besides, a constraint on
the filter sidelobe response has been enforced to control the
amount of interference energy produced by targets lying in
the same range cell as the target of interest.

The results have highlighted that the new class of filters
may ensure enhanced worst-case performance (in terms of
achieved SINR value) over some already available counter-
parts. As a consequence, the devised algorithm represents a
viable means to mitigate the deleterious effects of modelling
mismatches while keeping satisfactory SINR values.
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 Abstract—In Electronic Warfare, and more specifically in 
the domain of passive localization, accurate time 
synchronization between platforms is decisive, especially on 
systems relying on TDOA (Time Difference Of Arrival) 
measurements. This paper investigates this issue by 
presenting an analysis in terms of synchronization 
performance of an experimental passive localization system 
based on off-the-shelf components. This system is detailed, as 
well as the methodology used to carry out the acquisition of 
real data. This experiment has been realized with two 
different kinds of clock. The results obtained in the two cases 
are compared through the analysis of their Allan time 
deviation. The choice of this metric is explained and its 
properties are discussed in the scope of an airborne bi-
platform passive localization context. Conclusions are drawn 
regarding the overall performance of the system. 

Keywords—synchronization; time deviation; TDOA; passive 
localization; USRP  (Universal Software Radio Peripheral) 

I.  INTRODUCTION 
Historically, most passive localization systems based on 
electromagnetic radiation have been developed in the 
context of Electronic Warfare (EW), and were denoted as 
ESM (Electronic Support Measures). Various military 
applications have emerged, where ESM devices are 
mounted on board different kinds of platforms: airborne 
[1], naval [2] or even spatial [3]. 

Passive localization systems use the properties of a signal 
received at different positions and/or dates in order to 
compute an estimate of the position of the radiating source. 
These systems differ from communication systems in that 
the source does not cooperate with the receiver, thus the 
waveform is unknown a priori and cannot be used to 
calculate an estimate of the position of the source.  

Traditionally, these systems have relied on AOA (Angle 
Of Arrival) measurements to triangulate the position of the 
source, but this technique needs time to give an accurate 
position estimate. This is why other types of measurements 
have been introduced. Many modern techniques used in 
passive localization now rely on time based (or frequency 
based) measurements on different platforms. For example, 
multilateration techniques are based on the calculation of 
Time / Frequency Difference Of Arrival (T/FDOA) [1]-
[3], [4]-[5], and scan-based localization techniques use the 

dates of interception of the main lobe of a rotating emitter 
[6]. Since the measurements depend on the time on two or 
more remote platforms, several clocks are needed. All 
clocks have imperfections which make them drift, yet a 
single time base must be maintained all along the 
measurement time, hence the need to synchronize the two 
devices [5]. 

Synchronization can be done in practice by exchanging a 
signal in different configurations: one-way, two-ways, 
common view [7]. It is also possible to dispense with a 
sync signal if beacons of known positions can be seen by 
the receivers [8]. 

This article focuses on a system designed for TDOA 
localization in a short-base airborne ESM context. This is a 
challenging scenario for a synchronized system because 
the measured time differences are small (100 – 1.000 ns) 
thus the synchronization error must be kept well under 
these values in order to have good precision [5]. In the 
scope of this article we will try to determine what 
performance in sync error we can expect in real-life 
situations via implementation and analysis of a full 
synchronization system, comprised of hardware (clocks, 
digital receivers) and software (delay estimation algorithm) 
processing.  

The paper is organized as follows: Section 2 presents some 
theoretical background on clock impairments and how to 
characterize sync error; Section 3 describes the 
methodology and the experimental process of the 
measurements which were carried out; In Section 4 the 
results for two different types of embedded clocks are 
shown and analyzed from an operational point of view; 
finally, global conclusions and perspectives are presented 
in Section 5.  

II. TIMEKEEPING ISSUES  

A clock can be modeled as a device producing a sine wave 
output of the form [9]: ܸሺݐሻ = ൫ ଴ܸ + ߳ሺݐሻ൯ sin൫2ߨ ଴݂ݐ + ߶ሺݐሻ൯. (1) 

where ଴ܸ is nominal peak output voltage, ߳ሺݐሻ amplitude 
noise, ଴݂ nominal frequency and ߶ሺݐሻ phase fluctuation 
(noise). In the case of time and frequency analysis, we can 
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usually ignore the ߳ሺݐሻ term. From there we can identify 
two parameters of interest [9]: 

• Time fluctuation: ݔሺݐሻ = ߶ሺݐሻ/2ߨ ଴݂.  (2) 

• Fractional frequency, derived from the latter: ݕሺݐሻ =  (3)   .ݐ݀/ሻݐሺݔ݀

Due to the non-stationary nature of ߶ሺݐሻ, these quantities 
cannot be analyzed through traditional statistics, the 
standard variance estimator will not converge as the 
number of samples increases [10]. In order to have a way 
to evaluate the amount of fluctuation of fractional 
frequency ݕሺݐሻ, the Allan variance ߪ௬ଶሺ߬ሻ was introduced 
[9][11]. It measures the variance of the difference of two 
values of ݕ spaced by a time ߬. Other versions of the Allan 
variance were developed, like the modified Allan variance, 
whose estimates converge more quickly and are capable to 
distinguish between more types of noise [9][12]. The 
expression of its estimate in terms of time data is: ݀݋ܯ	ߪ௬ଶሺ߬ሻ = ଵଶ௠మఛమሺேିଷ௠ାଵሻ ൈ   

    ∑ 	ேିଷ௠ାଵ௝ୀଵ ൣ∑ ሺݔ௜ାଶ௠ െ ௜ା௠ݔ2 + ௜ሻ௝ା௠ିଵ௜ୀ௝ݔ ൧ଶ.  (4) 

where ߬ is the time horizon on which the variance is 
calculated, ݔ௞ the ݇௧௛ sample of a dataset containing ܰ 
values of ݔሺݐሻ sampled every ௦ܶ, and ݉ = ߬/ ௦ܶ	the 
number of samples of ݔሺݐሻ contained in the time horizon ߬ 
(݉ must be an integer such as ݉ ≥ 1).  

The time Allan variance is based on the modified 
(frequency) Allan variance and characterizes the time error 
of a clock [13]. It can be expressed as: ߪ௫ଶሺ߬ሻ = ሺ߬ଶ/3ሻ ⋅  ௬ଶሺ߬ሻ.  (5)ߪ	݀݋ܯ

All the considerations stated above refer to the 
characterization of a single clock. But in practice it is not 
possible to measure the absolute fluctuations of a clock 
 without having another clock to use as a (ሻݐሺݕ ሻ andݐሺݔ)
time reference for ݐ. Therefore ݔሺݐሻ and ݕሺݐሻ do not 
represent the absolute fluctuation of a single clock but the 
fluctuations of a clock relative to another reference clock. ݔሺݐሻ = 0	s means that at a date ݐ the two clocks are 
perfectly aligned with each other. ߪ௫ሺ߬ሻ can be interpreted as the standard deviation of the 
time error between the clocks considering an integration 
time of ߬. For example, considering that the time error is a 
white phase noise (such as in the simulation illustrated on 
Figure 1a), we have ߪ௫ሺ߬ሻ ∝ 1/√߬ [13] (as shown on 
Figure 1b). It means that the lowest standard deviation of 
the error is attained when ߬ → ∞, so the synchronization 
process must apply a correction offset corresponding to the 
mean of as many values of ݔሺݐሻ as possible. 

 
Fig. 1. Representation of time error as a function of time 	(Fig. 1a, top) 
and time deviation as a function of integration time (Fig. 1b, bottom) of a 
simulated white phase noise process.  

On the contrary, if the time error can be modeled by a 
white frequency noise (like the simulation in Figure 2a), 
we have ߪ௫ሺ߬ሻ ∝ √߬ [13] (see Figure 2b). In this situation, 
the lowest standard deviation is achieved when ߬ → 0 i.e. ௦ܶ → 0. In this case, the best synchronization strategy is to 
sample ݔሺݐሻ at the highest frequency and use the vector of 
time errors to correct the time base, without any averaging. 

 
Fig. 2. Representation of time error as a function of time	(Fig. 2a, top) and 
time deviation (Fig. 2b, bottom) of a simulated white frequency noise 
process.  

In the case of a complex noise model composed of the sum 
of different noise types (for example in Figure 3, white 
phase noise and white frequency noise), the function ߪ௫ሺ߬ሻ 
may reach a minimum ߬଴. Again, an example is given in 
Figure 3. There, a good way to have a synchronized time 
base may be to compute the mean of ݔሺݐሻ (which is 
sampled every ௦ܶ଴	with ௦ܶ଴	 ൑ ߬଴) on a sliding window of 
width ߬଴ and use the series of these means as a correction.  
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Fig. 3. Representation of time error as a function of time	(Fig. 3a, top) and 
time deviation as a function of integration time (Fig. 3b, bottom) of a 
simulated noise process composed of both white phase noise and white 
frequency noise.  

Now we will try to apply the same type of analysis and 
identify the noise type of real time error data that could 
have been obtained in an actual ESM system. 

III. METHODOLOGY AND MEASUREMENTS 

In this section will be described the experimental protocol 
used to acquire time fluctuation data on a passive bi-
platform localization system. What we want to evaluate 
here is not just the performance (in terms of time error) of 
the clocks of the receivers, but the overall performance of 
a whole passive system, composed of two remote 
receivers, including their internal hardware and software 
processing, their clock and their synchronization protocol. 

The receivers used for this experimental study are two 
Software Defined Radio (SDR) platforms based on a 
USRP B210 (receiver #1) and a B200 (receiver #2) card, 
linked to a laptop computer to record the data.  This setup 
was chosen because it allows quick development and 
experimentation tasks on radiofrequencies from 70 MHz to 
6 GHz, it is quite cheap and is available off-the-shelf. 
Experimental studies on TDOA have already been carried 
out on USRP devices such as [14] but they did not analyze 
thoroughly synchronization error. 

Here, in order to have an accurate way to measure time 
error between two receivers, a synchronization system has 
been developed (Figure 4), based on the emission of a 
periodic sync signal. The emitter of this signal is actually 
collocated with receiver #1, inside the B210 card. 

 
Fig. 4. Diagram of the experimental set-up. 

 

 

 

 

The sync signal is used for two things: 

• When it is detected (via a simple threshold 
detector on the signal’s band), the receivers start 
recording a fixed number of samples into a 
timestamped file. This avoids to record 
permanently and to have a huge amount of data 
to process in the following steps. 

• The complex envelopes of the sync signals 
recorded by the two receivers are processed to 
accurately obtain the time difference between 
them 

This delay estimation process is described in [15] and [16]. 
It is done in four steps, as illustrated on Figure 5: First the 
complex envelopes are cross-correlated, next the points 
around the main peak of the cross-correlation function are 
selected, these points are then interpolated by a parabola, 
and finally the apex of the parabola is computed, which 
corresponds to the final estimate of the delay between the 
two signals. In our experiment, the two receivers are 
situated right next to each other so the difference of path of 
the sync signal between the two platforms can be 
neglected. Thus the value at the output of the delay 
estimation chain directly corresponds to an estimate ݔොሺݐሻ	of ݔሺݐሻ the time error between each receiver. 

 
Fig. 5. Diagram of the delay estimation process 

Due to these different purposes, there are different 
requirements on this signal: 

• When cross-correlation is computed from the 
envelope of the signals contained in the two files, 
the cross-correlation peak must be unambiguous: 
there must be a single peak which occurs inside an 
interval of possible delays. Indeed, if the sync 
signal is periodic with a short period – shorter than 
the maximum time offset expected between the 
two records – there will be several cross-
correlation peaks that could correspond to a 
consistent delay estimation. 

• This cross-correlation peak needs to be narrow to 
improve the accuracy of delay estimation. In [15] 
is stated that the standard deviation of the time 
offset estimation is proportional to 1/ߚ, where ߚ 
is the “root mean square radian frequency” of the 
cross-correlated signals, defined by ߚ = ߨ2 ൤׬ ௙మௐೞሺ௙ሻௗ௙ಮషಮ׬ ௐೞሺ௙ሻௗ௙ಮషಮ ൨ଵ/ଶ   (6) 

where ௦ܹሺ݂ሻ is the signal power density spectrum. 
Hence the synchronization signal needs to have 
high frequency components to provide accurate 
delay estimation. 
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A signal complying with these requirements has been 
chosen arbitrarily (represented on Figure 6). It is composed 
of a carrier modulated in amplitude by a low and a high 
frequency signal (satisfying respectively the first and 
second requirement). ݏሺݐሻ = sinሺ2ߨ ଵ݂ݐሻ sinሺ2ߨ ଶ݂ݐሻ݁௝ଶగ௙ಽೀ௧. (7) 

where ଵ݂ and ଶ݂ are the frequencies of the modulated 
signals and ௅݂ை is the carrier frequency. 

 
Fig. 6. A representation of the envelope of the sync signal with fଵ =1	kHz and fଶ = 30	kHz, sampled every T = 143	ns 
The settings used during the measurements are grouped on 
Table 1. 

TABLE I. VALUES OF THE PARAMETERS OF INTEREST 

P. Value Description

௦ܶ 10	s Sync signal period of emission ܶ 143	ns Sampling period ܦ௥ 200	ms Duration of the record of the sync signal

ଵ݂ 1	kHz Frequency of the first modulation  of the sync 
signal 

ଶ݂ 3	MHz Frequency of the second modulation  of the 
sync signal 

௅݂ை 5	GHz Nominal frequency of the local oscillators on
the receivers and emitter 

Now that we have a system capable of giving time 
fluctuations measurements between two receivers, the 
next step is to produce these data in conditions that are 
consistent with operational contexts. 

IV. MESUREMENT ANALYSIS 

Two experiments have been carried out, each featuring a 
different type of clock (A or B). The same clock type is 
mounted on both receivers on an experiment. Clocks type 
A are TCXO (Temperature Compensated crystal 
Oscillator) and clocks type B are GPSDO (GPS 
Disciplined Oscillator), which are clocks actually based on 
the same TCXO but joined to an internal control loop 
using the 1-PPS (Pulse Per Second) signal from a GPS 
receiver as a reference. 

Figure 7 represents two series of time fluctuation 
measurements ݔොሺݐሻ between the two platforms, with the 
reception system fitted either with clocks type A or clocks 
type B. Figure 8 shows the Allan time deviation computed 
from the latter measurements using (4) and (5). The 
acquisition time for these experiments was 4 hours. The 
Allan deviation plot is limited to 1 hour (3600 s), because 
values of ߪ௫ොሺ߬ሻ for ߬ close to acquisition time may not be 
relevant (less samples are averaged, the confidence interval 
is too large). In other applications, longer acquisition time 

is often used to analyze the long term behavior of a clock, 
but in our context of airborne ESM, it appears unlikely that 
the platforms remains in flight and unable to synchronize 
for more than an hour. 

 

Fig. 7. Measured time error ݔොሺݐሻ between platforms, for the two 
experiments 

Fig. 8. Experimental Allan time deviation ߪ௫ොሺ߬ሻ between platforms 

What we can see from the time deviation plot (Fig. 8) is 
that the free running clocks (type A) have good short term 
stability but when it is left unsynchronized for a long time, 
time deviation ߪ௫ොሺ߬ሻ increases proportionally to ߬ଷ/ଶ, 
which is characteristic of a random walk frequency 
modulation noise [13]. Type A clocks reach a minimum 
time deviation of 2.5 ns. This minimum is reached when ݔොሺݐሻ is averaged during a period ߬଴ = 40	s. 
Clocks type B have a worse short term stability, probably 
because of an internal control loop which may introduce 
some high frequency noise in the system. Time deviation 
increases proportionally to ߬, which is representative of a 
flicker frequency modulation noise [13]. But then it 
becomes constant (i.e. ݔሺݐሻ is affected by flicker phase 
modulation noise) after 60 seconds, showing a time 
deviation of ߪ௫ොሺ߬ ൐ 60	sሻ ൎ 40	ns, which is coherent with 
time accuracy for a GPS signal [17]. 

If we extrapolate the results, we see that the minimum time 
deviation is achieved by using clock A when ߬ ൏ 350 s 
and clock B when ߬ ൐ 350 s. So if the synchronization 
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period ௦ܶ is high (or even infinite: no sync signal 
exchanged), a GPSDO appears to be the best choice. 
Typically, this case can happen if the datalink providing 
synchronization capabilities to the receivers is restricted or 
unavailable (for stealth purposes or because of jamming). 
On the contrary, if a short period synchronization signal is 
available, a standard TCXO seems to be a better option. 
This is the most common case, where the platforms are not 
flying inside a hostile zone. 

For a TDOA system, the overall standard deviation of the 
TDOA measurement error is given by: ்ߪ஽ை஺ = ඥߪ௫ොሺ߬ሻଶ +  ௜ଶ.   (8)ߪ

where ߪ௜ଶ is the variance of the instrumental error, 
considered constant over time and independent from 
synchronization error. In the system we have studied, the 
time deviation analysis has given a lower bound on the 
TDOA error: ்ߪ஽ை஺ ≥ 2.5	ns. This analysis also helped to 
determine some conditions to attain this lower bound: in 
our case a TCXO must be used and a correction offset 
must be calculated by averaging time fluctuations for 40 s 
around the dates of the TDOA measurements.  

V. CONCLUSION 

The objective of this paper was to point out that the tools 
developed in frequency analysis (and more particularly the 
Allan Time Deviation) are very useful to characterize the 
performances of distributed passive localization systems. 
These tools help understand the operational impact of 
technological decisions such as the choices concerning the 
type of oscillator or the synchronization period of the 
datalink. In order to attain this objective, a simple but 
realistic bi-platform system has been set up and time error 
data has been generated using two different sets of clock. 
Time deviation has been computed from these data, and 
from the time deviation plot different operational 
conclusions have been drawn. 

In this paper we only focused on time error noise, but the 
same principles could be extended to characterize 
complicated noise processes from other kinds of sensors, 
such as Inertial Measurements Units (IMU). 
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Abstract—Existing missile radar seekers use a mechanical
rotating antenna to steer the radiating beam in the direction
of the target. Recent research is investigating the possibility to
replace the mechanical RF seeker with a novel 3D conformal
antenna, embedded below the radome, that can steer the beam
electronically. 3D conformal antenna arrays may offer many
advantages, such as a higher gain and an extended coverage,
and new degrees of freedom which derive from the resulting
higher flexibility in the choice of the 3D shape. Despite this, they
also present new technical challenges, related to the robustness
of the beampattern characteristics as a function of the steering
angle, that must be addressed.

The overall objective of our research is to design, prototype
and assess the performance of novel 3D conformal antenna
arrays for RF seekers. In order to do this, a first study has
been carried out to generate and display the polarisation
pattern of any 3D antenna arrays. In this paper, we present
an electromagnetic antenna tool that has been developed to
carry out an analysis of beamforming and polarisation for any
shape of 3D antennas. The program imports the pattern of
an individual element of the array and generates the global
radiation pattern by coherently summing the contribution of
each element. One feature of the tool is the calculation of
the polarisation pattern induced by the conformation which
provides a complete description of the time varying electric field
of the array.

List of symbols

Symbol Meaning

𝐸𝑥, 𝐸𝑦 , 𝐸𝑧 Components of the electric field
𝐸𝑥𝑟𝑜𝑡, 𝐸𝑦𝑟𝑜𝑡, 𝐸𝑧𝑟𝑜𝑡 Components of the rotated electric

field
𝐸𝑛 Electric field of the n-th antenna

element
𝐸𝑡𝑜𝑡𝑎𝑙 Electric field of the whole array
k Wave number
r Position vector of the n-th element
u𝑛 Vector direction of a unity sphere
𝐸𝜃 Elevation component of the field
𝐸𝜑 Azimuth component of the field
𝜒 Ellipticity
𝜌 𝐸𝜃/𝐸𝜑
𝜃, 𝜑 Steering directions in the 3D space

I. INTRODUCTION

Existing RF seeker antennas are flat and steer the beam
with a rotational mechanism. This technology of antenna
has many drawbacks: it is slow, bulky and fragile, it offers
a limited coverage, and cannot provide tracks of multiple
targets simultaneously. To counteract these drawbacks, a 3D
conformal electronically steerable antenna is proposed. The
3D shape offers a wider elevation coverage and the electronic
control results in a faster moving beam that can potentially
allow multi-target tracking. The mechanical system removal
may also reduce the RF seeker weight and costs and increase
the system robustness against the vibrations produced by
the high-speed missile (up to Mach 4). Recent technological
advances, such as 3D printing and new selective metallisation
technology, have ensured that the production of 3D antennas is
now feasible at a relatively low cost. A sketch of a 3D antenna
is shown in Fig. 1.

It is well known that for a flat array with aligned and
identical elements, the global radiation pattern and polarisation
show the same properties of that of a single element. However,
when the elements are conformed over a 3D shape, single
element contributions interfere with one another and this
results in a different and a complex co-pol and cross-pol
pattern. Because of this, further studies are required to find
suitable 3D solutions. In the existing literature, a lot of work
has been carried out to optimise the radiation pattern of a
given array exploiting various existing optimisation methods
[1], [2], [3]. In [4], the authors presented a fast iterative method
to optimise the co-polarisation and cross-polarisation patterns
of an antenna array consisting of dipoles conformed over a
truncated cone shape. They showed that the use of a simple
radiating element results in a significant limitation in the
control of the radiating beam. In [5], the authors optimised the
excitation in order to achieve sidelobes and cross-polarisation
levels 30dB below the co-pol main beam. They carried out
their analysis using a sphere covered with dual-polarised patch
elements. In [6], the author optimised the excitation of the
elements to reach a desired radiation pattern of a difference
channel. The spherical representation and the 3rd Ludwigs
definition [7] were used in [1] - [6] to minimise the cross-
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Fig. 1: Antenna below the radome

polarisation pattern of a 3D array. Other works, such as [8],
have analysed the polarisation by characterising the magnitude
of the ratio between the co-pol and cross-pol components.
Most of previous studies have investigated the polarisation
properties by analysing the co-pol and cross-pol patterns.
However, there is little work in the literature attempting to
fully describe the polarisation for 3D antennas in all directions
and very little results, if any, showing how the vector that
identifies the electric field rotates as a function of time.

The overall objective of our research is to design, prototype
and assess the performance of novel 3D conformal antenna
arrays for RF seekers. In this paper, we present a Matlab tool
that has been developed to compute the radiation pattern of
any 3D arrays. The array can be built with any type of element
and the 3D pattern is obtained by first importing the radiation
pattern of each element from a finite element software and
then by coherently adding all the single contributions. The
software allows the study of the pattern of any antenna shape
and displays the resulting polarisation pattern either by plotting
the polarisation ellipse or by displaying the magnitude and
directivity of co-pol and cross-pol components.

In section II, the description of the Matlab program is given.
In section III, an example with two orthogonal elements is
presented to illustrate the complexity and the impact of the
conformation on the polarisation. Finally a half-sphere antenna
polarisation is investigated as a potential shape for RF-seeker.

II. THE MATLAB TOOL PROGRAM

In order to progressively go towards the design and opti-
misation of a complex RF-seeker antenna, a Matlab program
has been developed to study the pattern of any 3D antenna
array. A scheme of the program framework is given in Fig. 2.
The developed software allows the user to import the radiation
pattern of any element once computed with a simulation soft-
ware (e.g. HFSS). This allows the study of arrays consisting
of complex elements for which an analytical expression of the
pattern is unknown. The main shape of the array is selected and
implemented by indicating the location of the phase centres of
each element and then the elements are rotated in 3D around
their phase centres to produce a specific antenna design. The
array beampattern is calculated by applying a suitable phase
difference to each element and then by superimposing each
contribution to compute the global array pattern. This tool
allows the testing of complex shapes with high flexibility.

1) Radiation pattern rotation: The rotation of an antenna
element is carried out in two steps. Firstly, the vectors of

Radiation pattern import

Real
Imag

x
y
z

Components

Rotation and position
      of each element

3D rotation Phase difference

Σ RotatedPattern x PhaseDifference

Display

Magnitude in dB Directivity in dB Polarisation chart

Fig. 2: Scheme of the Matlab tool
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Fig. 3: Scheme of the rotation

the radiation pattern are rotated and secondly their location
is changed. This two step rotation is illustrated in Fig. 3. We
assume a vector 𝐸1 tangent to an element antenna radiation
pattern. This element antenna is rotated by an angle 𝛼, it also
rotates the radiation pattern and the vector becomes 𝐸2. Hence,
once rotated, the components (𝐸𝑥1, 𝐸𝑦1) of the original vector
𝐸1 become (𝐸𝑥2, 𝐸𝑦2). Secondly, the position of the vector is
changed, in this example, it is rotated from the angle 𝜑 to the
angle 𝜑+ 𝛼.

Mathematically, the first step is achieved by multiplying the
3 components of the field, 𝐸𝑥, 𝐸𝑦 , 𝐸𝑧 , by a rotation matrix
M to obtain the new components: 𝐸𝑥𝑟𝑜𝑡, 𝐸𝑦𝑟𝑜𝑡, 𝐸𝑧𝑟𝑜𝑡.

⎡
⎣
𝐸𝑥𝑟𝑜𝑡
𝐸𝑦𝑟𝑜𝑡
𝐸𝑧𝑟𝑜𝑡

⎤
⎦ =𝑀

⎡
⎣
𝐸𝑥
𝐸𝑦
𝐸𝑧

⎤
⎦ (1)

The second step consists in moving the location of the
vectors from the direction (𝜃𝑖, 𝜑𝑖) to the direction (𝜃𝑗 , 𝜑𝑗).

2) The coherent sum: Once the rotation is applied and the
new expression of the electric field is known for the n-th
element E𝑛(𝜃𝑛, 𝜑𝑛), the coherent sum is carried out as:

E𝑡𝑜𝑡𝑎𝑙(𝜃, 𝜑) =
∑
𝑛

E𝑛(𝜃𝑛𝑗 , 𝜑𝑛𝑗) ⋅ 𝑒−𝑗𝑘r⋅u𝑛 (2)
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Fig. 4: Positions (blue sphere) and orientations (black arrows)
of the half-sphere antenna elements

where 𝑒−𝑗𝑘r⋅u𝑛 is the phase shift and k is the wave number.
The phase term in equation 2 can also be seen as a 3D array
factor. The calculation of the phase in all the directions is
carried out by a scalar product of the position vector r with
all the vector direction u𝑛 of the unity sphere. Then sum of
all the elements with their respective phase is carried out to
obtain and lead to the total radiation pattern: E𝑡𝑜𝑡𝑎𝑙(𝜃, 𝜑).

Finally the result can be displayed according to user choice,
in amplitude, directivity or polarisation. The following section
will expand this latter option.

3) Example of a 3D array: An example of the output of
the Matlab tool is given for a half-sphere shape covered with
100 Hertzian dipoles. The array consists of 5 rings of 20
elements each, and these are arranged so that the spacing
between elements increases as the angle 𝜃 increases. There is
no element at 𝜃 = 0∘. The topology and the radiation pattern
are shown in Fig. 4 and Fig. 5.

Results show that the resulting pattern is periodical with
repeating sidelobes and nulls. The number of repetition is 20
and this, as expected, matches the number of elements in each
ring. The pattern shows a low gain at 𝜃 = 0∘ due to the fact
that each element has an opposite phase with respect to the
z-symmetric axis of the array.

The simulation results of the software can be displayed as
the magnitude or directivity of the radiation pattern. When
the array polarisation state is sought, the main axis of the
polarisation ellipse is given thanks to the polarisation chart
which is introduced in Section III.

III. THE POLARISATION CHART

One of the key features of the developed tool is the polari-
sation chart. The analysis of the polarisation is a fundamental
point for future studies of the radar seeker performance. The
effects of target depolarisation can only be investigated if
the emitted antenna polarisation is perfectly known. Hence,
it is an imperative to have a complete description of all the
components of the electromagnetic field in all directions. Our
tool provides the polarisation state of the emitted signal and
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Fig. 5: Half-sphere radiation pattern

Fig. 6: (a) The Poincare sphere and the elliptic states ; (b) The
ellipse parameters

the time-trace of the electric field vector. A first convenient
representation gathers the amplitude and elliptical trajectory
of the electric vector by multiplying the 𝜃 and 𝜑 components
of the field, 𝐸𝜃 and 𝐸𝜙, by a phase varied from 𝜑𝑣𝑎𝑟 = 0∘ to
360∘.

𝐸 =

⎡
⎣

0
𝐸𝜃𝑒

𝑗𝜑𝑣𝑎𝑟

𝐸𝜙𝑒
𝑗𝜑𝑣𝑎𝑟

⎤
⎦

Another representation uses the Stokes parameters which
identify a point on the Poincaré sphere [9]. Each point of a
sphere represents a unique state of the polarisation as shown
in Fig. 6 and hence provides a figure of merit of the ellipticity
of the electric field trajectory. The expression of the ellipticity
in the Poincare sphere is given by the expression:

𝜒 =
1

2
arcsin(

𝐼𝑚𝑎𝑔(𝜌)

1+ ∣ 𝜌2 ∣ ) (3)

where 𝜌 = 𝐸𝜃

𝐸𝜙
.

A. Example of 2 orthogonal Hertzian dipoles

In order to show how polarisation can change for effect of a
3D conformation we present a simple example with Hertzian
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Fig. 8: Radiation pattern in directivity (dB) of the two orthog-
onal elements

dipoles. For this element, the Poynting vector points in all
directions and in a typical spherical coordinate system, the
electric field is fully described by the 𝜃 component. The dipole
radiates a pure linear polarisation in all directions.

Let us consider the case of two orthogonal 𝜆
4 -spaced

Hertzian dipoles arranged as shown in Fig. 7. This configura-
tion was chosen as it is arguably between the simplest possible
options in the 3D space, but as the same time, it highlights
how much complex the polarisation pattern can be for 3D
and conformal antennas. It is also simple enough to allow an
experimental verification of the theoretical results. We assume
that the dipoles are ideal and that there is no cross coupling
between elements.

The result of the constructive and destructive interferences
is shown in Fig. 8 with a plot of the directivity of the electric
field. Results show that a null and a maximum occur at (𝜃 =
45∘, 𝜑 = 0∘) and (𝜃 = 135∘, 𝜑 = 0∘). However, the gain
itself does not provide any insight about the polarisation state
of the emitted field.

There are at least three directions in the space for which
the results of the polarisation can be easily predicted.

∙ P1: In the z-direction, we have a null from the vertical
element and a maximum value from the horizontal one
along the 𝜃-component, hence, we should have a linear
polarisation.

∙ P2: In the x-direction, the reasoning is reversed, we have
a maximum from the vertical element and a null from the
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Fig. 9: Polarisation chart of the two orthogonal elements

horizontal one, hence, the polarisation is again linear.
∙ P3: In the y-direction, we have a maximum radiated

by each antenna and a phase of 90∘ between each
component due to the 𝜆

4 -distance between each element,
consequently we should have a circular polarisation.

The results of the simulation for the polarisation chart are
shown in Fig. 9. The references of the 𝜃 and 𝜑 angles are
given in Fig. 7. The ellipticity of the field varies from linear
to circular as expected passing through many different elliptic
states. The field rotation directions are also indicated by the
black and red dots. From black to red dots, the phase is
increasing from 0∘ to 90∘. Hence the array radiates right
handed circular polarisation.

We compare the simulation results with the three previous
predictions:

∙ P1: In the z-direction or (𝜃 = 0∘,𝜑 = 𝑋) the value of the
ellipticity is 𝜒 = 0∘, which means linear, this is correct.

∙ P2: In the x-direction or (𝜃 = 90∘,𝜑 = 0∘) the value of
the ellipticity is 𝜒 = 0∘,which means linear, this is also
correct.

∙ P3: In the y-direction or (𝜃 = 90∘,𝜑 = 90∘) the ellipticity
is 𝜒 = 45∘, which means circular, this is correct again.

If a linear polarisation is desired in all directions, and the
simulations show a very low amplitude where the field tends to
be circular, this may not be a problem. That is why cumulating
both information on the ellipticity and amplitude is necessary.
However, results stay qualitative and this is why ellipticity
calculated with the Stokes parameters can be used as a figure
of merit. Results are shown in Fig. 10 for all directions of
the unit sphere. The values of the ellipticity diagram are
between 0∘ and 45∘ after calculating the absolute value of the
𝜒 parameter. If the polarisation is linear the value is 𝜒 = 0∘

and if it is circular we have 𝜒 = 45∘. Otherwise the field
is elliptic. The values of the ellipticity are confirmed in the
prediction directions.
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Fig. 11: Polarisation chart of the half-sphere array

B. Polarisation ellipticity of a half-sphere

For completeness, the result of the polarisation analysis are
presented for the example of the half-sphere. The polarisation
chart and ellipticity are shown in Fig. 11 and 12. As expected
the antenna radiates both linear and circular polarisation.
Results also show that the polarisation is mostly linear and in
the directions where circular polarisation is radiated, the radius
of the ellipse is large meaning that the energy radiated is high.
Thus it may be desirable to change the element orientation to
avoid this effect. These results were somehow predictable. The
polarisation of one dipole is contained in the 𝜃 component but
after the rotation of the element a part of the field goes into
the 𝜑-component by projection. Because of this we can expect
circular polarisation in some directions for the total radiated
field.

IV. CONCLUSION AND FUTURE WORK

In this paper, we present a Matlab tool that has been
developed to compute the radiation pattern of any 3D arrays. A
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Fig. 12: Ellipticity of the half-sphere array

simple example with two dipole elements has been presented
where the emitted polarisation could be verified. A half-sphere
with 100 elements has also been studied to show the efficiency
of the tool. The Matlab tool can display the polarisation state
of the emitted field. This is an important effect induced by
the conformation and which requires further research. Future
work will look at controlling the polarisation deviation as a
function of the element orientation, the effect of non-linear
array and the effect of the polarisation deviation on the radar
performance.
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Abstract—As a l1/l2 norms-based estimation method, Huber’s 
M-estimation has provided an efficient method to deal with 
measurement outliers for robust filtering, which has been applied 
to the cubature Kalman filter (CKF), namely Huber’s M-
estimation based robust CKF (HCKF) and its square-root version 
(HSCKF). To further handle abnormal measurement noise, an 
adaptive method is proposed in this paper to adjust the 
measurement noise covariance used in the Huber’s M-estimation 
approach based on the difference between actual and theoretical 
innovation covariance, leading to adaptive HCKF (AHCKF) and 
adaptive HSCKF (AHCKF). Simulation results on a typical target 
tracking model have demonstrated their advantages over existing 
approaches in terms of estimate accuracy, outlier-robustness and 
reliability. 

Keywords—Robust estimation; M-estimation; point estimator; 
Kalman filter; target tracking 

I.  INTRODUCTION  

Dynamic state estimation has been a long-standing research 
topic concerned with the sequential process of estimating the 
state evolving over time that is periodically observed by sensors. 
The optimal recursive estimator in the Bayesian sense requires 
the complete posterior density of the state to be determined as a 
function of time. For a limited class of linear and Gaussian 
models, the Bayesian estimator is the exact Kalman filter which 
is a linear minimum mean square error (LMMSE) estimator for 
Gaussian linear system [1]. But, for a general nonlinear filtering 
problem, there is no analytic closed-form solution but one has to 
seek some forms of approximation.  

A common solution to approximate the arbitrary posterior 
density is sampling, which can be either random or 
deterministic. In the former case, the particle filter has gained 
the most popularity but it suffers from the intensive computation 
and has its own problems [2]. On the other hand, deterministic 
sampling, though most limited to the Gaussian uncertainty 
family, can be computationally much faster and has inspired a 
variety of different implementations such as the unscented 
Kalman filter (UKF), central difference Kalman filter (CDKF), 
divided difference filter (DDF), Gauss-Hemet filtering (GHF) 
and cubature Kalman filter (CKF) and square-root CKF (SCKF) 
[3], which differ from each other in the way to 
“deterministically” construct the samples to calculate the 
statistics of the Gaussian distribution after nonlinear 
transformation; see the surveys e.g. [4-5]. In particular, the 
CKF/SCKF is suitable for high-dimensional systems and enjoys 
better numerical stability, computational efficiency and 
accuracy [3].  

These Kalman-type filters are essentially point estimators 
which assume that both the process and measurement noises are 
known in priori. This is however unrealistic but instead they are 
often missing and have to be learned from either training data or 
online data; the latter is related to the robust filtering design and 
is the concern of this paper. For this, a maximum likelihood 
estimator was proposed to estimate the system noise based on 
the state residual (which is the estimate discrepancy between 
before and after the measurement update) in [6]. It was proposed 
to use the previous sensor data sequences to estimate the current 
noise covariance [7]. Furthermore, Busse [8] and Lee [9] 
proposed “sliding window” methods to account for more history 
information, gaining better results. However, these methods are 
ineffective to outliers (i.e. the measurement noise has a large 
singular value that is significantly abnormal). To overcome this, 
a noise statistic estimator was developed [10] to accommodate 
modeling uncertainties for robustness based on the principle of 
maximum a posterior (MAP). On the other hand, an adaptive 
method was proposed to switch between standard, adaptive and 
robust KF through measuring the innovation, to deal with clutter 
in both processes and measurements [11]. The modulation 
regimen used therein is a single element attached on the 
corresponding matrix, unlike Huber’s M (maximum-likelihood-
type)-estimation. Another robust and adaptive KF was proposed 
in [12], in which at any epoch, an initial state estimator is firstly 
calculated using only the current measurement through Huber’s 
M-estimation for robustness, which is used to improve the prior 
estimate of the noise covariance. The procedure can not only 
resist the influence of outlying kinematic model errors, but also 
control the effects of measurement outliers.  

The M-estimation that was proposed by Huber [13] based on 
generalized maximum likelihood estimation (MLE) can handle 
clutter in both processes and measurements. It was proposed to 
be applied in the KF for robust filtering [14], and then extended 
to other point estimators, such as, robust DDF [15], robust UKF 
[16-18] and robust CKF [19-21]. These robust M-estimation 
methods however cannot adjust the noise covariance adaptively 
when it does not match with the truth. The problem will become 
more severe in the case of significant outliers. To overcome this 
deficiency, in this paper, we propose an adaptive M-estimation 
strategy which aims to automatically adjust the measurement 
noise covariance, gaining adaptivity in addition to the robustness 
gained by Huber’s M-estimation. The M-estimation realized in 
our approach will modify the prior estimate of the covariance, 
different to [18]. Our algorithms, owning enhanced adaptivity 
and robustness, are realized with both CKF and SCKF, referred 
to as adaptive M-estimation based CKF (AHCKF) and SCKF 
(AHSCKF), respectively.  

The work is partly funded by Marie Skłodowska-Curie Individual Fellowships 
(Grant no. 709267) 
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The reminder of the paper is organized as follows. Huber’s 
M estimation is briefly given in Section II. Our improvement is 
given in Section III. Simulation evaluation is given in terms of 
estimation accuracy, filtering stability, and robustness in Section 
IV. We conclude in Section V. 

II. HUBER’S M-ESTIMATION 

We start with the following discrete-time state-space model 

1( )

( )

k k k

k k k

x f x w

y h x v

−= +

= +
   (1) 

where k is the time, ݔ௞ ∈ ℝ௡  is the state, ݕ௞ ∈ ℝ௡೤  is the 
measurement, ݂(∙)  and ℎ(∙)  are the state transition and 
measurement functions, ݓ௞ and ݒ௞ are the zero-mean Gaussian 
process noise and zero-mean Gaussian measurement noise with 
covariance matrixes Q and R respectively, i.e. 
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δ
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where ߜ௞௝ is Kronecker-delta function. 

We would omit the detail of the CKF and SCKF due to the 
page limitation and review Huber’s M-estimation [13-18] in 
brief. For Gaussian noises, the M-estimation can make the upper 
bound of progressive estimated variance to a minimum, and its 
robustness is better than l2-norm estimation while keeping the 
estimated efficiency of l1-norm estimation. Considering the state 
model given by (1), assume the state x is subject to a Gaussian 
distribution with mean ߤ and covariance	Σ. The M-estimation of 
state x is given by minimizing the following cost function 

 ( )1/ 2( ) ( )J x xρ μ−= Σ −    (3) 

where ߩ(∙) is an appropriate positive symmetric function. This 
is different from MLE that minimizes	(ݔ − ݔ)Σିଵ்(ߤ −  .(ߤ
 More specifically, on the predicted state ݔො௞|௞ିଵ we have 

| 1
ˆ

k k k kx x xδ−= +     (4) 

where ݔߜ௞ is state prediction error with covariance ௞ܲ|௞ିଵ. 

Given the measurement matrix ܪ௞  

( ), | 1

1
| 1

T

k xy k kk kH P P −
−

−=    (5) 

where ௫ܲ௬,௞|௞ିଵ is the state-measurement cross-covariance  
calculated using cubature samples [3], the measurement function 
can be reformulated in matrix as (a linear regression model) 
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Definite the quantities  
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Then the linear regression problem can be written as 

k k k kz M x χ= +     (11) 

Huber’s M-estimation minimizes the cost function 

1
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where ݑ௜ refers to the ith component of the residual vector	ݑ ௞ݔ௞ܯ= − ௞ݖ , and the function ߩ(∙)  is known as the “score 
function”, which can be defined as [19, 22, 24], 
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where c is a tuning threshold parameter. 

Setting the partial derivative of (12) as zero gives 
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where, ݔ௞,௟ is the ith component of state vector. Denoting  
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Eq. (14) can be rewritten as 

,
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which in the matrix form is 

0T

kM Wu =     (18) 

where	݉௜,௟ refers to the element of	ܯ௞ at ith row and lth column, ܹ = ଶݓ		ଵݓ]݃ܽ݅݀  .[௡೤ା௡ݓ		…		
An iterative solution to (17/18) could be given [14-18] as 
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where the superscript j refers to the iteration index. Finally, the 
state estimate error covariance matrix is computed from 

1

| ( )T

k k k kP M WM −=    (20) 

Usually, the number of iterations is only one. And the initial 
value could be	(ܯ௞்ܯ௞)ିଵܯ௞்  .௞ݖ

III. ADAPTIVE M-ESTIMATION BASED CKF/SCKF 

Any model-specific filters have their actual performance 
dominated by the veracity/quality of the model [23] (including 
parameters). If something occur “unexpectedly”, e.g. 
(estimated) noise covariance differs significantly from the truth, 
the filter will deteriorate or even fail. For this, to render the M-
estimation immunized to abnormal measurements, we propose 
to online compare the innovation covariance between the 
theoretical expectation and the truth for abnormal detection.   

Given that the received measurements are normal (namely, 
consistent with the truth), the true innovation covariance Σ௞ 
equals to the calculated one	 ௬ܲ௬,௞|௞ିଵ , i.e. 

, | 1 , | 1k yy k k y k k kP P R− −Σ = = +    (21) 

where ௬ܲ,௞|௞ିଵ  is the auto-covariance, and is calculated using 
the 2n samples of updated state	ࢄ௜,௞|௞ିଵ (see e.g., [3]) as 
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where	ࢅ௜,௞|௞ିଵ = ℎ൫ࢄ௜,௞|௞ିଵ൯, ො௞|௞ିଵݕ = ∑ ௜,௞|௞ିଵଶ௡௜ୀଵࢅ . 

One sliding window strategy to compute Σ௞ is based on the 
former m innovation estimator. 
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The simplest way is to use the current innovation vector only 
(namely ݉ = 1 in (24)) for computing	Σ௞, i.e.  

T

k k ke eΣ =     (25) 

If an abnormal measurement occurs, Eq. (21) will no longer 
hold except adding a time variant scalar factor ܽ௞	(ܽ௞ ≥ 1) [14] 
i.e. 

, | 1k y k k k kP a R−Σ = +    (26) 

or equivalently,  
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where ݎݐ(∙) denotes the trace of the related matrix. 

From (27), we have  
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The adaptive factor ܽ௞  is close to 1 when and only when the 
measurement is normal. Therefore, it provides a measure to 
detect the measurement abnormality and once abnormal 
measurements occur, a larger factor ܽ௞	shall be (calculated and) 
used for adjusting. The process can be described as follows. 

Given ,ො௞|௞ିଵݕ)ܰ~௞ݕ	 ௬ܲ௬,௞|௞ିଵ) , ݁௞~ܰ൫0, ௬ܲ௬,௞|௞ିଵ൯ we 
have 
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T
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where the column vector of ௞ܸ  is standardized feature vector, 
satisfying ௞்ܸ = ௞ܸି ଵ and ௬ܲ௬,௞|௞ିଵ = ௞ܸ߉௞ ௞்ܸ , and so we have ݁̅௞~ܰ(0,  ௞)   (31)߉

which can be used for normality test as (31) only holds for the 
normal measurement [24], which treats ݁௞	 as a whole unit 
without distinguishing its dimensions. In contrast, we propose to 
treat each dimension separately for finer (more sensitive) test. 
This is possible because ߉௞ is a diagonal matrix for which the 
elements of vector	݁̅௞ are independent with each other.  

, ,~ (0, ),   1,2,...,i k i k ye N i nΛ =   (32) 

where ߉௜,௞ denotes the ith diagonal element of	߉௞. 

Therefore, in the proposed normality test approach, different 
confidence coefficients/thresholds 	 ௜ܰ,௔೔  are used in different 
dimensions. The measurement data is identified to be abnormal 
when and only at least one dimension does not meet the 
normality test. The adaptive factor	ܽ௞ is then given as follows 
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We can see that	ܲ൛|݁̅௜,௞| > ௜ܰ,ఈ೔ൟ = 1 − ,௜ߙ 0 < 1 − ௜ߙ < 1, 
a smaller test threshold ௜ܰ,ఈ೔  implies more sensitive detection, 
which is suitable to be used in significant abnormal cases. As a 
rule of thumb, we recommend ௜ܰ,ఈ೔ ∈ ,௜,௞߉ൣ ௜,௞൧߉5 , in which ௜ܰ,ఈ೔ =   .௜,௞ corresponds to a confidence coefficient 99.74%߉3

In summary, the gained adaptive factor ߙ௞ will be used to 
replace the measurement noise covariance ܴ  by ௞ܴߙ	 , in the 
HCKF or HSCKF. This will enable the filter to detect abnormal 
measurement and to apply adjusting by ߙ௞	when abnormal is 
detected. This leads to the so-called adaptive HCKF (AHCKF) 
and adaptive HSCKF (AHCKF) respectively. 

IV. SIMULATION 

To verify the effectiveness of the proposed adaptive M-
estimation method in both AHCKF and AHSCKF, we use the 
target tracking model as given in [3] with the same parameters. 
The true target is initialized with ,଴ݔ)ܰ ଴ܲ|଴) , where ଴ݔ =[1000m, 300msିଵ	1000m	0msିଵ 	− 3°sିଵ] , ଴ܲ|଴ =diag[100mଶ	10mଶsିଶ100mଶ	10mଶsିଶ	100mradଶsିଶ]. 

The target state transition model is given as  
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where ܶ = 1s	is the sampling time; 	Ω = ,௞~ܰ(0ݒ ,is the turn rate	ଵିݏ3°− ܳ), ܳ = diag[0.1ܯ		ܯ0.1		1.75 × 10ିସܶ] with  
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The observation is a range and bearing vector given by  
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where ݓ௞~ܰ(∙; 0, ܴ௞), with ܴ௞ = diag([ߪ௥ଶ, ఏଶ]்), σ௥ߪ = 10m, σఏ = √10mradsିଵ.   

The measurement data generated by the normal 
measurement model are denoted as ‘data0’ namely the healthy 
data. On the other hand, the following five groups of morbid 
conditions are also simulated based on data0 to generate 
different types of morbid measurement data.  

data1 & data1’: three deviations [75	m			0.2 rad]் , [7.5	m			0.02 rad]்are respectively added to the measurement 
noise ݓ௞  when 20 < k < 60 and ݉݀݋(݇, 8)  = 0, 
where	݉݀݋(ܽ, ܾ)	gives the remainder of ܽ/ܾ. 

Data2: for	݉݀݋(݇, 8) 	= 	0, set ݕ௞ = [0	m			0 rad]், i.e. the 
measurements are missing when	݉݀݋(݇, 8) 	= 	0. 

Data3: set the measurement noise ݓ௞	as a mixed Gaussian 
noise, e.g.	݌௪ೖ = (1 − ,0)ܰ(ߙ ܴଵ) + ,0)ܰߙ ܴଶ), where ߙ is the 
percentage, in our simulation we set ߙ = 0.8 , ܴଵ =൤ 100	mଶ 15	m mrad15	m mrad 10	mradଶ ൨, ܴଶ = ൤10000	mଶ 10	m mrad10	m mrad 100	mradଶ൨. 

First, we choose different ఈܰ ∈ ,ఈ߉]  ఈ] and compare the߉5
average RMSE of position (over 50 Monte Carlo runs; each for 
20 < k < 60) produced by AHCKF when using ‘data1’ and 
‘data1’ ’ respectively. Then in a single run, we choose the 
maximum (minimum) suggestion of	 ఈܰ , i.e. ఈܰ = ఈ߉5 ( ఈܰ   .ఈ) using ‘data1’ ’(‘data1’). The results are plotted in Fig.1߉=

As shown in the upper subfigure in Fig. 1, for ‘data1’ ’ that 
has smaller abnormal mutations, larger test thresholds e.g., ఈܰ = ఈ߉5~4  result in higher estimation accuracy while for 
“data1” that has significant abnormal mutations, lower ఈܰ  ,ఈ result in higher estimation accuracy. This indicates that߉2~1=
the more significant the abnormal mutation is, the larger the test 
threshold ఈܰ	should be. Further on, as shown in the middle 
subfigure of Fig. 1, due to the significant abnormal mutations in 
measurements, smaller ܽ௞ (green) tends to gain higher accuracy. 
In the bottom subfigure, ܽ௞ is much larger than 1 only in the case 
that the abnormal mutation is significant, otherwise ܽ௞ almost 
equals to 1 indicating that the filter does not benefit much from 
the adaptive M-estimation in this case. 

In the next, four groups of measurement data including 
‘data0’, ‘data1’, ‘data2’, ‘data3’, are independently used with 
the standard CKF, the HCKF, the NRCKF in [16] and proposed 
AHCKF and the AHSCKF. Their separate RMSEs of position, 
velocity and turn rate given in Figure 2-5 respectively. From the 
results, we can have the following findings. 

(I). On ‘data0’ that are normal healthy measurement data, 
the performances of all CKFs are almost the same, indicating 
that robust filtering design is not necessary in this case while it 
will not cause side effects. 

(II). From Fig. 3 to Fig. 5, with the emergence of abnormal 
measurements, CKF performs badly in all cases due to the lack 
of robustness, while AHCKF and AHSCKF have gained the best 
accuracy among all. These are consistent with our theoretical 
expectation. More specifically, in Fig. 3, the estimation errors 
given by HCKF and AHCKF have “peaks” (indicating very 
worse accuracy) when abnormal measurements occur. In these 
cases, HCKF does not work well, because the score function 
rescales the measurement covariance weakly. In contrast, 
AHCKF benefits much from the use of the adaptive factor	ܽ௞ to 
adapt according to abnormal noises.  

(III). In the case of mixture Gaussian measurement noises 
(see Fig.5), the standard CKF has good results for	0 ≤ ݇ ≤ 60. 
But, it loses tracking at last. This also exposes the weakness of 
KF-type point estimators and the necessity for robustness 
design. In contrast, HCKF and AHCKF perform batter. Here, 
since the measurement errors are small, the superiority of 
AHCKF is not as significant as compared to HCKF as so shown 
in Figs. 3~4, although it still outperforms HCKF and NRCKF.  

(IV). In all cases, AHSCKF slightly outperforms AHCKF, 
demonstrating better quality.  

V. CONCLUSION 

An adaptive M-estimation method has been proposed to 
adjust the measurement noise covariance for robust recursive 
estimation to accommodate abnormal measurement noise. It has 
been implemented in two versions of robust CKFs: HCKF and 
HSCKF, resulting in the adaptive HCKF and adaptive HSCKF 
respectively. Simulations on a typical target tracking model 
demonstrate the effectiveness of the proposed method.  

 
Fig. 1 Top: Average RMSE of position during 20 < k < 60 for 
different ఈܰ(1߉ఈ~5߉ఈ); Middle and bottom: RMSE of position and ܽ௞ 
when threshold ௔ܰ	equals to 5߉ఈ in ‘data 1’ ’ and to	߉ఈ in ‘data 1’. 
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Fig. 2 RMSE of position, velocity and turn rate when using ‘data0’ 

 

Fig. 3 RMSE of position, velocity and turn rate when using ‘data1’ 

 

Fig. 4 RMSE of position, velocity and turn rate when using ‘data2’ 

 

Fig. 5 RMSE of position, velocity and turn rate when using ‘data3’ 

 It is necessary to note that, both the (Huber’s) M-estimation and the 
proposed adaptive M-estimation methods are based on the assumption 
that the models are correct, which however is limited in practice and 
shall be removed in a completely robust system.  
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Abstract—A Fractional Fourier Transform (FrFT) based
waveform design for joint radar-communication systems (Co-
Radar) that embeds data into chirp sub-carriers with different
time-frequency rates has been recently presented. Simulations
demonstrated the possibility to reach data rates as high as
3.660 Mb/s while maintaining good radar performance compared
to a Linear Frequency Modulated (LFM) pulse that occupies
the same bandwidth. In this paper the experimental validation
of the concept is presented. The system is considered in its
basic configuration, with a mono-static radar that generates the
waveforms and performs basic radar tasks, and a communication
receiver in charge of the pulse demodulation. The entire network
is implemented on a Software Defined Radio (SDR) device.
The system is then used to acquire data and assess radar and
communication capabilities.

I. INTRODUCTION

The employment of joint radar-communication systems
represents an innovative solution to the problem of continu-
ously increasing demand on bandwidth [1] and the need to
meet the low-SWaP (Size, Weight and Power consumption)
requirements.

Applications that can benefit from the technology proposed
in this paper include satellite and airborne Synthetic Aperture
Radars (SARs) that need to share sensed data with a ground
station rapidly [2]; nodes in a surveillance Multiple-Input
Multiple-Output (MIMO) radar network that need to exchange
information about targets; vehicles that need to interact in a
intelligent transportation network [3]. All these applications
may benefit from a joint-radar communication technology
which shares bandwidth, power and hardware resources to
perform radar and communication operations simultaneously.

A joint radar-communication system (Co-Radar) based
on Fractional Fourier Transform (FrFT) waveform has been
recently presented by the authors in [4]. The FrFT [5] was
shown to be suitable for orthogonal waveforms generation for
MIMO radar systems [6]–[9], and in this scenario it has been
exploited to map complex modulated symbols into different
chirp, or Linear Frequency Modulated (LFM), sub-carriers
with different time-frequency rates. Simulations demonstrated
the feasibility to reach data rate as high as 3.660 Mb/s,
while maintaining good radar performance in terms of range
resolution, Doppler resolution and Side Lobe Levels (SLLs)
when compared with a LFM pulse that occupies the same
bandwidth.

Different techniques of embedding data in the radar wave-
form have been previously proposed. In [10] and [11] informa-

tion bits are sent by exploiting the orthogonality between up-
chirp and down-chirp signals. Methods based on LFM pulses
phase-modulated through Binary Phase Shift Keying (BPSK)
and Minimum Shift Keying (MSK) symbols are presented
in [12] and [13], respectively. Stepped-frequency [14] and
Frequency Modulated Continuous Wave (FMCW) [15] based
joint radar-communication systems have also been proposed, as
well as Orthogonal Frequency Division Multiplexing (OFMD)
based systems [16], [17]. However, none of these previous
techniques is designed to achieve data rates up to 3.660 Mb/s
at medium ranges.

In this paper the experimental validation of the FrFT based
Co-Radar system [4] is reported. A basic configuration of the
system is considered: a mono-static radar generates the FrFT
waveforms, sends the pulses, listens to echoes and performs
basic radar tasks, while a communication receiver demodulates
the pulses.

The remainder of the paper has the following structure.
Section II summarises the concept of the FrFT based Co-
Radar waveform design framework presented in [4]. Section
III describes its implementation on a Software Defined Radio
(SDR) device, while the experimental setup and results are
presented in Section IV. Finally, Section V concludes the paper.

II. FRFT BASED CO-RADAR SYSTEM

In this section the FrFT based Co-Radar system [4] is
presented. The FrFT [5] is a time-frequency representation of
a signal and can be considered as a rotation by an arbitrary
angle 𝜙 of the signal itself in the time-frequency plane, such
that:

𝜙 =
𝜋

2
𝛼 (1)

where 𝛼 is called order of the transform. In the proposed
system, FrFTs with different orders are used to map the
modulated symbols into quasi-orthogonal chirp sub-carriers.

The block diagrams of the mono-static radar and the
communication receiver in a simple FrFT based Co-Radar
system scenario are shown in Figure 1 and described in the
following.

A. Mono-Static Radar

The block diagram of the mono-static radar in the consid-
ered basic configuration of the FrFT based Co-Radar system
is shown at the top of Figure 1. The serial-to-parallel (S/P)
block is used to divide the long sequence of bits coming from
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Figure 1. Block diagram of (top) the Mono-Static Radar and (bottom) the Communication Receiver of the FrFT based Co-Radar basic configuration [4].

the source into 𝐶 − 1 segments of 𝑁 bits each, where 𝐶
is the number of chirp sub-carriers composing the waveform.
The 0-th order sub-carrier is not used to carry information
bits. It accommodates a pilot waveform instead, used at the
communication receiver for synchronisation and phase com-
pensation. Since each pulse contains 𝑁× (𝐶 − 1) information
bits, the final bit rate is 𝑁 × (𝐶 − 1)× PRF b/s, where PRF
stands for Pulse Repetition Frequency. In each segment, 𝐺
guard bits are added at the end of the sequence in order
to compensate for the group delay introduced by the Root
Raised Cosine (RRC) filter. Then the sequence is spread
by using a chip sequence; the chosen chip sequence is a
𝐿-long Barker code, which leads to a spread sequence of
(𝑁 +𝐺) × 𝐿 bits. The interleaver is used to mitigate the
Inter-Carrier Interference (ICI) that occurs in the middle of
the sequence due to the overlap of the different chirp sub-
carriers and that generates a burst of errors. It is applied only
to the 𝑁 bits of information and aims to spread the burst of
errors across the entire spread sequence. The digital modulator
maps a series of 𝐵 bits into one of the 𝑀 = 2𝐵 possible
complex symbols belonging to the chosen modulation scheme
(i.e. PSK), leading to a (𝑁 +𝐺)×𝐿/𝐵 long symbol sequence.
The modulation scheme and the cardinality of its alphabet
𝑀 can be adaptively chosen according to the conditions of
the channel. The RRC filter is used to minimise the Inter-
Symbol Interference (ISI) that may be caused by the channel.
For efficiency, it is implemented as a multirate filter that up-
samples the output by a factor 𝑅, leading to a final sequence
of (𝑁 +𝐺)× 𝐿×𝑅/𝐵 samples.

The 𝐶−1 sub-waveforms obtained after the RRC filter are
then mapped to different chirp sub-carriers uniformly spaced
in the time-frequency domain. Note that the FrFT is periodic
in 𝜙 with period 2𝜋, however rotations of 𝜙 and 𝜙 + 𝜋
produce signals that overlap in the time-frequency plane. For
this reason, only angles in the range [0, 𝜋) are considered, that
leads to 𝛼 ∈ [0, 2). Thus, the uniformly spaced sub-carriers
are obtained by choosing the 𝑖-th fractional order to be equal
to 𝛼𝑖 = 𝑖𝛼̄, 𝑖 = 1, . . . , 𝐶 − 1, where 𝛼̄ = 2

𝐶 . Finally, the
parallel-to-serial (P/S) block combines the chirp modulated
sub-waveforms and the pilot sub-waveform by adding them
together. Specifically, the latter is a bi-phase coded signal run
by a Coarse/Acquisition (C/A) code [18] given by:

𝑝 [𝑛] = 𝑒𝑗𝜋(𝑎[𝑛]−
1
4 ) (2)

where 𝑎 [𝑛] is the selected C/A code properly up-sampled
and truncated to match the length, in samples, of the Co-
Radar waveform. Before sending the waveform to the Radio
Frequency (RF) front-end, its mean is removed and the power
is normalised such that all the transmitted pulses present the
same power. While generating and transmitting the FrFT based
pulses, the mono-static radar acquires the echoes and performs
any needed radar task (i.e. matched filter with the transmitted
pulse).

The spectrogram of a Co-Radar waveform with relatively
few sub-carriers is shown in Figure 2 for clarity, although in
practice many more sub-carriers would most likely be used.
Each of them is the rotation by a specific angle, driven by the
order of the FrFT, of a phase modulated signal (i.e. QPSK).

Figure 2. Spectrogram of a FrFT based Co-Radar waveform with 4 sub-
carriers.

B. Communication Receiver

The communication receiver is shown at the bottom of
Figure 1. All the operations are performed within a Pulse
Repetition Interval (PRI). Before the pulse is synchronised and
demodulated, the mean of the received signal is subtracted
to remove the strong return from the background. The syn-
chronisation is necessary since the pulse could fall anywhere
within the PRI due to the transmitter-receiver distance, and
the alignment with the pulse on a sample basis is needed to
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(a) (b)

Figure 3. Pilot waveform’s (a) autocorrelation and (b) its peak’s complex
value on varying the phase offset.

perform the inverse FrFT. This is achieved by exploiting the
good autocorrelation properties of the pilot waveform, shown
in Figure 3(a).

The pilot waveform is also used to estimate the phase
offset introduced by the channel. Figure 3(b) shows how the
autocorrelation’s complex-valued peak changes on varying the
phase offset. In particular, when the offset is zero the real
part of the peak reaches its maximum, while the imaginary
part is zero. Hence, once the peak of the autocorrelation is
detected by matched filtering the received signal with the pilot
waveform, the phase offset can be estimated by evaluating the
phase of the correlation peak. This phase estimation method is
also robust with respect to the Doppler shift potentially present
in the signal.

Once the synchronisation and the phase compensation are
performed, the pulse can be demodulated. The S/P block splits
and redirects the pulse, whose length is (𝑁 +𝐺)×𝐿×𝑅/𝐵
samples, to 𝐶 − 1 different IFrFT blocks that perform the
inverse FrFT. Each sequence is then input of the RRC filter,
which also down-samples the sub-waveform by a factor 𝑅.
The digital demodulator translates the (𝑁 +𝐺) × 𝐿/𝐵 long
sequence of symbols in a sequence of (𝑁 +𝐺) × 𝐿 bits,
according to the modulation employed. At this point, the de-
interleaver performs the inverse operation of the interleaver.

The chip correlator block correlates the input spread se-
quence with the 𝐿-long Barker chip code used in transmission
to extract 𝑁 +𝐺 bits, exploiting both the low correlation side
lobes and the knowledge that the peaks of the correlation occur
every 𝐿 samples. Finally, the guard remover and the P/S blocks
reconstruct the original stream by combining the 𝑁 -long bit
sequences coming from the 𝐶 − 1 different parallel branches.

III. FRFT BASED CO-RADAR ON SDR

The FrFT based Co-Radar system is implemented by
means of a SDR device, namely the National Instruments
Universal Software Radio Peripheral (NI-USRP) 2943r. It has
four in-phase and quadrature (IQ) channels, two receivers and
two transmitters/receivers, and its working frequency ranges
between 1.2 GHz and 6.6 GHz. It is provided with a fully
programmable Xilinx Kintex-7 FPGA (Field-Programmable
Gate Array) and can be connected to a host computer through
a high-speed, low-latency PCI Express x4 (∼800 MB/s). It
is used with three wideband LB-2678-15 multi octave horn
antennas produced by A-Info, two for the mono-static radar
node and one for the communication receiver.

The USRP 2943r is programmed through NI software

Figure 4. High-level block diagram of the FrFT based Co-Radar system’s
implementation in LabVIEW.

LabVIEW, and its high-level block diagram is shown in
Figure 4. Within the loop that repeats every PRI, the FrFT
based Co-Radar waveform is generated as described in the
previous section and sent to the FPGA. The latter up-samples
the signal in transmission to meet the 120 MHz data clock
frequency of the device and interfaces with the RF front-end.
Meanwhile, the received signal, down-sampled and coming
from the FPGA, is sent both to a MATLAB session for the
real-time pulse demodulation and to a matched filter with the
transmitted pulse for further radar processing. Specifically, a
real-time spectrogram is computed. This choice is driven by
the limited power and bandwidth resources of the employed
SDR device, which are not sufficient for more advanced radar
operations. Outside the loop, the message to send is loaded
and all the preliminary steps are performed.

IV. EXPERIMENTAL SETUP AND RESULTS

The implemented FrFT based Co-Radar system is used in a
controlled laboratory environment to acquire data and assess its
communication and radar capability. The acquisition geometry
is shown in Figure 5. The mono-static radar is placed at the
bottom left, the communication receiver at the top right, while
within the light blue area a person is walking towards and
away from the radar to generate a Doppler signal.

The transmitted message is a 64 × 64 black and white

Figure 5. Acquisition geometry of the laboratory-based experimental cam-
paign.
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image with a bit depth 5. Carrier frequency is 3 GHz and
the bandwidth is 1 MHz. The number of information bits per
carrier, 𝑁 , is 3, the length of the Barker code is 𝐿 = 7 and
Quadrature PSK (QPSK) is the employed modulation scheme,
hence 𝐵 = 2. The RRC filter is designed to span 𝑆 = 8
symbols, with an up-sampling factor 𝑅 = 18 and a roll-off
factor 𝛽 = 0.4. This leads to a guard of 𝐺 = 3 bits. The total
number of samples per waveform is 378, which means that
the duration of the pulse is 𝜏 = 378𝜇s. The PRF is fixed to
83.33 Hz, giving a duty cycle of 3.15%.

Different configurations are analysed by changing the num-
ber of sub-carriers, 𝐶 = 4, 6, 8, 10, and modifying the trans-
mitted power. The Signal-to-Noise Ratio (SNR) is estimated
both at the mono-static radar and the communication receiver.

Communication performance is shown with solid lines in
Figure 6, in terms of Bit Error Ratio (BER) averaged over 10
realisations vs 𝑆𝑁𝑅𝑐𝑜𝑚𝑚𝑠. The dotted lines in Figure 6 show

Figure 6. Communication performance on varying the 𝑆𝑁𝑅𝑐𝑜𝑚𝑚𝑠 and for
different number of chirp sub-carriers.

the results obtained by running Monte-Carlo simulations with
105 iterations with the same parameters listed above, assuming
the channel to be Rician with 𝐾-factor equal to 6 dB (indoor
channel). They are used as comparison to validate the results
on the acquired data. Note that no Forward Error Correction
(FEC) method is used, since this is out of the scope of the
present paper.

As expected, as the 𝑆𝑁𝑅𝑐𝑜𝑚𝑚𝑠 increases, the BER de-
creases. However, no significant further improvements are
observed for 𝑆𝑁𝑅𝑐𝑜𝑚𝑚𝑠 greater than 15 dB, and this trend
is confirmed by the results from the Monte-Carlo simulations,
which clearly show plateaus. They are due to the overlap of
the sub-carriers, which causes errors independently of the noise
level. For the same reason, performance improves by reducing
the number of sub-carriers.

The radar capabilities of the FrFT based Co-Radar are
presented by showing spectrograms from the signals acquired
during the laboratory-based experimental campaign. Figure 7
and Figure 8 show spectrograms when FrFT based Co-Radar
pulses with 𝐶 = 4 and 𝐶 = 8 sub-carriers are used,
respectively, and for two different values of 𝑆𝑁𝑅𝑟𝑎𝑑𝑎𝑟. In
all the cases the Doppler and micro-Doppler signature of the
person walking towards and away from the radar is clearly
visible.

V. CONCLUSION

The paper presented an experimental validation of the FrFT
based Co-Radar system proposed in [4]. The system was suc-
cessfully implemented on a SDR device and its performance
demonstrated in a controlled laboratory environment. A basic
configuration was considered with one mono-static radar and

(a) (b)

Figure 7. Spectrograms obtained from FrFT based Co-Radar pulses with
𝐶 = 4 and different 𝑆𝑁𝑅𝑟𝑎𝑑𝑎𝑟 . Window length 0.36 seconds, overlap 80%.
Person walking towards the radar approximately between 0-5 seconds and 10-
11 seconds, and away from it between 5-10 seconds.

(a) (b)

Figure 8. Spectrograms obtained from FrFT based Co-Radar pulses with
𝐶 = 8 and different 𝑆𝑁𝑅𝑟𝑎𝑑𝑎𝑟 . Window length 0.36 seconds, overlap 80%.
Person walking towards the radar approximately between 4-8 seconds, and
away from it between 0-4 seconds and 8-11 seconds.

one communication receiver.
Communication performance was evaluated in terms of

BER vs 𝑆𝑁𝑅𝑐𝑜𝑚𝑚𝑠 and resulted consistent with that obtained
from Monte-Carlo simulations. It shows BER between 10−3

and 10−2 when no error detection and correction techniques
are used. Due to the limited power and bandwidth resources of
the employed SDR device, the radar capability of these novel
waveforms is assessed by computing the spectrograms of the
acquired signals. They clearly showed the main Doppler and
micro-Doppler signature of a person walking towards and away
from the radar. These preliminary results confirm the capability
of the proposed novel waveforms of joint radar-communication
operations.
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Abstract— This paper considers the design and analysis of 

distributed multiple spherical arrays for acoustic source 
localization. The proposed multiple spherical array structures 
are based on the spherical harmonic multiple signal classification 
(MUSIC) algorithm for multiple acoustic sources localization. 
The new structures consist of several identical spheres with 
uniform placement of microphones on each sphere. In this paper, 
the influence of the size and the distributions of the multiple 
spheres have been evaluated by using the direction of arrival 
(DOA) estimation method for multiple sources in order to obtain 
some rules about the spherical array design. 

Keywords— DOA estimation; acoustic detection; spherical 
harmonic analysis; MUSIC; multiple spherical arrays 

I.  INTRODUCTION  

For the passive acoustic source localization, the time delay 
of arrival (TDOA) is one of the usual methods, which can deal 
with the single source at the given time [1]. The subspace 
techniques, multiple signal classification (MUSIC) and 
estimation of signal parameters via rotational invariance 
technique (ESPRIT), are widely used in the direction of arrival 
(DOA). These algorithms can solve the problem of multiple 
source localization [2-3]. 

The MUSIC based on the spherical harmonic analysis has 
been proposed to obtain better performance [4]. In [5], instead 
of using the sampling signal directly from the arrays, the sound 
field is decomposed into spherical harmonic components and 
then the harmonic components are used in the MUSIC 
algorithm to calculate the correlation matrix. Teutsch and 
Kellermann [3, 6] proposed the “eigenbeams” (EBs)-ESPRIT 
localization method for multiple wideband acoustic sources 
and the “eigenbeams” are actually the spherical harmonic. In 
[7], the spherical harmonic based MUSIC algorithm (SH-
MUSIC) is proposed in which the spherical harmonic 
transformation is operated before the MUSIC algorithm to 
perform the estimation. 

For the spherical harmonic analysis, the microphones are 
usually arranged regularly in a single array structure, such as 
the circular array or the spherical array [8-10]. In this paper, the 
multiple sphere arrays (MSA) are presented in which a set of 
spheres are dispersedly placed following some rules while the 
microphones on each sphere are distributed regularly. MSA 
arrays can not only reduce the number of microphones on each 
sphere, which is restricted by the volume of single sphere, but 

can also obtain higher estimation accuracy and efficiency. The 
authors have modeled the multiple spherical arrays and have 
discussed the influence of sphere size and the distributions of 
multiple spheres on the direction of arrival (DOA) estimation. 
These elements have been evaluated by using the improved 
spherical harmonic MUSIC algorithm and some results about 
the multiple spherical array design have been obtained. 

II. SPHERICAL HARMONIC MUSIC ALGORITHM 

In this paper, the following assumptions are made: (a) All 
applied waves are plane waves. (b) The azimuth angle 
θ andϑ are both measured counterclockwise from x axis. (c) 
The pitch angleφ andϕ are both measured down from z axis. 

Supposing that S narrowband plane waves with unit 
magnitude impinge on a sphere from directions ( , )s sθ φ , so the 

incident field (r, , )lP ϑ ϕ at the observe points on the sphere 

surface can be expressed as [11]: 
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where sw and sk  are the weight and the direction vector of the 

sth source, sk 1 s Sk , ,k , ,k=    and sk  is the wavenumber of 

sth source, r is a vector describing the location of the observe 
point and (kr)nj is the spherical Bessel function. ‘ ∗ ’denotes 

the complex conjugation and nmY is the spherical harmonic of 
order n  and degree m  

   jm
nm n|m|

2n 1 (n | m |)!
Y ( , ) P (cos )e

4 ( n | m |)!
ϕϑ ϕ ϑ

π
+ −=

+
            (2) 

where |m|nP is the associated Legendre function. Spherical 

harmonic describes an orthonormal decomposition of sound 
field pressure. In practical application, the number of terms in 
(1) cannot be infinite, thus, it can be replaced with N  which is 
mainly determined by the size of the sphere [12]. 

 According to [4], considering S sources with directions 
( , )s sθ φ (s =1, 2, ..., S) and a sphere with M T H= ×  uniformly 
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distributed microphones, a spherical harmonic decomposition 
coefficient nma  is defined as: 

S T H
i

nm s nm t t t
s 1 t 1

a w e Y ( , )sinϑ ϕ ϑ ΔϑΔϕ
×

∗

= =
= sk r               (3) 

where / , 2 /T HΔ = Δ =ϑ π ϕ π . 

Suppose M observe points with directions ( , )t tϑ ϕ  ( t =1, 2, 
..., M) on the sphere, the decomposition coefficient can be 
expressed in matrix form: 

T

00 1 1 10 11 NNnmP a ,a ,a ,a ,......,a− =                      (4) 

where nmP is a 2(N 1) 1+ × matrix, it can be decomposed into 
several multiplicative matrix forms: 

nmP B C W= × ×                                      (5) 
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where B is 21(N ) M+ × matrix, C is M S×  matrix and W 
is 1S ×  matrix of received signal array. Assume A=B×C , then 
(5) can be simplified to  

nmP A W= ×                                      (9) 

where A is a 21(N ) S+ × steering matrix. Now nmP  can be used 
to perform the DOA estimation using the MUSIC algorithm 
through the following processes. First, the correlation matrix 
can be obtained: 

{ }H
nm nm nmR E P P=                          (10)                  

In practical application, suppose there are K samples, so 

nmR can be estimated as: 

K
H

nm nm nm
k 1

1
R P (k) P (k)

K =
=                         (11) 

 Taking eigenvalue decomposition of nmR  : 

 [ ]nm a neigen( R ) E ,E=                          (12) 

 

 

 

 

 

 

 

 

 

Fig.1.  Geometry of three spherical arrays. 

where aE and nE are the signal and noise subspaces, 
respectively. Then the spectrum equation respect to the 
direction of the source can be obtained:  

T
n n

1
spectrum( , )

a E E a
θ φ

∗
=

  
                 (13) 

where a is the steering vector which is a column of A for any 
direction. By scanning ( , )θ φ , the peaks of the spectrum will be 
in conformity to the signals’ directions. 

III.       MULTIPLE SPHERICAL ARRAYS 

In this section, the spherical harmonic MUSIC algorithm 
with single spherical arrays is extended to multiple spherical 
arrays. The coordinate mapping method is used to map the 
independent coordinate system of each sphere to the global 
coordinate system. The spherical harmonic coefficients matrix 
is obtained by the spherical harmonic decomposition of the 
signals received by each sphere and then the MUSIC algorithm 
is used to scan the wave direction. 

Assuming that there are L irregularly placed spheres of 
radius r, each with identical uniform distribution of 
microphones, while their self-coordinates are located as a circle 
of radius R on a plane as shown in Fig.1. Assuming 
M T H= ×  microphones on each sphere, (3) and (1) can be 
rewritten in the following forms, respectively [5]: 

M
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where (l) t tP ( , )ϑ ϕ is the measured pressure on the thl  sphere at 

point t t( , )ϑ ϕ , 2 /k f cπ=  with frequency f  and c  is the 

speed of sound, and sy  is the direction vector respect to the ths  

source. olr is the direction vector from the origin of the 

coordinate to the center of the thl  sphere while tr  is the 

direction vector from the center of the thl  sphere to the tht  
microphone on the sphere ol t(| | R, | | r)= =r r . By substituting 
(15) into (14), following is obtained : 
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 Also it can be expressed as: 
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where L
nmP is the decomposition coefficient for multiple 

spherical array, B and W has the same structure as single 
spherical array, and (l)C is an M S× matrix given by 
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 Using matrix AL to substitute the 21(N ) M+ × matrix in 
(17):  

TL ( 1 ) (l) (L)A B C , ,B C , ,B C = × × ×               (19) 

where AL is steering matrix of multiple spherical array, (17) can 
be simplified as: 

                                      L L
nmP A W= ×                                    (20) 

 Then, according to (10)-(13), the direction of the sources 
can be found using the multiple spherical arrays. 

IV. MULTIPLE SPHERICAL ARRAYS DESIGN AND SIMULATION  

In this section, a set of multiple spherical arrays is 
formulated, the main factor, such as the size of each sphere and 
the distributions of the multiple spheres, are analyzed by 
estimating the DOA using the spherical harmonic MUSIC 
algorithm and the design rules are shown in the last. For all the 
following simulations, five sound sources were used, which 
directions are ( 90 ,120 )° ° , (120 ,60 )° ° , (180 ,150 )° ° , 

( 240 ,60 )° °  and ( 270 ,120 )° ° , respectively ， and their 
frequency range are from 0.8 kHz to 1 kHz. The comparison of 
performance is given in terms of root mean square error 
(RMSE) (averaged over the sources). 

A. single sphere arrays with different radius 

 In this subsection, four types of single sphere arrays with 
different radius are designed to indicate the influence of the 
sphere size on DOA estimation, and the microphones on each 
single sphere array are distributed in M=T H 5 6× = × as 
shown in Fig.2 (a). 

 The spherical harmonic decomposition order N, that is 
N M 1= − , is set to N 4=  and the response curve of 4 order 
Bessel function is drawn, as shown in Fig.2 (b). In order to 
improve the estimation accuracy, it is assumed that kr 6<  to 
keep the response away from zero point, which appears on the 
response curve when the value of kr is 7.59. The maximum 
frequency value Hf 1KHz=  is brought into kr 6<  

(k 2 f/ c)= π , and 0.3r m< is obtained. The radius of these 
single sphere arrays are set as 0.2m, 0.3m, 0.4m and 0.5m. 

 When the signal to noise ratios (SNR) of the five sound 
sources are 0 dB, the estimation results for all of these four 
structures are shown in Fig.4. The figures show that the DOA 
estimation accuracy is getting better with increase in r, while r 
is less than 0.3m, but when r is more than 0.3m, the accuracy 
have started to degrade, which is due to the influence of the 
zeroes of the Bessel's function. 

 Assuming that the SNR of the five sources range are from   
-10dB to 30dB simultaneously. For different SNR, simulations 
are operated of 200 times in order to get azimuth angle RMSE 
and estimation probability. As Fig.3 (a) shows, when the SNR 
increases, the RMSE degrades, and when r=0.3m the RMSE of 
azimuth angle is lower than that of the other radius at the same 
SNR, which also proves the above conclusion. 

B. multiple spherical arrays with same and different radius 

According to the previous analysis, when the sound source 
frequency band is certain, there are limits to the size of the 
sphere and when the radius of the sphere is determined, the 
DOA estimation accuracy can be affected by the frequency of 
the sound signal, that is to say the signal frequency f and the 
sphere radius r are inversely related.  

In this subsection, the advantages of multiple spherical 
array with same radius against different radius are discussed, as 
shown in Fig.5 (a) and (b). Three spheres with same and 
different radius are placed as a circle of 1m  radius, and thirty 
microphones are distributed on each sphere with same 
arrangement as the single spherical array. In Fig.5 (a), the radii 
of all three spheres are 0.3m and the three spheres in Fig.5 (b) 
have radius 0.1m, 0.3m, and 0.5m.  

  
                               (a)                                                   (b) 

Fig.2 (a) The microphones distribution on a single sphere array in T×H : where 
T depicts the latitude numbers on the sphere while H indicates the number of 
microphones on each latitude.  (b) 4th order Bessel function response curve 

 

  

                                 (a)                                                     (b) 

Fig.3. Azimuth angle RMSE under different SNR (a) single sphere arrays  with 
different radius  (b) multiple spherical arrays with same and different radius 
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The DOA estimation results with SNR=0 are shown in Fig.5 
(c) and (d), respectively. The spectrum using the structure with 
different radius is clearer and the side lobe is less as compared 
to the structure with same radius. The azimuth angle RMSE vs 
SNR curve is show in Fig.3 (b), which indicate that different 
radius has lower RMSE than that of the same radius at low 
SNR, leading to better estimation performance in noisy 
environment. 

C. multiple spherical arrays with different distribution 

In DOA estimation, the sampling microphones with a 
single spherical distribution are more effective than that of 
planar or linear distribution [11]. In this subsection, four types 
of array structures with different distributions are designed as 
shown in Fig.6. Each of the multiple spherical arrays is 
composed of five spheres of radius 0.2m and on each sphere, 
thirty microphones are distributed in same arrangement as a 
single spherical array. In linear and cross distributions, the 
interval between each sphere is 0.5m; in circular distribution, 
five spheres are placed as a circle of radius 0.5m on a given 
plane; and in spherical distribution, five spheres are placed on 
a sphere of radius 0.5m, where two spheres are distributed on 
the spherical poles and three spheres are uniformly placed in 
the equatorial plane of the big sphere.  

Fig.7 illustrates the estimation performance with SNR=0dB. 
The estimation accuracy with linear distribution is the worst 
and the cross and circular distributions are similar. The 
spectrum peak with spherical distribution is sharper than that 
of the other three types of distributions. 

 The azimuth angle and pitch angle RMSE under different 
SNR are show in Fig.8 (a) and (b) respectively. The RMSE of 
azimuth angle with linear distribution is the worst in four 
arrays, and the other three types of distributions is similar. But 
the RMSE of pitch angle with spherical distribution is 
significantly better than the other three types of distributions.  

  In the case of two plane waves from directions 1( , )θ φ and 

2( , )θ φ , the angle resolution is calculated by (21) and (22): 

                   1 2[ ( , ) ( , )] / 2peakQ Q Qθ φ θ φ= +                  (21) 

                           ( ) ( , )peak mQ Q Qθ θ φΔ = −                        (22) 

where ( , )Q θ φ = spectrum( , )θ φ , mθ = 1 2( ) / 2θ θ+ , θΔ =  

1 2θ θ− ,  Making =90φ ° , increase the θΔ to get the angle 

resolution of azimuth angle which is show in Fig.8 (c). Then 
making 180θ = ° , increase the φΔ in the same way to get 

 

 
Fig.6. Spherical structure arrays with linear, cross, circular and spherical distributions
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         Fig.5. Multiple spherical array structures with same and different 
radius and their DOA estimation results

Fig.4. DOA estimation results of single sphere arrays with different radius.  
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the angle resolution of pitch angle that is show in Fig.8 (d). The 
azimuth angle resolution of linear and circular distribution are 
better than that of the other two, but it should be noted that the 
pitch angle resolution of spherical array is clearly superior than 
all others. 

D. Design rules of multiple spherical array  

According to the above mentioned simulations, the design 
rules for multiple spherical array structure are: (a) for open 
spherical structure, the radius of the spherical structure should 
be in a certain range due to the influence of the zeroes of the 
Bessel's function. (b) By placing the spherical structures with 
different radius in MAS arrays, the estimation accuracy can be 
improved and the frequency bandwidth of sound sources can 
be increased. (c) For the distribution of the multiple spheres in 
MSA arrays, the better spatial symmetry of the array structure 
will result in improved estimation accuracy. 

V. CONCLUSION 

In this paper, several types of multiple spherical array 
structures with different sizes and distributions of spheres have 
been developed for the DOA estimation of multiple sources 
based on the spherical harmonic MUSIC algorithm. The 
simulation results have demonstrated that the multiple arrays 
can more accurately deal with multiple sources by using a 
multiple spherical array structure with more spherical 
structures, good spatial symmetry and proper radius. Possible 
future work will include the application of this structure and 
algorithm to rigid aperture. 
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Abstract—This work analyzes the data output of laser ranging
data collected from the Space Geodesy Facility (Herstmonceux,
UK), and proposes a bespoke likelihood function for its processing
in the context of Bayesian filtering. It is then illustrated in a
single-target Bayesian filter, performing successfully on simulated
and real data, under a variety of noise profiles encountered in
typical outputs of the sensor.

I. INTRODUCTION

Maintaining an up-to-date catalogue of the near-Earth orbit-
ing objects, including space debris and man-made satellites,
has been identified as a key objective of the Space Situational
Awareness (SSA) activity, a topic of growing interest, and
a challenge whose difficulty is increasing with the growing
number of objects populating the near-Earth space [1]. The de-
tection and tracking of orbiting objects is supported by a range
of specific ground-based sensing stations for SSA activities,
forming an heterogeneous network (radars, telescope, cameras,
etc.) from which noisy measurements of different nature are
collected by the individual stations. Fusing the information
collected from various space sensing assets through a detection
and tracking algorithm is an open challenge, that requires some
automation in the pre-processing of each data type produced
by individual sensors into a coherent probabilistic description
of the tracked objects. Casting Satellite Laser Ranging (SLR)
data in a Bayesian framework is a necessary step towards this
goal.

As part of a coordinated SSA initiative integrating UK
and international assets to maintain a common catalogue of
orbiting objects, it is important to have accurate probabilistic
models of the sensors that integrate it. This type of analysis
has been previously carried out for range-only radars [3],
Doppler radars [2], and optical sensors [4], [5]. A strategy
for using these models in a multi-target tracking scenario has
been discussed in [2].

In this paper the output of the range-only laser sensor at
the Herstmonceux Space Geodesy Facility (SGF) is analysed
in order to design a sensor model for filtering purposes. The
sensor model is then exploited for the design of a single-target
Bayesian filter, for which implementations based on a Kalman
[6] and a particle filter [7] are explored.

This paper is structured as follows. Section II provides a
bried description of the Herstmonceux Space Geodesy Facility,
and the specifics of the output data. Section III discusses
the modelling of the target tracking algorithm, including the
bespoke sensor model for the Herstmonceux Space Geodesy
Facility, and the design of the resulting single-target Bayesian
filter. The tracking algorithm is then tested on simulated and
real data in Section IV.

II. THE SPACE GEODESY FACILITY

The Space Geodesy Facility in Herstmonceux (East Sussex,
UK) [8] is a multi-technique geodetic observatory operating
an SLR station, an absolute gravimeter and several Global
Navigation Satellite System (GNSS) receivers. Along with
forty other similar sites around the world, the SGF in Herst-
monceux forms part of the International Laser Ranging Service
(ILRS) [9]. The SLR technique, used primarily for geodetic
purposes, measures the time of flight of short laser pulses
as they travel between the observing stations and orbiting
satellites equipped with retroreflectors [10], [11]. Satellites
routinely tracked by the ILRS network include low Earth
orbiters with scientific payloads (e.g. Grace, Jason-3, Swarm),
passive geodetic targets (e.g. LAGEOS, LARES), and various
GNSS constellations (e.g. GLONASS, BeiDou, GPS). Capable
of providing measurements with sub-centimetre accuracy and
precision, SLR is one of the four space geodetic techniques
contributing to the realisation of the International Terrestrial
Reference Frame [12]. Beyond geodetic applications, SLR can
also be employed to track uncooperative space debris objects
(i.e. no retroreflectors present) [13], [14].

An Nd:Van pulsed laser (1 KHz repetition rate, 10 ps
FWHM pulse width, 1.1 mJ/pulse) at the frequency-doubled
wavelength of 532 nm is employed at the SGF laser station.
The receiver telescope is a 0.5 m Cassegrain reflector equipped
with a Single Photon Avalanche Diode (SPAD) detector. The
timing measurements are provided by a home built event timer
of 1 ps resolution and 5 ps precision. A strictly single-photon
tracking policy is followed at SGF for all satellite targets,
whereby the energy levels of the returned pulses are controlled
and limited to ensure that, on average, only a single photon
is contained in each reflected pulse. This ensures that the

978-1-5090-0326-6/16/$31.00 ©2016 IEEE 
129



laser retroreflector arrays carried onboard the satellite targets
are sampled in their entirety, with no preferential detections
obtained from points closer to the ground station. In order
to limit the negative impact of background and dark noise
events, the detector is gated shortly earlier (typically 100 ns)
than the predicted range to the satellite. This is necessary due
to the high sensitivity of the sensor and the present back-
ground radiation. The distribution of returns, excluding actual
satellite reflections, are adequately described with a negative
exponential distribution, as the detection events follow Poisson
statistics. The specific characteristics of the distribution of
detected pulses from the satellite targets depend on the shape
and orientation of the laser retroreflector arrays.

a) Batch 746

b) Batch 540

c) Batch 737

Fig. 1: SLR output data. The ground truth is depicted with a
black line, the data points are in blue.

Three datasets collected from the SGF laser, named 746,
540, 737 for different satellite passes, were exploited in the
context of this paper and are depicted in Fig. 1. These datasets
are illustrative of the obtained data. The identities of the
observed satellites is known, and the ground truth, shown in
Fig. 1 and in subsequent figures, is obtained from an available
catalogue. These figures illustrate the typical features of the

raw ranging data collected at SGF, though they all present a
very noticeable skewness in the data distribution around the
ground truth, as explained above and highlighted in the data
residuals depicted in Fig. 2. Note in particular the uneven
distribution in batch 737 , whose atypical shape in the lower
range values is due to a temporal problem in the receiver
hardware1.

a) Batch 746

b) Batch 540

c) Batch 737

Fig. 2: SLR residual data. The data points are in blue.

III. TRACKING ALGORITHM

This section presents the target tracking algorithm proposed
in this paper, constructed with the Bayesian estimation frame-
work and designed specifically to process data laser ranging
sensors as exploited in the Herstmonceux Space Geodesy
Facility.

A. Bayesian estimation: generalities
The state of the target, describing its range r and radial

velocity ṙ with respect to the sensor, is denoted by the

1This is caused by laser overlap, which happens when a pulse is fired at
the same time a detector is gated. The pulse backscatters off the atmosphere
and triggers the detector. This run was recorded when the overlap avoidance
routine was disabled.
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vector x = [r, ṙ]′ ∈ X , belonging to some target state
space X ⊂ R2 covering the admissible values for the target
state. In the context of Bayesian filtering, the information
on the target state maintained by the operator includes some
measure of uncertainty associated to the filtered estimate, and
is represented by some probability distribution p on the state
space X . The time is indexed with some integer k, marking
the epochs of data collection.

During the prediction step the predicted distribution pk|k−1,
representing the information on the target state at time k prior
to the collection of the current observation zk, is propagated
from the output pk−1 of the previous time step through the
operator’s knowledge about the target’s dynamic behaviour.
During the updated step the predicted distribution is corrected
to the posterior distribution pk, through the collected obser-
vation zk and the operator’s knowledge about the sensor’s
characteristics (measurement noise, probability of detection,
false alarm rate, etc.).

B. Target modelling

Since the target state only depicts the range and radial
velocity of the object while passing over the sensor, the target
trajectory throughout the observation window is relatively
simple and the target motion at time step k is constructed
with a simple constant velocity model [15], i.e.

xk =

[
1 ∆k

0 1

]
xk−1 + nk, (1)

where ∆k denotes the duration (in unit time) since the last time
step k − 1, nk ∼ N (0, Qk) denotes the process noise, drawn
from a Gaussian distribution with zero mean and covariance
matrix

Qk = σ2
k

[
∆3

k

3
∆2

k

2
∆2

k

2 ∆k

]
, (2)

where the standard deviation σk is a model parameter.

C. Sensor modelling

Since the sensor provides data on range only, an observation
collected is described by a scalar z ∈ Z , belonging to some
observation space Z ⊂ R covering the admissible values for
the observation state.

The peculiar data distribution of the sensor (see Section II)
led to the design of a bespoke sensor model for the processing
of the Herstmonceux SGF data. Since there is a photon return
for every pulse, and the time index of the Bayesian flow
coincides with the epochs of data collection (see Section
III-A), there is one and only one measurement collected per
time step. Due to the reasons discussed in section II, the data
distribution has an inverse exponential shape, resulting in the
data being skewed in favour of lower ranges (see Fig. 2).

However, little is known about the frequency at which the
pulse misses the object of interest, or about the distribution
of the background returns and dark noise. For the purpose of
filtering, therefore, all the data shall be treated as observations
stemming from the object of interest, and the sensor modelling
reduces to the design of a suitable likelihood function `(z|x),

describing the probability that the sensor will return observa-
tion z, conditioned on the state x of the object of interest.

Using batch 746 as a training set, an exponential distribution
was fitted to the data residuals. The model agreed with the
observations well, with a coefficient of determination of R2 =
0.9994. This value is a measure of the correlation between the
observed data and the predicted values, and a value so close
to one is an indicator that the distribution can be accurately
modelled as an exponential distribution. The fitted curve can
be seen in Fig. 3, and the obtained equation for the likelihood
is

`(z|x) ∝ e−2.811.10−4(0.5·c·z−r), (3)

where r is the range component of the target state x, in metres,
and the observation z is in seconds. The factor c/2 is applied
to convert from time to distance.
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Fig. 3: A histogram of the data residuals of batch 746 using
100 bins, with corresponding exponential fit .

The likelihood function (3) shall be used for the sensor
modelling for the remaining of the paper.

D. Filter design

Two approaches have been explored for the design of the
filtering solutions: a Kalman filter [6], and a particle filter [7].

1) Kalman filter: The Kalman filter is a well-established
filtering solution for single-target detection and tracking prob-
lems. Its main advantages lie in the simplicity of its imple-
mentation in a practical target tracking algorithm and in the
reduced computation cost, though it requires strong modelling
assumptions regarding the target motion model and the sensor
model [6]. In particular, the Kalman filter assumes that the
likelihood function `(·|x) follows a Gaussian distribution and
is ill-adapted to the representation of heavily-skewed observa-
tion profiles such as the one designed for the SGF sensor in
Eq. (3).

For the sake of illustration, a Gaussian-distributed likelihood
was fit on the data distribution and the resulting Kalman filter
was tested on batches 540 and 737. As expected and shown
in Fig. 4, the filter assumes a data profile evenly distributed
around the true target state and the estimated target trajectory
is biased towards higher range values.
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Fig. 4: Kalman filtering applied on batch 540. The ground
truth is depicted with a black line, the estimated state with a
red line, the data points are in blue.

2) Particle filter: Particle filtering methods impose little
restrictions on the nature of the propagated probability dis-
tribution pk, the targets’ dynamical behaviour or the sensor
observation process; as such, they are widely exploited in
tracking problems involving non linear models [7].

In this paper a simple Sequential Importance Resampling
(SIR) particle filter is exploited, where the new particles are
sampled every time step from the prediction model (1), and
reweighted using the likelihood function (3). That is, the
posterior probability distribution pk is approximated by a set
of weighted particles {x(i)

k , w
(i)
k }Ni=1, i.e.

pk(x) '
N∑
i=1

w
(i)
k δ

x
(i)
k

(x), (4)

where δx is the Dirac delta function centred around x, the
number of particles N is a model parameter, and the updated
particle set {xik, wi

k}Ni=1 is computed from the posterior parti-
cle set {x(i)

k−1, w
(i)
k−1}Ni=1 through the equationsx
(i)
k =

[
1 ∆k

0 1

]
x

(i)
k−1 + n

(i)
k ,

w
(i)
k ∝ `(zk|x(i)

k )w
(i)
k−1,

(5)

where n(i)
k ∼ N (0, Qk) , 1 ≤ i ≤ N . Resampling is done

as in the classical bootstrap filter, where a set of particles
is sampled from the original weighted set of particles with
probability proportional to the original weight. All particles in
the resampled set are assigned the same weight. The resulting
particle set approximates the same distribution while focusing
particles in areas with higher likelihood [16].

IV. RESULTS

In this section, we present the obtained filtering distributions
using both simulated data and the Herstmonceux datasets
that were previously discussed. Since the Kalman filtering
approach yielded biased distributions, we focus on the particle
filtering method to present results.

A. Simulated Data

In addition to the data from Herstmonceux, we also simu-
lated our own data where we specified a true trajectory and a

noise distribution. This allowed us to test how the filter handles
under different realisations. Exponential noise was simulated
for 50 Monte Carlo runs, with the following equation:

l(x) ∝
{
e−0.0025x, x ∈ [100, 1000],
0, — . (6)

Each Monte Carlo realisation was generated by adding noise
sampled from this distribution, and added to the ground truth
from dataset 540. The average Root Mean Squared Error
(RMSE) can be seen in Fig. 5, alongside error bounds. Here it
can be seen how the filter accurately locks into the trajectory
after observing the object for a number of time steps.

Fig. 5: Average RMSE for 30 simulated Monte Carlo real-
isations (black line), plus and minus one standard deviation
(green and blue lines).

B. Herstmonceux Data

We applied the particle filter to the datasets generated by
satellite passes 540 and 737. As it was said before, the training
data to fit the exponential likelihood was that of pass 746. The
two datasets analysed show different properties. Pass 540 has
similar noise properties to the training set, while as it was said
before, a temporary hardware issue caused pass 737 to have a
more complicated noise structure.

The results of applying the filter on pass 540 can be seen in
Fig. 6. It can be seen how the filtering distribution successfully
mitigates the measurement noise in spite of the measurements
being asymmetrically distributed around the expected range.

Fig. 7 shows the results of applying the filter to pass 737.
As it was previously said, a temporary software fault caused
the noise distribution to have range-dependent properties. In
spite of this noise profile, the filter manages to track the range
of the satellite with similar accuracy as in pass 540. In the
zoomed-in view, it can be seen how the filtered distribution is
robust to sudden changes in noise distribution.

V. CONCLUSION

We have developed a filtering solution to estimate the
range of a satellite from SLR data. The proposed method is
capable of handling the noise profiles usually find in SLR
problems, which use gated single photon avalanche diodes.
The particle filtering framework was exploited, as it allowed
us to model the observation likelihood as an exponential
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a) Maxima and minima of filtering distribution throughout the
estimation (green), and data (blue)

b) Zoomed-in view of the above. Data and extrema as before,
ground truth is in orange, and estimate in red.

Fig. 6: Estimation results for pass 540

probability distribution function. The method was tested on
both real and simulated data, and its resulting estimates
are consistent with the orbital predictions obtained through
numerical integration, with the added advantage of providing
uncertainty information.
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Abstract—System size estimation in distributed wireless sensor
networks is important in various applications such as network
management and maintenance. One popular method for system
size estimation is to use distributed consensus algorithms with
randomly generated initial values at nodes. In this paper, the
performance of such methods is studied and Fisher information
and Cramer-Rao bounds (CRBs) for different consensus algo-
rithms are derived. Errors caused by communication noise and
lack of convergence is also considered, and their effect on Fisher
information and CRB is given. The results provide a lower bound
on the variance of the estimator of system size. This in turn,
provides guidelines on how to choose consensus algorithms and
initial values at the nodes.

Index Terms—System Size Estimation, Wireless Sensor Net-
works, Average Consensus, Max Consensus, Fisher Information,
Cramer-Rao Bound, Communication Noise.

I. INTRODUCTION

Distributed wireless sensor networks topologies are impor-

tant in several research fields and applications [1] due to their

robustness to link failures and low power.

System size estimation or counting the number of nodes in a

distributed wireless network is essential in several applications.

For example, some network maintenance protocols require the

system size to incorporate a newly joined node in the system

[2]. In [3], the soft-max based consensus method described re-

quires the system size. On the other hand, in [4], the sum of the

initial measurements is calculated using a consensus approach

which exploits the system size. System size estimation is also

important in military sensor network applications [1], [5]. In

remote large-scale military sensor networks, sensor nodes are

required to configure the network autonomously [5]. Estimating

the system size enables the sensor network at any time to detect

whether there are intrusions or whether there are new nodes

attempting to join the network.

The problem of distributed system size estimation has been

extensively studied in the literature [6]–[9]. A comparative

study of distributed system size estimation algorithms is given

in [6]. In [7]–[9], random walk algorithms are used to estimate

the system size. More specifically, a selected sender transmits

information and nodes pass the information to a selected

neighbor and information propagates through the network in

a “random walk” manner. Based on the average return time, an

estimate of the system size can be obtained.

Fig. 1: Distributed network with N nodes.

Another popular method for distributed system size estima-

tion in wireless sensor networks uses consensus algorithms

with randomly generated initial values at the nodes [10]–

[14]. In [10], two algorithms for system size estimation are

introduced. The first algorithm generates uniformly distributed

initial measurements at nodes, and uses max consensus with an

ML estimator (uniform + max consensus + ML). The second

algorithm uses Gaussian + average consensus + ML. The

consensus result is used to infer the system size. It is shown that

result is the maximum likelihood estimator for N−1, where N
is the system size. In [11], a method based on average consen-

sus with Bernoulli random initial values namely Bernoulli trail

method is proposed. It is shown in [11] that the mean square

error for the proposed method goes exponentially to zero as a

design parameter increases. In [13], the nodes are assumed to be

labeled and one node in the network holds an initial value of 1
and all other nodes are set to 0. The system size can be obtained

from the average consensus result. A system size estimation

algorithm in the presence of communication noise is proposed

in [14]. The algorithm is based on average consensus and L2

norm estimation. How the values of the initial measurements

at nodes and the communication noise affect the performance

of the algorithm are analyzed.

In this paper, we derive the Fisher information and Cramer-

Rao bounds for consensus based system size estimators con-

sidering different noise conditions. It is shown that in the
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absence of noise, the max consensus approach results in a lower

CRB than the average consensus approach. In the presence of

communication noise, we demonstrate how the SNR affects the

Fisher information and CRBs. The results not only present the

best estimation variance the algorithms can achieve, but also

provide guidelines on how to choose consensus algorithms and

initial values for system size estimation.

II. SYSTEM MODEL

A distributed WSN is modeled as an undirected connected

graph G = (N,E) containing a set of nodes N = {1, . . . , N}
and a set of edges E as shown in Figure 1, where N is the

total number nodes in the network, i.e., the system size. The

set of neighbours of node i is denoted by Ni. Two nodes can

communicate with each other only if they are neighbours.

III. REVIEW: SYSTEM SIZE ESTIMATION USING

CONSENSUS

In this section, we briefly review the max and average

consensus algorithms, and then discuss how the results of

consensus algorithms can be used to infer the system size.

A. System Size Estimation Using Max Consensus

By running max consensus, the states of nodes in the network
converge to the maximum of the initial values. In [15], max
consensus in the absence of communication noise is introduced.
Let xi be the initial value at node i and the state of node i at
time t is denoted as xi(t). To compute the maximum of the
initial measurements, the iterative max consensus algorithm can
be expressed as

xi(t+ 1) = max

{
xi(t),max

j∈Ni

xj(t)

}
. (1)

In the absence of communication noise, by running the iterative

algorithm of equation (1), states of nodes converge to the

maximum of the initial values in finite time [15]. Note that

in the presence of communication noise, the estimate may drift

because of positive noise samples [3].
The max consensus result can be used to estimate the system

size. In [10], the initial measurements are set to be uniformly
distributed, xi ∼ U(0, 1). The system size can be inferred from
the max consensus result, xmax = max{x1, x2, · · · , xN},

N =
1

E[ln xmax]
. (2)

In the algorithm, an estimate of the expected value E[lnxmax]
is obtained by running the max consensus several times and

taking a sample mean of the results.

B. System Size Estimation Using Average Consensus

Average consensus is also widely used and well studied [16]–
[19]. By running the average consensus, the states of nodes
converge to the average of the initial values. A simple linear
average consensus in the absence of communication noise is
introduced in [16]. The update of node i at time t+ 1 can be
expressed as

xi(t+ 1) = Wiixi(t) +
∑
j∈Ni

Wijxj(t), (3)

where W ∈ RN×N is a doubly stochastic matrix named weight

matrix, and its element in the ith row and jth column is denoted

as Wij . By running the iterative algorithm in equation (3), states

of nodes converge to the average of the initial measurements

[16], limt→∞ xi(t) = x̄ = 1
N

∑N
i=1 xi.

In [17], distributed average consensus in the presence of
communication noise is considered. The update of node i at
time t+ 1 can be expressed as

xi(t+ 1) = [1− α(t)di]xi(t) + α(t)
∑
j∈Ni

[xj(t) + nij(t)] , (4)

where nij(t) is the noise associated with the reception of

xj(t) at node i, which is assumed to be independent across

time and space with zero mean and variance σ2
n. α(t) is

a positive step and satisfies the persistence conditions [17],

α(t) > 0,
∑
∞

t=0 α(t) = ∞,
∑
∞

t=0 α
2(t) < ∞.

It is proved in [17] that by running the iterative algorithm

as in equation (4), the states of nodes converge to a random

variable θ, which is an unbiased estimate of the average of the

initial values with bounded mean square error.
In [10], [11], [14], the average consensus result is used to

infer the system size of the network. In [10], average con-
sensus with standard normal distributed initial measurements,
xi ∼ N (0, 1) is used. The system size can be inferred from

the average consensus result, x̄ = 1
N

∑N
i=1 xi,

N = E
[
x̄
2]

. (5)

In the algorithm, the expected value is obtained by running the

average consensus multiple times and taking a sample mean

of the results. In [11], the initial values at nodes are Bernoulli

distributed and a lowest common multiple post-processing step

is used to infer the system size. In [14], noisy conditions

are considered and the effects of noise and initial values on

estimation performance are discussed.

IV. CRB FOR SYSTEM SIZE ESTIMATION IN THE ABSENCE

OF NOISE

Consensus estimation is a powerful approach for parameter

estimation in several sensor network applications [18]–[21].

Consensus algorithms can be used to estimate the system size

in distributed wireless sensor networks. As mentioned above,

different consensus algorithms and initial values can be used.

In this section, we assume that the communications between

nodes is perfect without any random noise, and consensus is

reached. The Fisher information and CRB are calculated to

compare between different approaches.

A. Max Consensus in the Absence of Noise

In this subsection, we assume that the max consensus as

mentioned in Section III-A is used and consensus is perfectly

reached, i.e. nodes converge to the maximum of the initial val-

ues. The following theorem characterizes the Fisher information

and CRB result.

Theorem 1. Assume the initial values at nodes xi are i.i.d. with
PDF f(x) and CDF F (x), and f(x) is differentiable. When
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max consensus is used, the Fisher information for estimate of
system size N is,

Imax =
1

N2
. (6)

The CRB is the inverse of the Fisher information, and a lower
bound on the estimation variance can be expressed as

Var
[
N̂
]
≥ N

2
. (7)

The distribution of the initial values at nodes does not affect

the Fisher information and CRB.

Proof: Assume max consensus is used and conver-
gence is perfectly reached at time t. Let yi = xi(t) =
max {x1, x2, · · · , xN} be the state at node i after convergence.
Since xi are i.i.d., the distribution of yi can be calculated

CDF : {F (y)}N , (8)

PDF : N {F (y)}N−1
f(y). (9)

Therefore, the Fisher information can be calculated from the
definition, we have

Imax = E

[(
∂

∂N
ln

[
N {F (y)}N−1

f(y)
])2

]
(10)

=
1

N2
+

2

N
E [lnF (y)] + E

[
(lnF (y))2

]
. (11)

Note that the system size estimation problem is formulated as a

conventional parameter estimation problem, and N is estimated

based on random values generated at nodes. Therefore, the

estimate of the system size N̂ can be non-integers and the

differentiating respect to N in equation (10) make sense.
The term E [lnF (y)] in equation (11) can be calculated by

definition,

E [lnF (y)] =

∫
∞

−∞

{lnF (y)}N {F (y)}N−1
f(y)dx = − 1

N
. (12)

Similarly, term E
[
(lnF (y))

2
]
= 2

N2 can be calculated There-

fore, by substituting the calculated values into equation (11),

the result in (6) can be obtained.

Theorem 1 characterizes the best estimation variance that

we can achieve if max consensus is used to estimate the

system size. It is also shown that if max consensus is used and

consensus is perfectly reached, the distribution of the initial

values at nodes does not affect the Fisher information about

system size estimation.

Note that the result in equation (7) is the best estimation

variance in one consensus run. In real system size estimation

applications, large sample statistics can be used to improve the

performance. A more accurate N̂ can be obtained by taking

the sample mean of multiple consensus results.

B. Average Consensus in the Absence of Noise

In this subsection, we assume that the average consensus as

mentioned in Section III-B is used and average consensus is

perfectly reached at nodes. We also assume that the distribution

of the initial values at nodes is i.i.d. with mean μ and variance

σ2, and the system size N is large. The following statement

characterizes the Fisher information and CRB result.

Assume the initial values at nodes xi are i.i.d. with mean μ
and variance σ2. Also assume that N is large. When average
consensus is used, the Fisher information for estimate of system
size N is

Iavg =
1

2N2
. (13)

The CRB is the inverse of the Fisher information, and an lower
bound on the estimation variance can be expressed as

Var
[
N̂
]
≥ 2N2

. (14)

Proof: Let yi = xi(t) =
1
N

∑N
i=1 xi be the state at node

i after nodes converge to the average. By using the central

limit theorem, the convergence result yi is Gaussian distributed,

yi ∼ N
(
μ, σ2

N

)
.

Therefore, the Fisher information can be calculated from the
definition, we have

Iavg = E

[(
∂

∂N
ln

[ √
N√

2πσ2
exp(

−N(y − μ)2

2σ2
)

])2
]

(15)

=
1

4N2
− 1

2Nσ2
E
[
(y − μ)2

]
+

1

4σ2
E
[
(y − μ)4

]
. (16)

From the properties of Gaussian distribution, terms in equation

(16) can be calculated, E
[
(y − μ)2

]
= σ2

N and E
[
(y − μ)

4
]
=

3σ2

N2 . Therefore the Fisher information can be calculated as in

equation (13).

Note that the above proof is based on central limit theorem

with N large (also holds for small N and xi ∼ N
(
μ, σ2

)
).

The distribution of the initial values does not affect the Fisher

information when N large, which matches the result in [10]

that scaling and translations of initial value distribution do not

affect the performance of the optimal estimator. By comparing

equation (14) with equation (7), we can see that system size

estimation with max consensus has a lower CRB.

V. CRB FOR SYSTEM SIZE ESTIMATION IN THE PRESENCE

OF NOISE

Consensus in wireless sensor networks always suffers from

different sources of error such as imperfect communication with

noise and lack of convergence in finite time. In this section,

error is considered and Fisher information and CRB for system

size estimation are derived.

A. Max Consensus in the Presence of Noise

We model the final error at nodes to be Gaussian distributed

e ∼ N
(
0, σ2

e

)
. When max consensus is used for system size

estimation, there is no closed form expression for the Fisher

information and CRB. However, if we assume the distribution

of the initial values has exponential tails and N is large, an

upper bound on the Fisher Information can be obtained, the

following statement characterizes the result.
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Assume the initial values at nodes xi have exponential tail
and its tail PDF λe−λx. The distribution of the max of the
initial values can be approximated using Gumbel distribution.
Assume that the final error at nodes is Gaussian distributed
e ∼ N

(
μe, σ

2
e

)
. The Fisher information for estimate of system

size N is bounded by

Inmax ≤
(

1

N2

)(
λ−2

σ2
e + λ−2

)
. (17)

The CRB is the inverse of the Fisher information, and a lower
bound on the estimation variance can be expressed as

Var
[
N̂
]
≥ N

2
(
σ
2
eλ

2 + 1
)
. (18)

Proof: With the error term, node i in the network will
converge to zi = max{x1, x2, · · · , xN}+e. Assume the initial
values at nodes xi have exponential tail and its tail PDF λe−λx.
The distribution of the maximum yi = max{x1, x2, · · · , xN}
can be approximated using Gumbel distribution [22],

CDF : e−e−(y−μ)/β

, PDF :
1

β
e
−

(
y−μ
β

+e
−

y−μ
β

)
, (19)

where μ = (lnN) /λ and β = 1/λ. Therefore we can write zi
as

zi =
lnN

λ
+ ỹi + e, (20)

where ỹi has PDF: λe−(λx+e−λx). Note that the closed form

expression for the distribution of ỹi+e (sum of Gumbel random

variable and Gaussian random variable) cannot be obtained,

therefore an upper bound on the Fisher information is derived

herein.

The upper bound calculation can be expressed as three

phases: i) Fisher information for random variable ỹ and e are

calculated; ii) Fisher information inequality is applied; and iii)

parameter transformation lemma in [23] is used. Details of the

calculation are presented in the following.
Firstly, we introduce the Fisher information of a real random

variable X whose density function f(x) is independent of the
estimated quantity N [23],

IX :=

∫
1

f(x)

(
∂f(x)

∂x

)2

dx. (21)

From the definition of Fisher information of a random variable,
the Fisher information for ỹi and e can be calculated

Iỹ = λ
2
, Ie =

1

σ2
e

. (22)

Secondly, Fisher information inequality is used to calculate the
upper bound on Fisher information of ỹi + e, we have

Iỹ+e ≤ IỹIe
Iỹ + Ie =

λ2

σ2
eλ2 + 1

. (23)

Note that equality in equation (23) is achieved iff ỹi and e are
both Gaussian distributed. Finally, the parameter transformation
lemma (Lemma 4 in [23]) is used and the Fisher information
about N can be calculated,

Inmax =

(
∂ lnN

λ

∂N

)2

Iỹ+e ≤ 1

N2

(
λ−2

σ2
e + λ−2

)
. (24)

Therefore, equation (17) and (18) is obtained.

Note that here we assume that xi to be exponentially dis-

tributed for simplicity purpose. Similar proof can be obtained

if the distribution of the initial values has exponential tail, for

example Gaussian distribution. Also note that there is no close

form expression for the true distribution of the final error in

this case. If the final error is not Gaussian distributed, the

upper bound on the Fisher information can be expressed as:

Inmax ≤
(

1
N2

) (
λ−2

1/Ie+λ−2

)
from equation (23) and (24).

The SNR can be defined as SNR = λ−2

σ2
e

. From equation

(17) and (18) we see that larger SNR causes a larger Fisher

information and lower CRB. From equation (17), we also see

that in the absence of error with σ2
e = 0, equation (17) is the

same as the no error case in equation (6).

B. Average Consensus in the Presence of Noise

Assume average consensus is used and the final error at

nodes is Gaussian distributed e ∼ N
(
0, σ2

e

)
. Note that the

error in the average consensus is usually caused by lack of

convergence in finite time and communication noise. The noise

is usually assumed to be Gaussian distributed [17] and the

error caused by lack of convergence is approximately Gaussian

distributed which is proved in [24]. Also assume that the

distribution of the initial values at nodes is i.i.d. with mean μ
and variance σ2, and the system size N is large. The following

statement characterizes the Fisher information and CRB result.

Assume the initial values at nodes xi are i.i.d. with mean μ
and variance σ2, the final error at nodes is Gaussian distributed
e ∼ N

(
0, σ2

e

)
. Also assume that N is large. When average

consensus is used, the Fisher information for estimate of system
size N is

Iavg =
1

2N4

⎛
⎜⎝ σ4(

σ2

N
+ σ2

e

)2

⎞
⎟⎠ . (25)

When N is large, equation (25) can be approximated as

Iavg ≈ 1

2N4

(
σ2

σ2
e

)2

=
1

2N4
(SNR)2, (26)

where SNR is defined as SNR = σ2

σ2
e

. The CRB is the inverse of

the Fisher information, and an lower bound on the estimation
variance can be expressed as

Var
[
N̂
]
≥ 2N4

(
σ2

N
+ σ2

e

)2

σ4
. (27)

Proof: The proof of is same as the proof of Theorem IV-B.

From equation (26) and (27) we see that larger SNR causes a

larger Fisher information and lower CRB. From equation (25),

we also see that in the absence of error with σ2
e = 0, equation

(25) is the same as the no error case in equation (13).
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Fig. 2: CRB comparison with different SNR.

VI. SIMULATIONS

In Figure 2, we assume N = 10 and σ2
n = 1. The SNR is

defined as SNR = λ−2/σ2
n in the case of max consensus with

noise, and SNR = σ2/σ2
e in the case of average consensus with

noise. The CRB results derived in Section IV and Section V

are plotted. From the figure, we can see that the max consensus

case has a lower CRB than the average consensus case and the

CRBs in the presence of noise converge towards the CRBs in

the absence of noise as SNR becomes large.

Note that the plot shows the estimation performance for one

consensus run. In real system size estimation applications, each

node locally generates M i.i.d. random initial values. Then, by

taking a sample mean of the consensus results, the variance of

the system size estimator scales by 1/M .

VII. CONCLUSION

The problem of system size estimation using consensus al-

gorithm is considered. The Fisher information and Cramer-Rao

bounds of the system size estimate using different consensus

algorithms and different initial value distributions are derived.

It is shown that if max consensus is used, the distribution of the

initial values does not affect the Fisher information and CRB

results. We also see that the max consensus case has a lower

CRB than the average consensus case. We also consider error

caused by communication noise and lack of convergence, and

the Fisher information and CRB in this case are also calculated.

The analysis in this paper not only presents lower bounds

results for system size estimation using consensus, but also

provides guideline towards how to choose consensus algorithm

and initial values to get a better estimation performance. In

the absence of communication noise, max consensus should

be used since the estimation variance will be smaller. In the

presence of communication noise, large SNR results in better

estimation performance, which is a trade-off in the problem.

ACKNOWLEDGMENT

The authors from Arizona State University are funded in part

by the NSF award ECCS - 1307982 and the SenSIP Center,

School of ECEE, Arizona State University.

REFERENCES

[1] J. Yick, B. Mukherjee, and G. Dipak, “Wireless sensor network survey,”
Computer Networks, vol. 52, p. 22922330, Aug. 2008.

[2] A. Ganesh, A. Kermarrec, E. Merrer, and L. Massoulie, “Peer counting
and sampling in overlay networks based on random walks,” Distributed

Computing, vol. 20, pp. 267 – 278, Jan. 2007.
[3] S. Zhang, C. Tepedelenlioglu, M. Banavar, and A. Spanias, “Max-

consensus using the soft maximum,” in 2013 Asilomar Conference on

Signals, Systems and Computers, Nov. 2013, pp. 433 – 437.
[4] M. Bawa, H. R Garcia-Molina, A. Gionis, and R. Motwani, “Estimating

aggregates on a peer-to-peer network,” Department of Computer Science,
Stanford University, Tech. Rep., 2003.

[5] S. H. Lee, S. Lee, H. Song, and H. S. Lee, “Wireless sensor network de-
sign for tactical military applications : Remote large-scale environments,”
in 2009 IEEE MILCOM, Oct. 2009, pp. 1 – 7.

[6] E. Le Merrer, A.-M. Kermarrec, and L. Massoulie, “Peer to peer size
estimation in large and dynamic networks: A comparative study,” in 2006
15th IEEE International Symposium on HDPC, 2006, pp. 7 – 17.

[7] B. Ribeiro and D. Towsley, “Estimating and sampling graphs with
multidimensional random walks,” in Proceedings of the 10th annual

conference on Internet measurement, Nov. 2010, pp. 390 – 403.
[8] C. Gkantsidis, M. Mihail, and A. Saberi, “Random walks in peer-to-peer

networks: Algorithms and evaluation,” Performance Evaluation, vol. 63,
pp. 241 – 263, March 2006.

[9] R. Ali, S. Lor, and M. Rio, “Two algorithms for network size estimation
for master/slave ad hoc networks,” arXiv:0908, vol. 56, Oct. 2009.

[10] D. Varagnolo, G. Pillonetto, and L. Schenato, “Distributed statistical
estimation of number of nodes in networks,” in 49th IEEE Conference
on Decision and Control, Dec. 2010, pp. 1498 – 1503.

[11] ——, “Distributed cardinality estimation in anonymous networks,” IEEE

Trans. on Automatic Control, vol. 59, no. 3, pp. 645 – 659, March 2014.
[12] S. Kamath, D. Manjunath, and R. Mazumdar, “On distributed function

computation in structure-free random wireless networks,” IEEE Transac-

tions on Information Theory, vol. 60, no. 1, pp. 432–442, Jan. 2014.
[13] M. Jelasity and A. Montresor, “Epidemic-style proactive aggregation

in large overlay networks,” in 2004. Proceedings. 24th International

Conference on Distributed Computing Systems, 2004, pp. 102 – 109.
[14] S. Zhang, C. Tepedelenlioglu, M. Banavar, and A. Spanias, “Distributed

node counting in wireless sensor networks,” in 49th Asilomar Conference
on Signals Systems and Computers, Nov. 2015.

[15] F. Iutzeler, P. Ciblat, and J. Jakubowicz, “Analysis of max-consensus
algorithms in wireless channels,” IEEE Trans. SP, vol. 60, pp. 6103 –
6107, Nov. 2012.

[16] L. Xiao and S. Boyd, “Fast linear iterations for distributed averaging,” in
Proc. 42nd CDC, vol. 5, Dec. 2003, pp. 4997 – 5002.

[17] S. Kar and J. Moura, “Distributed consensus algorithms in sensor net-
works with imperfect communication: Link failures and channel noise,”
IEEE Trans. SP, vol. 57, no. 1, pp. 355 –369, Jan. 2009.

[18] S. Dasarathan, C. Tepedelenlioglu, M. Banavar, and A. Spanias, “Non-
linear distributed average consensus using bounded transmissions,” IEEE

Trans. SP, vol. 61, pp. 6000 – 6009, Dec. 2013.
[19] ——, “Robust consensus in the presence of impulsive channel noise,”

IEEE Trans. SP, vol. 63, pp. 2118 – 2129, March 2015.
[20] J. Lee, C. Tepedelenlioglu, M. K. Banavar, and A. Spanias, “Non-

linear diffusion adaptation with bounded transmission over distributed
networks,” in ICC, June 2015, pp. 6707 – 6711.

[21] X. Zhang, M. K. Banavar, M. Willerton, A. Manikas, C. Tepedelenli-
oglu, A. Spanias, T. Thornton, E. Yeatman, and A. G. Constantinides,
“Performance comparison of localization techniques for sequential WSN
discovery,” in SSPD, Sept. 2012, pp. 1 – 5.

[22] H. A. David and H. N. Nagaraja, Order Statistics. WILEY, 2003.
[23] R. Zamir, “A proof of the fisher information inequality via a data

processing argument,” IEEE Transactions on Information Theory, vol. 44,
no. 1, pp. 1246 – 1250, May 1998.

[24] M. Huang and J. H. Manton, “Stochastic consensus seeking with measure-
ment noise: Convergence and asymptotic normality,” in 2008 American

Control Conference, June 2009, pp. 1337 – 1342.

 
138



Joint Array and Spatial Sparsity Based Optimisation
for DoA Estimation

Mingyang Chen, Mark Barnard and Wenwu Wang
Centre for Vision Speech and Signal Processing

Department of Electronic Engineering
University of Surrey, Guildford GU2 7XH, United Kingdom

Emails: {m.chen; mark.barnard; w.wang}@surrey.ac.uk

Abstract—Traditional spatial sparse techniques for DoA esti-
mation are implemented by full arrays. However in practice, it is
desirable to use as few sensors as possible to reduce the cost for
manufacturing the array or to counter against sensor failure. As
a result, joint optimisation of sparse array and spatial sparsity
becomes an ideal alternative. In most of existing methods, these
two kinds of sparsity are studied separately. This paper proposes
a joint model which achieves source detection in a subset of
space using partial array sensors. The core idea is to use the
weight coefficients obtained in sparse array optimisation to scale
the model for the sparse reconstruction based DoA estimation.
Compressive sensing based optimisation is used for both steps.
The numerical results of DoA estimation for both stationary
source and moving source are used to demonstrate the feasibility
of this joint model.

I. INTRODUCTION

An acoustic array system, which is a collection of acoustic
transducers operating through array signal processing tech-
niques, has been used in many areas, such as non-destructive
evaluation, underwater detection and machine diagnosis. In
these applications, Direction of Arrival (DoA) estimation from
the array output is an important issue in source localisation and
separation [1].

Classically, DoA estimation is addressed by methods, such
as Capon beamformer, high-resolution and multiple signal
classification (MUSIC) algorithm [2] [3] [4]. Recently, spa-
tial sparsity motivated techniques, which aim at extract-
ing meaningful lower-dimensional representations from high-
dimensional data, have attracted wide interests in DoA esti-
mation, since it drastically improves system performance on
data storage and transmission [5]. Compressive sensing (CS)
based sparse reconstruction [6], which is a popular solution
to sparse representation, has been used for DoA estimation
in [7], where the activity of source is assumed to be sparse
and the sparsity is enforced by a constraint based on l1 norm
of a vector of the coefficients corresponding to the source
activities in the spatial domain [7]. A sequential algorithm
has been developed recently in [8] [9], where continuous DoA
estimation is obtained from the array observation in an on-line
manner, based on the least absolute shrinkage and selection
operator (LASSO).

In the techniques discussed above, a full array is used and
the adjacent sensor separation is often assumed to be no larger
than half of the wavelength of the signal [10]. In practice,

however it is desirable to use as few sensors as possible to
reduce the cost for array design and manufacturing or to ad-
dress the problem of sensor failure in the sense that the weight
coefficients corresponding to the remaining working sensors
can be re-configured with the sparse optimisation techniques.
As a result, the idea of the sparse array was proposed as an
alternative [11], where the CS techniques can also be used
[12] by limiting the number of non-zero elements (l0 norm)
of the weighting parameters. Alternatively, the method can be
more efficiently addressed as a minimisation of the l1 norm
of the weighting coefficients as in [13].

Spatial sparsity and array sparsity have been exploited
separately in most existing methods discussed above. In [14],
however, these two types of sparsity have been considered,
where the direct data covariance (DDC) matrix is used to form
a virtual array model with an extended aperture. Then two
methods addressing the LASSO problem with this array model
are presented. The DDC matrix instead of omni-directional
steering vector is used to obtain the desired signal with the
sparse array. However, the sparsity of the linear array was
manually set in their experiments.

In this paper, we propose a new joint model to exploit
sparsity in both array and source space where a CS based two-
step iterative process is used. Through this joint model we are
able to calculate the weight coefficients for each sensor, which
are then used in a sequential sparse reconstruction algorithm
to estimate the DoAs. Combining spatial sparsity and the
sparse array optimisation enables DoA estimation in a lower-
dimensional space and at the same time using as few sensors
as possible.

This article is organised as follows. In Section II, the
background about the sparse array and the spatial sparse
representation is presented. The proposed algorithm is pre-
sented in Section III. In Section IV, numerical results on a
stationary source, a moving source and noise added sources
are presented. Finally, the conclusion is given in Section V.

II. BACKGROUND

A. Array Model

We assume that a narrowband linear array is used, and each
array element has an unitary sensitivity. In addition, source
signals can only arrive in one half of the plane and the array
is expected to have a perfect baffle, which means the arrival

978-1-5090-0326-6/16/$31.00 ©2016 IEEE 
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directions are from -90 degree to +90 degree along the plane
of the array elements, and 0 degree is the normal to the line
of the array.

As in [15], the observed sensor signal at each time step k is
denoted as y𝑘 = (𝑦𝑘1, 𝑦𝑘2, ⋅ ⋅ ⋅ , 𝑦𝑘𝑁 ), where N is the number
of sensors. At each time step, there is a vector reflecting
possible angles for the DoA x𝑘 = (𝑥𝑘1, 𝑥𝑘2, ⋅ ⋅ ⋅ , 𝑥𝑘𝑀 ), where
M is the number of potential source directions.

A matrix A is created by sampling all possible directions
of arrivals (DoAs). The size of A is N ×M where N ≪ M .
The nm-th element of A is defined by

Anm =
1√
𝑁

𝑒𝑥𝑝 [−𝑗2𝜋𝜇𝑛 sin 𝜃𝑚] (1)

where 𝜇𝑛 =
𝑑𝑛
𝑐𝑇𝑠

with temporal sampling period 𝑇𝑠 for n =

1, 2, ⋅ ⋅ ⋅ ,N , 𝑑𝑛 denotes the distance between the n-th sensor
and the middle sensor, 𝑐 is the speed of wave propagation, and
𝜃𝑚 = 𝜋𝑚

𝑀 − 𝜋/2 is the DoA of the m-th hypothetical source
to the n-th sensor in the array.

For each vector x𝑘, there are M source directions corre-
sponding to the columns of A, leading to the array model

y𝑘 = Ax𝑘 + n𝑘 (2)

where n𝑘 is random noise. Here we consider isotropic noise
in the assumed half plane as used in our experiments.

B. CS-Based Sparse Array

Following [13], the CS based sparse narrowband array
problem can be formulated as a minimisation of the l1 norm
of the weight coefficients, as follows,

min ∥w∥1
𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 ∥f −w𝐻A∥2 ≤ 𝛼 (3)

where w ∈ ℂ
𝑁 is the coefficient vector of the array, f ∈

ℂ
𝑀 is the vector holding the desired beam response at the

sampled angular points 𝜃𝑚 for the frequency of interest Ω,
m = 1, 2, ⋅ ⋅ ⋅ ,M , 𝛼 ∈ ℜ+ is the constraint to define how
much the designed response is similar to the desired response,
(⋅)𝐻 is a Hermitian operator, ∥ ⋅ ∥1 and ∥ ⋅ ∥2 are respectively
the l1 and l2 norm of their arguments.

In detail, f is defined by

f = [f (Ω, 𝜃1), f (Ω, 𝜃2), ⋅ ⋅ ⋅ , f (Ω, 𝜃M )] (4)

where f (Ω, 𝜃) is a desired response at the direction 𝜃.

C. Spatial Sparse Reconstruction Using LASSO

Assuming a full array is used, the DoA estimation problem
can be cast as a sparse reconstruction problem. This can be
achieved by dividing the source space into multiple ranges
of possible directions, with each range assigned a weight
to indicate the activity of the source in that rangle. To find
the DoA of the source, the weights corresponding to each
range need to be found. This can be achieved by e.g. using a
sequential Bayesian technique based on the LASSO function,

as in [8], [9], assuming that the number of active sources is
small as compared to the total number of ranges of possible
directions.

For the signal y𝑘 at time k and source activation vector x𝑘,
the cost function to be minimised is given as follows,

argmin
x𝑘

∥y𝑘 −Ax𝑘∥22 + 𝜇∥Dx𝑘∥1 (5)

with
D = 𝜎2V (6)

V = 𝑑𝑖𝑎𝑔(v) (7)

where D and V are matrices holding the coefficients vector
v = (v1, v2, . . . , vM)𝑇 , which corresponds to the source
activity in the source space, 𝜇 is a regularization parameter,
and 𝜎2 is the noise variance.

As for sequential estimation, the result at the (k+1)-th time
step should be calculated by the signal at the k -th time step.
This is achieved based on the relationship between v𝑚[𝑘] and
v𝑚[𝑘 + 1].

In the neighbourhood of an active source defined by a
threshold l [9], the predicted weights v𝑚[𝑘+1] are calculated
as below:

(v𝑚[𝑘 + 1])
2
=

⎛
⎝

𝑙∑
𝑗=−𝑙

𝛼𝑗

(v𝑚+𝑗 [𝑘])
2

⎞
⎠

−1

(8)

with non-negative coefficients 𝛼𝑗 ,
∑
𝑗 𝛼𝑗 = 1 and the weights

in v are bounded by 1. In practice, a small threshold e.g. 100×
2−52 is used to prevent the value of v𝑚+𝑗 [𝑘] from approaching
zero in order to avoid invalid division.

When the estimation is out of the neighbourhood of the
active source, the weight prediction is replaced by:

v𝑚[𝑘 + 1] = v𝑚[𝑘] + 𝑐v0 (9)

where v0 and c are defined empirically [9].

III. JOINT SPARSITY BASED METHOD

The proposed method consists of two main steps. With the
input of a given beam, the first step is to implement the CS-
based sparse array algorithm through the cost function (3) to
obtain a series of sparse sensor weight coefficients. The second
step is to plug the estimated weight coefficients into the cost
function (5), as a scaling factor for y𝑘.

For the CS-based sparse array optimisation with the cost
function (3), as the vector weight coefficients w are complex
numbers, i.e. w = wR +wI 𝑖, to achieve sparse solutions, the
𝑙1 norm should be modified as

min ∥w𝑅∥1 + ∥w𝐼∥1
𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 ∥f − (w𝑅 +w𝐼 𝑖)

𝐻
A∥2 ≤ 𝛼 (10)

where f is the input vector holding the desired beam response
at source directions and 𝛼 is a constraint controlling the fitting
error [13].
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After obtaining the estimated w, the LASSO function (5)
is then modified as

argmin
x𝑘,v𝑚

∥Wy𝑘 −Ax𝑘∥22 + 𝜇∥Dx𝑘∥1 (11)

where W is defined as

W =

⎛
⎝
∣w1∣

⋅ ⋅ ⋅
∣w𝑁 ∣

⎞
⎠ (12)

Both cost functions (10) and (11) are optimised by the CVX
toolbox in Matlab [16].

The above two steps are iterated in an alternating manner.
The input beam response f can be initialised randomly. The
joint model is able to estimate the correct DoA estimation after
a few iterations as follows,

1. Set k = 1 and create an initial beam response as input f
of (10), corresponding to a randomly selected direction.

2. Implement two-step optimisation and obtain the possible
angles x𝑘 by solving (11).

3. Replace f by (Ax𝑘)
𝐻A, and set k = k+1.

4. Repeat stages 2 to 3 until k reaches the predefined
maximum time step K .

IV. NUMERICAL RESULTS

In this section, the performance of the proposed method is
investigated for narrowband DoA estimation through a sparse
linear array. All the experiments are based on simulated data,
including a stationary source at 40 degree and a moving source
starting from 0 degree, turning to 48, -48.5, 57, 52, 57, -57.5,
57 degrees, ending at 13.5 degree. Here we assume the source
angle is changing at a constant range, hence no Doppler shift
is considered in this paper.

The underwater speed of sound used in this model is
assumed to be 1500 m/s, and the frequency of the sources
is 200 Hz. In the noisy case, the level of noise in terms of
Signal to Noise Ratio (SNR) is 20 dB. A grid of 100 potential
sensors are used.

For the stationary source estimation, the inter-sensor spacing
is 0.1𝜆 (𝜆 is the wavelength) and the maximum running step
is K = 20. For the moving source estimation, the inter-sensor
spacing is 0.05𝜆 and the maximum running step is K = 100.
Experiments show that the sensor separation should be small
enough with respect to the scale of the array and running
time. It was observed that the number of steps chosen for
the stationary and moving source cases was large enough for
the proposed algorithm to converge. The constraint value of
𝛼 used in (10) is 0.3, which controls how close the designed
response is to the desired response.

In order to measure the accuracy of DoA estimation, we
define the performance metrics of Mean Square Error (MSE)
and Standard Error (SE) according to functions (10) and (11)
as follows,

MSE = 20𝑙𝑜𝑔10

(∥f −w𝐻A∥22
𝑀

)
𝑑𝐵 (13)

SE =

√(∥y𝐻𝑘 A− (Ax𝑘)𝐻A∥22
𝑀

)
𝑑𝑒𝑔𝑟𝑒𝑒 (14)
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Fig. 1. The desired response f given in initialisation and the designed response
w𝐻A obtained by the first step of the proposed two-step method for the
stationary source without noise.
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Fig. 2. DoAs estimated ((Ax𝑘)
𝐻A) for the stationary source without noise,

at 40 degree.

where M is the number of potential source directions. Both
MSE and SE are calculated in each time step (the total
time step is K ) and the average values are calculated for
each performance metric. We distinguish MSE in decibel and
SE in degree because decibel is often used for presenting
the difference in beam response while degree is used for
measuring the DoA directions.

A. Stationary Source

The input beam response of the sparse array is initialised
at 20 degree (intentionally set to be different from the ground
truth of the source direction). It was observed in our experi-
ments that 36 of 100 sensors become active in this case. The
weight coefficients become stable after 20 time steps. Figure
1 illustrates the simulation between desired signal (the red
dashed line) and designed signal (the blue line), where the
desired response corresponds to f given in initialisation and
designed response corresponds to w𝐻A obtained by the first
iteration of the proposed two-step method. The simulation
shows the designed response matches well with the initial

 
141



Time steps

D
O

A
 (

de
g)

 

 

10 20 30 40 50 60 70 80 90 100

−80

−60

−40

−20

0

20

40

60

80

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Fig. 3. DoAs estimated ((Ax𝑘)
𝐻A) for the moving source without noise.

desired response. The mean square error (MSE) defined by
(13) between two responses is -66.7 dB.

With the result of the sparse array optimisation, the weight
coefficients are then used to scale yk in the LASSO problem
(11), which is used to find spatial sparse representation x𝑘.

In Figure 2, the source DoA at 40 degrees can be clearly
observed through the beamforming of ((Ax𝑘)

𝐻A). The stan-
dard error (SE) defined by (14) between the estimated DoA
((Ax𝑘)

𝐻A) and the target DoA (y𝐻𝑘 A) is 0.49 degrees,
demonstrating a satisfatory performance of the joint method.

We should note that even though in the sparse array op-
timisation step, the sensors were selected based on the DoA
initialised to an angle, e.g. 20 degree, which is different from
the ground truth, the second step of the proposed algorithm
is able to find the correct DoA based on the selected subset
of the sensors. This is also the case observed in the moving
source scenario, as discussed next.

B. Moving Source

For the moving source, the first input beam response of
the sparse array is also initialised at 20 degree, then the
source DoA estimated at time k is given as the input to the
sparse array optimisation at time k +1. The optimised weight
coefficients in sparse array changes in each time step. It was
found that the average number of active sensors selected by
the sparse array optimisation is 22 (note the total number of
sensors is 100). The mean value of the MSE between the
desired signal f and designed signal w𝐻A is -70.6 dB for all
the time steps.

Figure 3 shows the DoA estimates (in terms of (Ax𝑘)
𝐻A)

with respect to the time steps. The SE between the estimated
DoA ((Ax𝑘)

𝐻A) and the target DoA (y𝐻𝑘 A) is 0.27 degrees.
Each turning point of the source can be seen clearly in this
figure despite the existence of some estimation noise. We
believe that the estimation noise can be further reduced with
more time steps.
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Fig. 4. The mean value of desired response f given in continuous k time
steps and the mean value of designed response w𝐻A obtained by the first
step of the proposed two-step method for stationary source with noise (SNR
= 20 dB).
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Fig. 5. DoAs estimated ((Ax𝑘)
𝐻A) for the stationary source with noise

(SNR = 20 dB), at 40 degree.

N𝑡ℎ Weights N𝑡ℎ Weights
6 3.1652 51 3.1769
7 0.9644 52 1.1229
16 0.2658 67 0.3500
17 0.4516 68 1.6212
18 0.8040 71 0.2090
29 0.2799 81 0.9776
33 2.2697 82 2.2576
34 0.3991 94 0.7304
40 0.3540 95 1.9352

TABLE I
WEIGHT COEFFICIENTS OF ARRAY FOR MOVING SOURCE WITH NOISE

(SNR = 20 dB) AT TIME STEP OF 3.

C. Signals with Random Noise

This section evaluates how the algorithm performs when the
observed signals are noisy. To this end, noise at the level of
SNR = 20 dB, which is isotropic around the half space and
follows the i.i.d Gaussian distribution with zero mean and unit
variance, is added to the observed signals. The initial input
beam response is set the same as previous sections. It was

 
142



Time steps

D
O

A
 (

de
g)

 

 

10 20 30 40 50 60 70 80 90 100

−80

−60

−40

−20

0

20

40

60

80

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Fig. 6. DoAs estimated ((Ax𝑘)
𝐻A) for the moving source with noise (SNR

= 20 dB).

observed that, 22 active sensors were selected by the sparse
array optimisation algorithm for the moving source, which was
smaller than the 37 active sensors in the stationary case. The
coefficients for optimised array change continuously due to
the noise. Table I is an example of the weight coefficients for
the active sensors at time step k = 3 for the moving source
example.

For the stationary source with added noise, the comparison
between the mean value of the desired response f given in
continuous k time steps and the mean value of the designed
response w𝐻A obtained by the first step of the proposed two-
step method is shown in Figure 4. The mean value is calculated
because there are small fluctuations at each time step due to the
existing noise. The MSE between two responses is -70.7 dB.
For the moving source with noise, the mean value of MSE is
-71.4 dB, which is similar to the MSE result of moving source
without noise.

Figures 5 and 6 show the DoA results for the stationary
source and the moving source respectively. It can be observed
that in both cases, the sources are still well tracked. However,
the estimates are more noisy, and the SE between the estimated
DoA ((Ax𝑘)

𝐻A) and the target DoA (y𝐻𝑘 A) becomes 0.55
degrees for the stationary source case and 0.31 degrees for the
moving source case respectively.

V. CONCLUSION

A new method has been presented to exploit the joint
sparsity in array design and source localisation. The method
is operated in a two-step iterative process, of which the first
step is to find the sensors to be used from the array and
the second step is to perform source localisation with the
LASSO algorithm with the selected sensors. The two steps are
iterated in an alternating manner. The algorithm can start with
a random guess of the DoA of the source when performing
the optimisation for the sparse array, but eventually find the
DoA of the source with the sparse reconstruction algorithm.
The results evaluated for both stationary source and moving
source show good performance of the proposed method. For

the future work, we will extend the array from the narrowband
to the wideband, as well as to a large scale.
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Abstract—The target motion analysis (TMA) for a moving 
scanning emitter with known fixed scan rate by two fixed passive 
observers using the time of interception (TOI) measurements 
only is investigated in this paper. By transforming the TOI model 
into the direction difference of arrival (DDOA) model, an 
instrumental variable (IV) estimator is proposed to solve the 
scanning emitter tracking problem. It is a closed-form solution 
with no initial guess required. Simulations show that the 
proposed algorithm can provide estimation accuracy very close to 
the Cramer-Rao lower bound (CRLB) with significantly lower 
estimation bias at moderate noise levels compared to the 
conventional pseudo-linear least square (PLS) estimator. 

Keywords—target motion analysis; scanning emitter; time of 
interception; least squares 

I.  INTRODUCTION 

Determining the position and velocity of a moving source 
by one or more observers, which is also referred as target 
motion analysis (TMA), is essential for many applications such 
as radar, sonar, reconnaissance, and wireless networks[1]-[3]. 
However, the traditional TMA methods[3]-[7] cannot be 
directly used for the scanning emitter[8], such as the 
mechanically scanning radar, from which only the 
measurements named as time of interception (TOI) can be 
obtained. The TOI is defined as the time instant when the peak 
location of the main-lobe of the scanning emitter reaches the 
observer. 

To locate the scanning emitter, a geometric solution when 
there are only three observers available is proposed in [8], and 
it is extended to the scenario with more than three observers by 
using a nonlinear least square (NLS) estimator[8]. However, 
the NLS estimator, as well as the maximum likelihood (ML) 
estimator proposed in [9]-[12], needs an initial guess close 
enough to the true location of the emitter to guarantee the 
convergence, which may not be easily found in practice. By 
transforming the TOI measurements to the direction difference 
of arrival (DDOA), a pseudo-linear least square (PLS) 
estimator is proposed in [10]. However, the PLS estimator is 
well known for its bias caused by the correlations between the 
measurement matrix and the noises[4],[7]. Moreover, existing 
estimation methods all assumed that there are at least three 

observers and the emitter is stationary[8]-[12]. In order to 
improve the performances, more than three of stationary or 
moving observers are needed, which may not be satisfied in 
practice. In addition, these methods cannot be easily extended 
to the moving scanning emitter. For these reasons, the TOI-
based tracking of a moving scanning emitter with known fixed 
scan rate by two fixed observers is investigated in this paper. 

For two stationary observers, the state of the non-
cooperative moving scanning emitter cannot be determined in 
one scan cycle. Measurements should be accumulated over 
multiple scans for parameter or state estimation. Accordingly, 
the multiple scan cycles TMA model is established by 
transforming the TOI to the DDOA. By introducing the first 
direction of arrival (DOA) as a nuisance parameter to be 
estimated, a PLS estimator by two observers is then proposed 
to obtain the initial position and velocity at the start of the 
target trajectory. To reduce the estimation bias caused by the 
correlations between the measurement matrix and noises in the 
PLS estimator, an instrumental variable (IV) estimator is 
finally proposed. Simulation results show that the IV estimator 
attains performance close to the Cramer-Rao lower bound 
(CRLB) at moderate noise levels. 

The rest of this paper is organized as follows. Section 2 
establishes the DDOA model for the scanning emitter TMA 
based on TOI measurements. Section 3 presents the closed-
form PLS estimator as well as the IV estimator. Section 4 
presents the simulation results to verify the proposed 
estimators. Section 5 draws the conclusions. 

II. PROBLEM FORMULATION 

Without the loss of generality, we considered the TMA 
problem in the two dimensional (2D) plane. As shown in Fig. 
1, suppose an emitter is moving at a constant velocity 

[ ]T
T Tx y=x   . The antenna of the emitter is scanning with a 

known constant scan rate ω . Its main beam periodically 
sweeps across two fixed observers =[ ]T

n On Onx ys ( 1,2)n = , 
which intercept the signals and record the interception time of 
the beam peaks[12]. Assuming that at time kt , one of the 

observers ns  intercepts the main beam signal, which was 

This study was co-supported by the Shanghai Aerospace Science and 
Technology Innovation Fund of China (No. SAST2015028) and the 
Equipment Prophecy Fund of China (No. 9140A21040115KG01001). 
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transmitted by the emitter at =[ ]T
k Tk Tkx yx , where 

1,2, ,k N=  and N is the total number of the interceptions.  

≈

1s
2s

1r
kr

kβ
1β

1x
kx

xEmitter − −
Observer − −

ω
 

Fig. 1. Tracking a moving scanning emitter with two fixed observers. 

According to Fig. 1, the TOI measurement of the scanning 
signal is 

 0 0ˆ ( ) / ( 1) / 2 /k k k k p k kt t k T r c tη β β ω η= + = − + − + + +    (1) 

where c is the speed of light. 2 /pT π ω= is the scanning period, 

which is known because ω  is known.    is the truncating 

operator, which rounds the element to the nearest integer 
smaller than or equal to itself. 0t and 0β are the initial signal 
transmission time and azimuth of the rotating antenna. 

T
k kkr = r r denotes the signal propagation range between 

observer ns and the emitter, where k n k= −r s x represents the 

vector from the emitter to the observer. arctan( / )k k ky xβ = is 

the angle between vector kr and the x-axis anti-clockwise, 

where k On Tkx x x= − and k On Tky y y= − are the relative 

coordinates of each axis. kη is a zero mean Gaussian white 

noise with the covariance 2
kσ . For theoretical analysis, we 

assume that 1s  intercepts the scanning signal for the first time. 
Afterward, the two observers intercept the scanning signal 
alternately without signal loss. Thus, the index of the observer 
is determined by mod( 1,2) 1n k= + + , where mod( ,2)k is the 
modulo operator, which returns the remainder after division of 
k by 2. 

To eliminate the influence of 0t and 0β , the time difference 
of interception (TDOI) between two TOI measurements is 
evaluated as 

 ˆ ˆ ˆ= / ( ) / 2 ( ) /ij i j ij p i j ijt t t i j T r r cβ ω η− = + − + − +    (2) 

where i j≥ , , 1,2, ,i j N=  . ij i jβ β β= − is the difference of 

the radiating angle between two intercepted signals, equaling to 
the DDOA. ij i jη η η= − is the measurement error. 

For a distant emitter[8], it is reasonable to apply the 
approximation that i jr r≈ , which can eliminate the influence of 

the term ( ) /i jr r c− . The TDOI is then given by 

 ( )ˆ /ij ij p ijt i j Tβ ω η≈ + − + . (3) 

After multiplying ω  on both sides of (3), the measured 
DDOA becomes  

 ( ) ( )ˆ ˆ 2 2ij ij ij ijt i j t i jβ ω π ω π ε= − − = − − +  (4) 

where ijt is the true value of îjt and ( )ij i jε ω η η= − is the 

corresponding measurement error. In this way, the measured 
TOIs are converted to the DDOA measurements, 
approximately. 

The DDOA between the k-th interception and the first one 
with respect to 1 1=[ ]T T Tu x x is  

 ( ) ( ) ( ) ( )1 1 1 1 1arccos
T

k n k kr rβ  = − − u s x s x  (5) 

where 2,3, ,k N=  , 1x is the emitter position where its first 
intercepted signal is radiated, and 

 1 1 1 1 1 1 1ˆ ˆk k k k kt t tη= + = + − ≈ +x x x x x x x x    . (6) 

To facilitate the following theoretical and algorithm 
development[5],[7], we assume that the moving process of the 
scanning emitter is noiseless, and make 1u as the unknown to be 
estimated in this TMA problem. For simplicity, the index k is 
presumed to run from 2 to N in the sequel unless otherwise 
specified. The measurement of DDOA corrupted by the noise 
is written in terms of 1u as  

 ( )1 1 1 1
ˆ
k k kβ β ε= +u . (7) 

According to the distribution of kη , it can be deduced that 

1kε  is zero mean and the covariance is 

 [ ]
2 2 2 2
1 2 1 1

2 2 2 221
2 1 1 3 1

21 1

1 2 2 2 2
1 1 1

N

N
N

E

σ σ σ σε σ σ σ σε ε ω
ε σ σ σ σ

+       +=    
       + 

Σ


     


(8) 

The corresponding measurement errors are Gaussians and 
they follow 2( , )ω0 ΣN , where ( , )μ ΩN denotes the Gaussian 
distribution with mean μ and covariance Ω . 
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Accordingly, the scanning emitter TMA problem can be 
transformed to an optimization problem, which is to estimate 
the initial state 1u from a batch of DDOA measurements given 
by (4) with (6) and (7) being the dynamic and observation 
models. 

III. ESTIMATION ALGORITHMS 

A. Pseudo-linear least square estimator 

It is a strictly nonlinear problem to determine the location 
and the velocity of the moving scanning emitter. In order to 
find a closed-form solution, a pseudo-linear model can be 
obtained by introducing an extra parameter 1β [10] and 

rewriting the cotangent of 1kβ as 

 ( ) 1 1
1 1

1 1

1 cot cot cos
cot cot

cot cot sin
k k

k k
k k

β β ββ β β
β β β

+= − = =
−

. (9) 

After putting the definitions k On Tkx x x= −  and k On Tky y y= − , 
(9) is recast into 

 k k kz = h θ  (10) 

where [ ]1 1 1 1sin cos 0 0 cos sink k k On k On ky xβ β β β= − −h , 

1 1cos sink On k On kz x yβ β+= , 1[ 1]T T
k k=θ R u , [ ]T T T

k k=u x x  

is the k-th state of the emitter, 
1

11

1cot

β
β

β

 
 =
  

R 0
0R 0 R

0
 and 

1

1

1

cot 1
1 cotβ
β

β
 = −  

R . 

Substitute the noise corrupted DDOA measurements (7) 
into (10) yields the pseudo-measurement function as  

 ˆˆk k k kz ν= +h θ  (11) 

where 1 1 1 1
ˆ ˆ ˆ ˆˆ [sin cos 0 0 cos sin ]k k k On k On ky xβ β β β= − −h  

, 1 1cos sinˆ ˆˆk On k On kxz yβ β= + , and kν is the corresponding noise 
term. Substituting (6) into (11) yields  

 1 1 1 1
ˆ ˆ ˆˆk k k k k k kz ν ν= + ≈ +h Φ θ h Φ θ  (12) 

where 1 1ˆ1 1
ˆ

k kt tk k ==Φ Φ . The approximation is due to 1kt in 1kΦ  

being unavailable, so 1k̂t is used instead. Rewrite all the 
measurements in a compact form 

 1= +z Hθ v  (13) 

where 2 3ˆ ˆ ˆ[ ]T
Nz z z=z  , 2 3

ˆ ˆ ˆ[ ]T T T T
N=H h h h  and 

2 3[ ]T
Nν ν ν=v  . Thus, the problem of determining 1θ has a 

pseudo-linear form. The PLS estimator of 1θ  is given by 

 ( ) 1
PLS

ˆ T T−=θ H H H z . (14) 

When PLSθ̂ is obtained, the initial state of the emitter can be 
determined as 

 
( )

1

1 (3)

(1:2) 1

ˆ ˆarccot

ˆ ˆˆˆ sinT
β

β

β

 =


=

θ

x R θ
 (15) 

where PLS
ˆ ˆ=θ θ , ( )( ) i denotes the i-th element of a vector 

and
1

ˆ βR is calculated when 1 1̂β β= . 

Although the PLS estimator is a closed-form solution, it is 
well known for suffering enormous bias, due to the correlations 
between the measurement matrix and the noises[13]-[16]. To 
overcome this difficulty, the bias compensation (BC) method 
[14],[17] and the instrumental variable (IV) method[15],[16] 
are always used to alleviate the bias. The BC method needs to 
estimate the bias, which is hard to evaluate accurately, caused 
by the PLS estimator and is difficult to reach the theoretical 
accuracy as the IV estimator does. Therefore, an IV estimator 
is proposed in the following to eliminate the bias. 

B. Instrumental variable estimator  

The normal equation for the PLS estimator is 

 PLS
ˆT T=H Hθ H z . (16) 

According to the IV theory[13], the correlations between 
the measurement matrix and the noise term can be 
asymptotically eliminated by modifying the normal equation to 

 IV
ˆT T=G Hθ G z  (17) 

where G is the IV matrix. IVθ̂  is the IV estimator, which is 
derived by 

 ( ) 1
IV

ˆ T T−=θ G H G z . (18) 

The optimal choice of G is H calculated with the true value 
of the DDOA, but it is not available. A suboptimal choice is 
taken as follows. Firstly, the DDOA evaluated from the PLS 
estimator is given as 

 ( )PLS, 1 1 PLS,1
ˆ ˆˆk kβ β β= −u  (19) 
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where PLS,1β̂ and 1û are estimated from (15) when PLS
ˆ ˆ=θ θ . 

1ˆ ˆ ˆ( ) arctan[( ) ( )]k On Tk On Tky y x xβ = − −u , ˆTkx and ˆTky are 

obtained from (6) by substituting 1u with 1û . Secondly, the 
TDOI is estimated by 

 PLS, 1 PLS, 1
ˆˆ ( 1) 2k k pt k Tβ ω= + −   . (20) 

Thirdly, replacing 1kβ and 1kt with PLS, 1
ˆ

kβ and PLS, 1ˆ kt in H gives 

the IV matrix as 

 
1 PLS, 1 1 PLS, 1

ˆˆ ,k k k kt t β β= ==G H . (21) 

The estimated TOI PLS, 1ˆ kt is used to compensate the 

approximation made in (6) as well as in (12). Thus, on 
replacement of H and θ  with G and PLSθ̂  respectively, (13) 
reduces to a consistent matrix equation with zero noise as 

 PLS
ˆ ˆ=Gθ z  (22) 

where 
1 PLS, 1

ˆˆ
k kβ β==z z is the equivalent measurement data vector. 

Since PLS, 1
ˆ

kβ  and PLS, 1ˆ kt  are obtained from PLSθ̂ uniquely, the 

matrix G is uncorrelated with v  asymptotically[15]. Once 

IVθ̂ is determined, the initial state of the emitter can be 

determined in the same way as given in (15) , where IV
ˆ ˆ=θ θ .  

IV. SIMULATION RESULTS 

ax
is

 --
 y

 (k
m

)

 

Fig. 2. The geometry of the moving scanning emitter tracking by two fixed 
observers in the 2D scenario. 

The moving scanning emitter tracking geometry considered 
in the simulation is shown in Fig. 2. An emitter located at 
[0 0]T km moves at a constant velocity [150 0]T m/s. The 
scanning radar with 10s scan cycle is working clock-wisely. 
Two fixed observers are located at 1 [ 50 100]T= −s km and 

2 [150 150]T=s km, respectively. The scanning signal is firstly 

intercepted at the beginning of the scenario by observer 1s . The 
total scenario is about 500s, and produces 102 TOI 
measurements.  

For performance comparison, the bias and the root mean 
squared error (RMSE) of every estimator are obtained after 
1000 Monte-Carlo simulation runs. The bias is defined 
by

2
ˆ{ }E −g g and the RMSE by 1/2ˆ ˆ[tr( {( )( ) })]TE − −g g g g , 

where tr( ) is the trace of a matrix, and ĝ is an estimation of 

1{ , }∈g x x  from different estimators[18].  

We first examine the performances of the PLS estimator, 
the IV estimator in different noise levels. The ML 
estimator[10], which is implemented using the Gauss-
Newtown algorithm and is initialized to the true value, is also 
presented as a benchmark[18]. The RMSE of every estimator 
are compared with the CRLB[8]. The TOI measurement noise 
of each observer is independent identical distributed. Its 
standard variance ranges from 0 to 12ms with 2ms as the 
interval. The RMSE and bias of the initial state are calculated 
at the last interception of the scenario. 

The simulation results in Fig. 3 and Fig. 4 show that all 
estimators perform the same trend in the RMSE and the bias of 
location and velocity estimations. The ML estimator is 
approximately unbiased and reaches the CRLB. The PLS 
estimator presents significant variance and bias. The IV 
estimator alleviates the bias caused by the PLS estimator, and 
is almost unbiased in the given situation. It is comparative to 
the ML estimator and asymptotically attains the CRLB in 
moderate measurement noises. 

  

Fig. 3.  RMSE of location and velocity estimations with different noise 
levels. 

  

Fig. 4. Bias of location and velocity estimations with different noise levels. 

We take the noise standard variance 6msσ =  to examine 
the influence of different interception numbers N for the PLS 
estimator, the IV estimator and the ML estimator. The RMSE 
and the bias are also derived to evaluate the estimators. 
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The simulation results shown in Fig. 5 and Fig. 6 are 
presented with [25,102]N = . The RMSE and bias of every 
estimators decrease as N increase. The ML estimator always 
reaches the CRLB while the system is observable. When 

60N > , the IV estimator attains the CRLB. However, the PLS 
estimator cannot reaches the CRLB even at the end of the 
scenario. The bias of the ML estimator is the smallest, and 
when 30N > , it is steadily unbiased. The bias of the IV 
estimator is asymptotically reaches 0 when 60N > . The bias 
of the PLS estimator does not vanish as N increases. 

  

Fig. 5. RMSE of location and velocity estimations with different numbers of 
interceptions when 6msσ = . 

  

Fig. 6. Bias of location and velocity estimations with different numbers of 
interceptions when 6msσ = . 

V. CONCLUSIONS 

The moving scanning emitter TMA by two fixed observers 
has been discussed in this paper. The DDOA model is 
established based on the TOI measurements in multiple scan 
cycles. Simulations show that the proposed IV estimator 
reduces the bias and variance caused by the PLS estimator 
explicitly. The performance of the IV estimator is comparative 
to the ML estimator and reaches the CRLB at moderate TOI 
measurement errors. 
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Abstract—In this paper, the problem of intrusion detection
using pyroelectric infrared (PIR) sensors is investigated. We study
the output PIR signal in the light of the intruder’s trajectory and
the geometry of the sensor’s field of view (FOV) and propose
an inverse-square law that describes the relation of incident
heat flux to the distance. The signal is modeled by a sum of
exponentially modulated sinusoids. Consequently, the intrusion
detection is formulated as a hypothesis testing problem and
we propose an exponentially windowed periodogram (EWP)
detector, which is also able to detect the direction of movement.
The simulation results shows the superior performance of the
EWP detector when compared to conventional detectors such as
the traditional periodogram detector and the energy detector over
large distances. Furthermore, results show nearly 100% correct
detection of the direction of movement.

I. INTRODUCTION

Intrusion detection is a vital field of research with significant
practical impact. Several sensor modalities are used for intru-
sion detection, some of which are magnetic, acoustic, seismic,
and thermal sensors [1]. However, pyroelectric infrared (PIR)
sensors present themselves as an attractive option due to their
low power requirement, low cost, and small form factor. PIR
sensors are made from pyroelectric crystals that are intrin-
sically polarized [2]. When exposed to temperature change,
the polarization is temporally disturbed producing a current
proportional to the heat gradient. Thus, PIR sensors measure
the change in temperature making them suitable for motion
detection. Usually, two sensor elements are connected serially
in reverse polarity, thus producing a positive voltage when
motion occurs in the positive element field of view (FOV)
and a negative voltage when motion occurs in the negative el-
ement’s FOV. Hence, PIR sensors can be found in many indoor
applications, such as [3]. Recently, PIR sensors were also used
with wireless sensor networks (WSNs) in outdoor applications
[4], due to the previously stated features. However, due to
limited detection range the outdoor applications are limited.
Therefore, advanced processing techniques are needed in order
to increase the detection range of the PIR sensors

Several processing methods have been suggested in the lit-
erature. In [5], energy detection with adaptive noise threshold
was proposed. Simple high-pass filtering was also used to
improve the SNR. A combination of the Haar transform and
support-vector-machine was used in [6] to detect intrusion in
the presence of clutter. In [7], the authors proposed using a
linear regression model in conjunction with hidden Markov

models to detect and classify human walking movement. PIR
sensors were used for tracking of direction and distance of
motion in [8] via feature extraction methods. A set of two
orthogonal PIR sensor pairs were used in [9] to detect the
direction of movement.

In this paper we investigate increasing the detection range
of PIR in outdoor environments using the statistical hypoth-
esis testing framework leading to advanced signal processing
methods, in contrast to the simplified processing adopted in
[6]. Firstly, we show that the incident heat flux at the sensor
obeys the inverse square law for an arbitrary source shape.
Secondly, we model the incident heat flux time varying signal
as a function of the intruders’ trajectory parameters. Finally,
we formulate the detection problem as multiple hypothesis
testing.

This paper is organized as the following. Section II presents
the system model. In Section III, the detection problem is
formulated and the corresponding detection algorithms are
proposed. Simulation results are provided in IV. Finally, the
conclusions and future work are given in Section V.

II. MODELING OF INTRUDER’S SIGNATURE

In this section the time-varying heat flux signature generated
by the intruder and the PIR sensor are formulated.

A. Intruder Heat Flux
We are interested in measuring the heat flux generated by

a mobile intruder moving with constant speed and direction.
The intruder is assumed to be in thermal equilibrium with
its environment. The measured flux at the sensor mainly
depends on the temperature, source geometry, and the spatial
orientation of the intruder and the sensor with respect to
(wrt) each other. Assuming a Lambertian grey body emitting
uniformly in space, the heat flux at the sensor is [2]

Φ =
1

π
εkBωi,s

(
T 4
i − T 4

e

)
Ai (1)

where 0 < ε < 1 is the intruder’s emissivity, kB ≈ 1.381 ×
10−23kg.m2/s2K is the Steveman-Boltzmann constant, Ti is
the intruder’s absolute temperature, Te is the environment’s
temperature, Ai is the intruder’s surface area, and ωi,s is the
projected solid angle of the intruder onto the sensor. So the
geometry of the source w.r.t. the sensor is given by

ωi,s =
1

As

∫
Ai

∫
As

cosβi cosβs
R2

i,s

dAidAs (2)

where As is the sensor’s area, βi and βs are the angles of
dAi and dAs wrt to the axis connecting them, and Ri,s is the
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Fig. 1: Heat flux, Φ, as a function of distance R for the FEM and the
approximation in (3). The human source is modeled by a rectangular head
and body with dimensions of 0.22m× 0.14m and 1.7m× 0.4m
respectively. The human temperature is Ti = 37o with emissivity ε = 1,
environment temperature Ti = 20o, sensor area As = 20µm2, intruder area
Ai = 0.7m2.

distance separating the infinitesimal elements dAi and dAs.
Consequently, the total heat flux is found by solving the double
integration in (1) and substituting in (1).

For an arbitrary geometry, the incident heat flux is usually
found by the finite element method (FEM), which is known
to be cumbersome. Instead, we propose the following closed-
form approximation

Φ ≈ εkB
(
T 4
i − T 4

e

) AiAs
4R2

. (3)

which is simply an inverse square law relationship. The above
approximation is compared with the FEM results in (1) for a
human source at different distances. The results show excellent
matching with our approximation for distances greater than 5
meters.

As the intruder passes in front of the PIR sensor, a Fresnel
lens modulates the incident heat flux by partitioning the FOV
into multiple segments1 as shown in Fig. 2(a), where each seg-
ment concentrates the flux onto the PIR sensor. Consequently,
the PIR sensor’s signal depends on the intruder’s trajectory
through the FOVs. Take for example an intruder crossing the
central FOV segment with constant speed v making an angle
ψ0 with the main sensor axis at distance R0 as shown in Fig.
2(b). The squared distance between the intruder and the sensor
is given by the cosine rule [6] as

R2(t) = v2t2 +

(
R0 sinψ0

sin (ψ0 + γ)

)2

+
2vtR0 sinψ0

tan (ψ0 + γ)
. (4)

Therefore, the incident heat flux has the form

Φ(t) =
Φ̃

R2(t)

[
Π

(
t− t0
d+0 /v

)
−Π

(
t− t0 − d+0 /v

d−0 /v

)]
(5)

where Φ̃ = εkB
(
T 4
i − T 4

e

)
AiAs/4, t0 is the entry time,

and Π(t) is the unit rectangular function in the time interval

1In the context of intrusion detection, such an arrangement increases the
probability of detection.
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(a) Multiple-segment FOV Fresnel lens configuration. Each segment has a FOV with
angle 2γ.
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t = t0

(b) Intruder crossing FOV.

Fig. 2: Intruder crossing the FOV of the Fresnel lens.

[0, 1]. In general, For (2F + 1) FOV segments indexed by
j = −F, · · · , F , we have ψj = ψ0 − jϕ for j 6= 0. Thus, the
heat flux signature has the form

Φ(t) =
Φ0

R2(t)

F∑
i=−F

[
Π

(
t− tj
d+j /v

)
−Π

(
t− tj − d+j /v

d−j /v

)]
(6)

where tj is the jth segment entry time.
Figs. 3(a) and 3(b) show the heat flux signal for an intruder

moving toward and away from the sensor.

B. PIR Signal

The PIR sensor converts the impinging heat flux into an
electrical voltage. The responsivity, which is the ratio of the
output voltage to the input heat flux, completely characterizes
the sensor. The responsivity is actually a bandpass system [10]
given by

H(s) =
V (s)

Φ(s)
=

Ks

(1 + τts) (1 + τes)
(7)

where K is the sensor’s gain, τt is the thermal time constant
of the sensor, and τe is the electrical time constant. Therefore,
the output voltage signal is a filtered version of the heat flux
in (6), i.e.,

s(t) = h(t) ∗ Φ(t) (8)

where h(t) is the sensor’s time-domain responsivity and ∗ is
the convolution operator. An example is given in Figs. 3(c)
and 3(d).
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Fig. 3: The intruder at R0 = 50m moving with speed of v = 5 kmph and
ψ = 500. The sensor has F = 4 FOVs. Figs. (a) and (b) show the heat
flux, Figs (c) and (d) show the sensor signal for K = 6.× 103, τT = 4.2
sec, and τE = 1 sec. Figs. (e) and (f) show the periodograms of the sensor
signal sampled with Fs = 10 Hz and a FFT length of 2048. The first
column is for the intruder moving toward the sensor and the second column
for it moving away.

The PIR sensor elements are usually followed by a JFET
voltage buffer, which superimposes the sensor signal on a
dc bias of the transistor. Also, the signal is corrupted by
noise, which is dependent on the sensor and the environment
background heat radiation. However, we assume that the
voltage signal at the input of the analog to digital converter,
x(t), is appropriately conditioned to remove the dc bias and
reduce the noise before being sampled at a sampling frequency
of Fs. Hence, the raw available sensor is

x[n] = s[n] + w[n]

for 0 ≤ n ≤ N−1 where w[n] is assumed to be additive white
Gaussian noise with zero mean and known variance, σ2.

III. INTRUSION DETECTION

For a given intruder’s class (e.g. humans) the signal’s energy
is dependent on the separation distance, since the intruder’s

energy and the sensor’s noise energy are fixed. Hence, we
resort to statistical hypothesis testing methods to provide
acceptable performance.The intrusion detection problem is
formulated as the following hypothesis testing problem, i.e.,

H0 : x[n] = w[n], 0 ≤ n ≤ N − 1

H1 : x[n] = s[n] + w[n], 0 ≤ n ≤ N − 1. (9)

One way to tackle this problem is to assume that s[n] is
completely unknown, and so the optimal detector in this case
would be the energy detector (ED), with the following test
statistics

TED(x) =
1

σ2

N−1∑
n=0

x2[n]. (10)

Unfortunately, the energy detector has the worse perfor-
mance among all detectors, since no prior information is used.

Interestingly, we can infer some valuable information from
the shape of the PIR signal. Indeed, s(t) in Fig 3(c) has a
striking resemblance to an exponentially decaying sinusoid
and to an exponentially increasing sinusoid in Fig. 3(d).
This observation is also consolidated by (8). Furthermore,
Figs 3(e) and 3(f) suggest having several dominant sinusoidal
components. Hence, we propose the following approximation

s[n] ≈
L−1∑
i=0

αnAi cos (2πfin+ φi)

=
L−1∑
i=0

aiα
n cos(2πfin) + biα

n sin(2πfin) (11)

where Ai, fi, φi are the ith amplitude, frequency, and phase
of the ith component respectively. Whereas α ≥ 0 is the
exponential factor and the parameter vector, ai = Ai cos(φi)
and bi = Ai sin(φi). The above can be compactly represented
in vector format as

s = G(θ)c (12)

c = (a0, · · · , aL−1, b0, · · · , bL−1)
T (13)

G(θ) =
(
gc(α, f0) · · ·gc(α, fL−1)gs(α, f0) · · ·gs(α, fL−1)

)
(14)

where s = (s[0], · · · , s[N − 1])
T , the signal parameters are

lumped in θ = (α, f0, · · · , fL−1)
T , and the columns of the

matrix G(θ) are

gc(α, fi) =
(

1, α cos(2πfi), · · · , αN−1 cos(2πfi(N − 1))
)T

(15)

gs(α, fi) =
(

0, α sin(2πfi), · · · , αN−1 sin(2πfi(N − 1))
)T
.(16)

Consequently, the detection problem can be formulated as

H0 : x = w

H1 : x = G(θ)c + w (17)

where x = (x[0], x[1], · · · , x[N − 1])T and w =
(w[0], w[1], · · · , w[N − 1])

T . The above is a composite hy-
pothesis testing, since θ needs to be estimated. An asymp-
totically optimal detector is the generalized likelihood ratio
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test (GLRT) [11]. It can be shown that the GLRT reduces to
finding the best projection of x onto the space spanned by the
columns of G(θ), i.e.,

TGLRT(x) = max
θ
‖PG(θ)x‖2 (18)

where PG(θ) =
(
GT (θ)G(θ)

)−1
G(θ)T is the projection

matrix on the space spanned by the columns of G(θ).
Apparently, the GLRT is computationally demanding

mainly due to the non-zero correlation between the columns
of G(θ). Consequently, we propose a sub-optimal detector
in which we assume orthogonal columns in G(θ). In other
words,

L−1∑
i=0

L−1∑
j=0

gTc (α, fi)gs(α, fj) =

{
N, i = j

0, i 6= j
(19)

for all α and fi’s. Hence, the resulting detector in this case
has the form

T (x) = max
α,f0,··· ,fL−1

1

N

L−1∑
i=0

|xTgc(α, fi)|2 + |xTgs(α, fi)|2

(20)
which for a given α is a separable maximization problem, i.e.,
it has L peaks at the optimal frequencies (f̂i) values.

The detector in (20) can be further simplified by noting that
the correlations xTgc(α, fi) and xTgs(α, fi) can be decom-
posed into two steps. First, multiply the data samples, x[n],
by the window function αn for a given α and 0 ≤ n ≤ N −1.
Defined the windowed data xα[n] and then the detector in (20)
becomes

TEWP(x) = max
α,f0,··· ,fL−1

1

N

L−1∑
i=0

|Xα(fi)|2 (21)

which we will call the exponentially windowed periodogram
(EWP) detector. Xα(fi) in (21) is the widowed periodogram
defined as

Xα(fi) =
N−1∑
n=0

xα[n]e(−j2πfi). (22)

Thus, the EWP detector chooses the window that gives
the greatest L spectral peaks. It follows that the periodogram
detector (PD) is a special case of the EWP detector when α
is fixed at unity, giving

TP (x) = max
f0,··· ,fL−1

L−1∑
i=0

|X1(fi)|2. (23)

Interestingly, the optimal window, α̂, found earlier gives
an indication about the movement direction. If α̂ < 1 then
the signal is decreasing with time implying that the intruder
is moving away from the sensor. Oppositely, if α̂ > 1 the
intruder is moving toward the sensor. Thus,

Decide intruder is moving away from sensor, α̂ > 1;

Decide intruder is moving toward from sensor, α̂ < 1.

IV. SIMULATION RESULTS

In this section we have simulated a human intruder passing
through the FOV of a PIR having F = 4 segments and γ =
7.5o. The intruder moves with a constant speed of v = 5 kmph
in a straight line making angle with the main PIR sensor axis
of ψ = 500 away from the sensor. The intruder’s temperature
is Ti = 37o with emissivity ε = 1, environment temperature
Ti = 20o, sensor area As = 20µm2 and intruder area Ai =
0.7m2. The PIR sensor has K = 6. × 103, τt = 4.2 sec, and
τe = 1 sec. The noise in the system is zero-mean AWGN with
standard deviation of 50µV.

We compare the detection performance via ROC graphs
showing the probability of detection (PD) against the proba-
bility of false alarm (PFA) of the ED in (10), the EWD in (21),
and the PD in (23) (both use L = 3 sinusoidal components)
in a Monte Carlo simulation with 105 iterations. Two sets of
simulations are run, one with the intruder moving away from
the sensor and the second when the intruder is moving toward
the sensor. Figs. 4-8 depict the ROC for different R0 values
when the intruder is moving away from the sensor, whereas
Figs. 9-13 show the ROC when the intruder is moving toward
the sensor. In general, for a relatively small distance, both the
EWP and the PD achieve a similar performance as shown in
Figs. 4,5,9, and 10, while still performing better than the ED.
On the other hand, the rest of the figures show the superior
performance of the EWD over large distances. Finally, the
direction of movement is estimated by the EWD algorithm, by
testing the α̂ as mentioned before. The EWD achieves almost
100% correct direction estimation for all different distances as
shown in Table I.

TABLE I: Direction Estimation

R0 10m 30m 50m 70m 90m
Intruder moving away 100% 100% 100% 100% 100%

Intruder moving toward 100% 100% 100% 100% 99.89%

V. CONCLUSIONS AND FUTURE WORK

We have investigated the problem of long range intrusion
detection using PIR sensors. An inverse square-law relation
is established for the incident heat flux and the separation
distance. Then, the PIR sensor output signal is modeled by
the sum of exponentially modulated sinusoids. Accordingly,
an exponentially windowed periodogram detector is proposed
showing very good detection performance for long distance
cases when compared to both the conventional periodogram
detector and the energy detector. In future work, we intend to
investigate the use of sensor arrays for intrusion detection.
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Fig. 4: ROC for R0 = 10m and
inruder moving away from sensor.
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Fig. 5: ROC for R0 = 30m and
inruder moving away from sensor.
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Fig. 6: ROC for R0 = 50m and
inruder moving away from sensor.

0 0.5 1
0

0.2

0.4

0.6

0.8

1

PFA

P
D

 

 

ED
PD
EWP

Fig. 7: ROC for R0 = 70m and
inruder moving away from sensor.
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Fig. 8: ROC for R0 = 90m and
inruder moving away from sensor.
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Abstract—The adaptive detection of point-like targets in the
presence of multipath is considered in this article. Target return
signal is modeled as the sum of direct path return and reflected
path return signals under the assumption of a zero-mean complex
circular Gaussian noise with an unknown covariance matrix. A
new approach to exploit multipath returns in target detection
with an adaptive regime is studied. The novelty of this approach
is that the multipath returns are exploited with a priori knowledge
of the reflecting environment, so that we have the knowledge
of the reflected steering vector for a known actual direct path
steering vector. As a case study, we analyze a radar-target
scenario over a flat conducting surface.

I. INTRODUCTION

The adaptive detection of radar signals in a Gaussian
noise with an unknown covariance matrix has been an active
research topic for decades. It is well known that a uniformly
most powerful (UMP) test does not exist in the sense of the
Neyman-Pearson criteria due to unknown target and noise
parameters, i.e. return signal strength and the covariance
matrix of the noise environment. Thus, various methods have
been studied. Among these, two well known are Kelly’s
detector [1] and Adaptive Matched Filter (AMF) [2], where
both suggest Generalized Likelihood Ratio Test (GLRT) and
present constant false alarm rate (CFAR) property. The AMF
and Kelly’s detector assume steering vector is perfectly aligned
with the nominal one. In [3]–[5], steering vector mismatch
is studied and it is shown that performance of the detection
suffers from loss when there is a mismatch between actual
steering vector and the nominal one. Several mismatched
conditions and their solutions are addressed in [5]–[11].

In addition, the multipath exploitation radar has been chal-
lenging and yet promising topic in modern radar problems. It
can provide additional degrees of freedom, and better detection
and estimation performance by incorporating a priori informa-
tion about radar-target environment [12]–[14]. Interestingly,
in [15] an adaptive detector able to exploit multipath returns
without assumptions on its structure, i.e. the knowledge of
its steering vector, is devised. In this article, the adaptive
detection of point-like targets with a knowledge-aided mul-
tipath exploitation radar is studied. It is assumed that we have
the knowledge of reflected steering vector for a known actual
direct path steering vector.

Fig. 1: Geometry of the problem: Radar-Target over a Ground
Plane

In this study, multipath exploitation on adaptive radar
detection for point-like target is considered. We model the
target return signal as the sum of direct and reflected path
returns under the assumption of zero-mean complex circular
Gaussian noise with unknown covariance matrix. We propose
a new detector to exploit multipath returns in order to enhance
adaptive radar target detection performance. The advantage of
the proposed approach is that multipath returns are exploited
with a priori knowledge of the reflecting environment. Herein
we have the knowledge of the reflected steering vector for a
known actual direct path steering vector.

The rest of the paper is organized as follows. Section II
is about the formulation of the detection problem. Section
III gives the detector design, while Section IV provides
performance assessment. Section V includes some concluding
remarks.

II. FORMULATION OF THE DETECTION PROBLEM

In this section, we formulate the detection problem with
the assumption of N sensors receiving the target return signal.
We have the 𝒓 ∈ ℂ

𝑁×1 as a received vector of the primary
data and presume the 𝒓𝑘, 𝑘 = 1, . . . ,𝐾 (𝐾 ≥ 𝑁) as the
secondary data set that shares the same noise environment
with the primary data. It is important to note that the sample
covariance matrix of the secondary data is full rank with 𝐾 ≥
𝑁 . Radar-target geometry along with the reflecting boundary is
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given in Figure 1. Thus, the corresponding detection problem
is formulated with the following binary hypothesis testing.

𝐻0 :

{
𝒓 = 𝒏
𝒓𝑘 = 𝒏𝑘, 𝑘 = 1, . . . ,𝐾

𝐻1 :

{
𝒓 = 𝛼1𝒑+ 𝛼2𝒔+ 𝒏
𝒓𝑘 = 𝒏𝑘, 𝑘 = 1, . . . ,𝐾

(1)

where

∙ 𝒑 ∈ ℂ
𝑁×1, ∥𝒑∥2 = 1, is the target steering vector

associated with the direct path return.
∙ 𝒔 ∈ ℂ

𝑁×1, ∥𝒔∥2 = 1, is the reflected path target steering
vector.

∙ 𝛼1 and 𝛼2 ∈ ℂ
𝑁×1 are the unknown deterministic

parameters for attenuation in propagation associated with
the direct path and reflected path, respectively;

∙ 𝒏 and 𝒏𝑘 ∈ ℂ
𝑁×1, 𝑘 = 1, . . . ,𝐾, denote the noise

contributions which are assumed to be independent and
identically distributed (iid), complex normal random vec-
tors with zero-mean and covariance matrix 𝑪 ≻ 0. Thus,
primary data and secondary data set are assumed to have
the same covariance matrix, i.e. 𝐸[𝒏𝒏†] = 𝔼[𝒏𝑘𝒏

†
𝑘] =

𝑪.

III. DETECTOR DESIGN

In this section, we design a new adaptive detector based
on the hypothesis testing given in (1). Based on the Neyman
Pearson criteria, the resulting optimum test is known as the
Likelihood Ratio Test (LRT) for a given probability of false
alarm (𝑃𝑓𝑎) constraint [16]. However, no UMP test exists with
unknown signal and noise parameters [16], [17]. Thus, as a
common approach, we adopt GLRT in an adaptive regime.
Resulting likelihood ratio test is

max
𝛼1,𝛼2∈ℂ,𝑪

𝑝1(𝒓;𝛼1, 𝛼2,𝑪)

max
𝑪

𝑝0(𝒓;𝑪)

𝐻1
>
<
𝐻0

𝜂1, (2)

where 𝑪 ≻ 0 specifies the overall covariance matrix of the
primary data, 𝜂1 is the threshold for a given 𝑃𝑓𝑎, 𝑝0 is the
probability density function (PDF) of the primary data under
𝐻0 given by

𝑝0(𝒓;𝑪) =
1

det (𝜋𝑪)
exp

{
−𝒓†𝑪−1𝒓

}
(3)

and 𝑝1 is the PDF of the primary data under 𝐻1 given by

𝑝1(𝒓;𝛼1, 𝛼2,𝑪) =
1

det (𝜋𝑪)
exp

{
−𝒓†𝑪−1𝒓

}
(4)

where 𝒓 = 𝒓 − 𝛼1𝒑 − 𝛼2𝒔. The AMF detector proposes
a two-step GLRT by neglecting 𝛼2𝒔 term which is due to
multipath. Here in this article, 𝛼2 is assumed unknown but
𝒔 is a known reflected-path steering vector once we have the
prior knowledge on radar-target geometry and the direct-path
steering vector. Thus, our GLRT first finds maximum likeli-
hood estimates (MLE) of unknown deterministic parameters
for attenuation in propagation associated with the direct path

and reflected path, 𝛼1 and 𝛼2 simultaneously, then estimates
the unknown covariance matrix based on secondary data and
replace it with the primary covariance matrix 𝑪. We assume
that primary and secondary data sets share the same covariance
matrix.

Taking the natural logarithm of the likelihood ratio in (2)
yields the log-likelihood ratio as

max
𝛼1,𝛼2∈ℂ,𝑪=𝑺

(
−𝒓†𝑪−1𝒓 + 𝒓†𝑪−1𝒓

) 𝐻1
>
<
𝐻0

𝜂2, (5)

MLE of 𝛼1 and 𝛼2 can be found by maximizing the
likelihood function 𝑝1 with respect to 𝛼1 and 𝛼2 [18], and
solving the linear equations

𝛼1𝒑
†𝑪−1𝒑+ 𝛼2𝒑

†𝑪−1𝒔 = 𝒑†𝑪−1𝒓

𝛼1𝒔
†𝑪−1𝒑+ 𝛼2𝒔

†𝑪−1𝒔 = 𝒔†𝑪−1𝒓

yield

𝛼̂1 =
𝒑†𝑪−1𝒓 − 𝒑†𝑪−1𝒔

𝒔†𝑪−1𝒔
𝒔†𝑪−1𝒓

𝒑†𝑪−1𝒑− 𝒑†𝑪−1𝒔
𝒔†𝑪−1𝒔

𝒔†𝑪−1𝒑
(6)

𝛼̂2 =
𝒔†𝑪−1𝒓 − 𝒑†𝑪−1𝒓

𝒔†𝑪−1𝒑
𝒑†𝑪−1𝒑

𝒔†𝑪−1𝒔− 𝒑†𝑪−1𝒔
𝒔†𝑪−1𝒑
𝒑†𝑪−1𝒑

(7)

Inserting MLEs of 𝛼1 and 𝛼2, given in (6) and (7), re-
spectively, and the estimated covariance matrix into the log-
likelihood ratio, we have
∣∣∣𝒑†𝑺−1𝒓

∣∣∣2

𝒑†𝑺−1𝒑
+

∣∣∣𝒔†𝑺−1𝒓
∣∣∣2

𝒔†𝑺−1𝒔
− 2ℜ

{(
𝒑†𝑺−1𝒓

)(
𝒓†𝑺−1𝒔

)

𝒑†𝑺−1𝒔

}
cos2 𝜃

1− cos2 𝜃

where 𝜃 is the angle between direct-path and reflected-path
steering vectors in the whitened observation space [19], so
that we have

cos2 𝜃 =

∣∣∣𝒔†𝑺−1𝒑
∣∣∣
2

(
𝒑†𝑺−1𝒑

)(
𝒔†𝑺−1𝒔

)

𝑺 is the estimated covariance matrix and computed as the
sample covariance matrix of the secondary data.

𝑺 =
1

𝐾

𝐾∑
𝑘=1

𝒓𝑘𝒓
†
𝑘 (8)

The decision test in (2) can be written as

∣𝑦1∣2
𝑝1

+
∣𝑦2∣2
𝑠1
− 2ℜ

{
𝑦1𝑦

∗
2

𝑦∗3

}
cos2 𝜃

𝐻1
>
<
𝐻0

𝜂3 (9)

where 𝑦1 = 𝒑†𝑪−1𝒓, 𝑦2 = 𝒔†𝑪−1𝒓, 𝑦3 = 𝒔†𝑪−1𝒑,
𝑝1 = 𝒑†𝑪−1𝒑, 𝑠1 = 𝒔†𝑪−1𝒔. and 𝜂3 is the detection
threshold set with a desired probability of false alarm.
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IV. PERFORMANCE ASSESSMENT

In this section, we assess the performance of the proposed
detector, which we call Multipath Adaptive Matched Filter
(MP-AMF), by comparing Kelly’s detector and the AMF.
We compare MP-AMF, AMF and Kelly’s GLRT in terms of
probability of detection (𝑃𝑑). Both Kelly’s detector and AMF
neglect the existence of 𝛼2𝒔 term. In [1], Kelly’s detector is
given as

∣𝒑†𝑺−1𝒓∣2
(𝒑†𝑺−1𝒑)

(
1 + 1

𝐾 𝒓†𝑺−1𝒓
)
𝐻1
>
<
𝐻0

𝜂4, (10)

and, in [2], AMF detector is given as

∣𝒑†𝑺−1𝒓∣2
𝒑†𝑺−1𝒑

𝐻1
>
<
𝐻0

𝜂5. (11)

where 𝜂4 and 𝜂5 are the thresholds for Kelly’s detector and the
AMF, respectively, and are set according to the desired level
of 𝑃𝑓𝑎.
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Fig. 2: 𝑃𝑑 versus SNR for the MP-AMF, the AMF, and Kelly’s
GLRT; No Multipath exists, 𝐿 = 60 dB, 𝑁 = 16, 𝐾 = 32,
𝜓 = 5∘, 𝑃𝑓𝑎 = 10−4.

First, we evaluate performance results when there is no
multipath, i.e. 𝛼2 is set to be 60 dB below 𝛼1, so that the
reflected steering vector is useless. In other words, we have
the loss associated with reflected path relative to direct path
𝐿 = 60 dB, where ∣𝛼2∣ = ∣𝛼1∣/

√
𝐿. The difference between

angles of arrival of direct and reflected path returns is set
to 𝜓 = 5∘. In Figure 2, it is shown that MP-AMF detector
has slight performance degradation compared to the AMF and
Kelly’s detector. However, this is well expected since MP-
AMF estimates a second unknown parameter, i.e. reflected
path signal strength, which requires a certain level of SNR
[12].

In Figure 3, performance results are presented for the case
where multipath return has sufficient power to be exploited,
i.e. 𝐿 = 10 dB, and 𝜓 = 5∘. It is shown that MP-AMF
detector quite outperforms both the AMF and Kelly’s detector

by exploiting known multipath return. It is observed that MP-
AMF has a noteworthy ∼ 5 dB SNR gain compared to the
AMF and Kelly’s detector, particularly at higher 𝑃𝑑 rates. It
is also notable that AMF performance is more robust than
Kelly’s detector in this scenario.
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Fig. 3: 𝑃𝑑 versus SNR for the MP-AMF, the AMF, and Kelly’s
GLRT; Multipath exists, 𝐿 = 10 dB, 𝑁 = 16, 𝐾 = 32,
𝜓 = 5∘; 𝑃𝑓𝑎 = 10−4.

In Figure 4, we consider the scenario where multipath
returns are highly clumped, i.e. 𝜓 = 1∘ and yet reflected path
has 10 dB loss with respect to direct path return. It is observed
that MP-AMF has a ∼ 3 dB performance degradation with
respect to the AMF and Kelly’s detector at the higher rates of
probability of detection. This performance degradation is due
to highly clumped multipath structure where multipath returns
are not sufficiently distinguishable to be exploited.
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Fig. 4: 𝑃𝑑 versus SNR for the MP-AMF, the AMF, and Kelly’s
GLRT; Multipath exists, 𝐿 = 10 dB, 𝑁 = 16, 𝐾 = 32,
𝜓 = 1∘; 𝑃𝑓𝑎 = 10−4.

In Figure 5, we have the scenario where the reflected path
has 3 dB loss relative to direct path, i.e. 𝐿 = 3 dB and 𝜓 = 5∘.
It is observed that the MP-AMF outperforms both the AMF
and Kelly’s detector with a ∼ 10 dB SNR gain at 𝑃𝑑 = 0.9.
Both in Figure 3 and Figure 5, it is shown that exploiting
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multipath return provides remarkable performance increase.
However, in Figure 4, it is deduced that this performance
increase depends on whether multipath returns are highly
clumped or not.
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Fig. 5: 𝑃𝑑 versus SNR for the MP-AMF, the AMF, and Kelly’s
GLRT; Multipath exists, 𝐿 = 3 dB, 𝑁 = 16, 𝐾 = 32, 𝜓 = 5∘;
𝑃𝑓𝑎 = 10−4.

V. CONCLUSION

In this paper, we have considered multipath exploitation
on adaptive radar detection for point-like target. We have
modeled the target return signal as the sum of direct path
and reflected path returns under the assumption of zero-mean
complex circular Gaussian noise with unknown covariance
matrix. We have introduced a new adaptive detector, namely
MP-AMF, to exploit multipath returns in target detection.

The performance assessments have been provided for va-
riety of practical scenarios. It has been shown that when
there is significant multipath returns which are distinguishable,
the MP-AMF detector outperforms the AMF and Kelly’s
detector with a significant SNR gain at higher 𝑃𝑑 rates.
However, at highly clumped multipath structures and very low
power reflected path returns, MP-AMF has slight performance
degradation with respect to the AMF and Kelly’s detector. This
is expected since the MP-AMF estimates a second unknown
parameter, i.e. reflected path signal strength, which requires
a certain level of SNR and partially distinguishable multipath
structure.

For future research track, authors will study extended, dis-
tributed, target model in the content of multipath exploitation
radar with adaptive regime. Moreover, structured interference
[4], [20]–[22], as well as oversampling data in range [23]
would be interesting for future work.
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